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PREFACE 


The writing of this volume is w'holly due to the inspiration of Professor 
Sydney Chapman, F.R.S., my former teacher. Its genesis dates, however, 
from a time (about 1924) when I had ceased to be his pupil, but when 
his views continued to exercise, as they have always exercised, a profound 
influence on me. It was he who first expounded to me the view that 
vectors were not merely a pretty toy, suitable only for elegant proofs of 
general theorems, but were a powerful weapon of workaday mathematical 
investigation, both in research and in solving problems of the types set 
in English examinations. 

I did not at first believe him ; I had been brought up in the idea that, 
in the words of a distinguished applied mathematician, vectors were like 
a pocket-rule, which needs to be unfolded before it can be applied and 
used ; similarly I thought (with most others at that time) that vector 
expressions were a mere shorthand for sets of Cartesian expressions, 
and that before they could be interpreted they always needed to be 
translated into Cartesians. Professor Chapman’s reply was ; ‘Try for 
yourself I ’ I had faith in him to do so, and rapidly convinced myself, in 
spite of my previous beliefs, that he was right. I found further, again 
under his inspiration, that one could soon learn to think and work 
vectorially ; that problems, dull or difficult by conventional methods, 
gained when treated by vector methods an interest, an case and a delight 
which they previously lacked ; and that, when a problem was formulated 
and solved vectorially, the vector solution provided a kinematic picture 
of the motion in question that gave far more insight into the phenomenon 
than the corresponding Cartesian solution. The Cartesian solution tells 
where a system is ; the vector solution, with one less integration, tells 
how it is moving., 

I began in consequence to use vector methods directly in my own 
researches, and I began to follow Chapman in lecturing systematically 
to students through the medium of vectors. The credit for the discovery 
of the practical advantages of vectors is, however, entirely due to Chapman, 

About 1926, Professor Chapman and I made plans for a joint book 
on Mechanics, using vector methods. We discussed the structure of the 
proposed work, and I submitted to him a draft of the first few chapters, 
which he revised. Subsequently we became more occupied with our 
respective researches, and for many years no progress was made with 
our plan. Eventually I completed a draft. This was ready to be prepared 
for press by 1938, but war-work delayed the final revision. My first 
task since my release from the Ministry of Supply has been to re-write 
the MS. in final revision. 

vii 
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In spirit, therefore, the book is a joint work by Professor Chapman 
and myself, but I alone am responsible for its faults. I\Iany of Professor 
Chapman’s ideas have been incorporated without further acknowledgment, 
as I have always hoped that his name would precede mine on the title- 
page. But as I have developed my own usages, I expect that it deviates in 
many instances from what is his present habit of treatment. But I must 
repeat that without his initial stimulus, without his insight, the book 
would never have been undertaken. 

The scope of the work is mechanics by elementary methods, treated 
throughout b}^ means of vectors. The methods of analytical dynamics 
(Lagrange, Hamilton) have been deliberately excluded, so as to maintain 
the elementary character of the work. At the same time quite hard 
problems are shown to be soluble by these elementary methods. In one 
or two places I have been tempted to go outside the limits of strict 
■dynamics, to illustrate an essentially dynamical idea in a wider context. 

The work begins with an account of vector algebra containing all the 
results needed for reading the whole volume. This includes a sufficient 
account of tensors and dj'adics. There is an additional chapter on integral 
theorems in the vector calculus, the results of which are not actually 
employed in this volume, but it was thought that it would be a convenience 
to many readers to make the section on vector algebra complete. This 
part of the work is followed by a systematic account of line vectors, which 
takes conventional three-dimensional statics in its stride. But it is 
emphasized throughout that forces are not the only land of line vectors 
— another important example of a s\'stem of line vectors is the momentum 
of a system of particles — and the theory' of line vectors is written so as to 
be immediately available in other contexts. Part III, though entitled 
Dynamics, opens with a systematic account of kinematics. Here the 
angular velocity of a rigid body is introduced at an early stage, and used 
to derive many results properly belonging to the kinematics of a particle. 
The sections on particle dynamics include some topics more elementary’ 
than the general average of the book, but they are given chiefly to accustom 
the student to vector solutions of vector differential equations. Vector 
methods reach their climax in discussing the harder problems of rigid 
dynamics, which occupy several of the later chapters. In particular, an 
attempt has been made to give a new' interest to the often-considered dull 
subject of the calculation of moments and products of inertia, by 
showing how to calculate inertia tensors outright. The book concludes 
with a chapter on impulsive motion. 

The standard aimed at is that of second or third year honours work at 
a university. With omissions dependent on the taste of the student or his 
instructor, the ground can be covered in a single year. 

No claim is made for originality' of results at any point, though some 
of the theorems in the tensor calculus may be novel. But, generally 
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speaking, the theorems proved are so standard and classical that it has 
not been thought necessary to insert references. 

The claim is, however, made that this volume exhibits for the first 
time the tremendous power contained in the operation of vector multiplica- 
tion, a power which is largely lost if suffixes are used and which hardly 
emerges in Hamilton’s quaternions. The theme of the book is in fact 
the vector product, AaB, and its applications. It has been thought 
desirable to devote a whole chapter to the vector product, and the modus 
operandi of the solution of most of the problems consists in a judicious 
employment of vector multiplication. There is only one formula in the 
book which it is essential to remember and to be able to apply readily, 
namely the formula for the continued vector product, 

(AaB)aC = -A{B.C) +B(A.C). 

If the theme of the book is the vector product, the accompaniment of 
worked examples is also considered important. It was considered necessary 
to demonstrate in detail how to set about working examples. It has not 
been intended to invent new examples specially suitable for the applications 
of vectors ; instead, examples have been chosen which were originally 
intended to be done by Cartesian methods. Few unworked examples 
in dynamics are given. The student should be encouraged to attempt 
by vector methods many of the examples contained in standard current 
textbooks. 

A word may be said about notation. Brackets are throughout used in 
their ordinary algebraic sense of grouping symbols together, or of indicating 
functional dependence on a variable — with the single exception that a 
line vector P is sometimes indicated by (P) when it is desirable to distin- 
guish it from the free vector P. The scalar product of P and Q is indicated 
by a dot, thus P.Q ; the vector product of P and Q is indicated by the 
sign A> thus PAQ* But brackets are nowhere used to indicate scalar 
or vector products as such ; the manipulations appearing in numerous 
examples would be impossible without the freedom to use round and 
square brackets in their ordinary sense. The dyadic product of P and Q is 
written just as PQ. Transition is readily made to the suffix notation when 
this is expedient. A dot always stands for the suppression of two adjacent 
dummy suffixes. Thus P.Q means where the summation conven- 

tion is understood ; T.P has for its p-component T^ivPv and similarly 
P.T has for its p-component PyT^ji. The notation T:AB is used to 
denote (T.A).B or what in the suffix notation would be written Tj^vA^Bj^ ; 
similarly AB:T means AnBvTv,jt. which has the same value ; whilst 
A.T.B means AjiTjivBv 

For the idem tensor which is such that U.A =A for all A, the symbol 
U is used, in order to reserve I for the inertia tensor. The symbol Aapy 
is used to denote the alternate tensor, customarily denoted by Eapy. 

I* 
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Use is made from time to time of Gibbs’s cross-products of tensors 
and vectors, here denoted by TaA and A/\T, where T is a tensor, A a 
vector. These are not particularly familiar to applied mathematicians, 
but they are essential to the rounding off of vector algebra. When T is 
a dyad PQ, just as (PQ).X is equal to P(Q.X), so (PQ)AX is equal to the 
dyad P(QaX). The most substantial application here made of these 
products is to the relation between the rate of change of a tensor dT/dt 
and its apparent rate of change in a frame of reference moving with 
angular velocity £1: if the symbol d/Bt denotes the apparent rate of change, 
then just as we have for a vector P 




:^ = 5'-f-S2AT-TA£2. 
dt ct 


The latter is useful in connexion with the inertia tensor. I have not 
come across this formula elsew'here, but it is unlikely to be novel. 

The above notation for the vector calculus is the result of much 
thought and discussion, and it is hoped that the book may help towards 
standardizing vector notation. I have at times been criticized as ‘ clumsy ’ 
in my employment of vectors. I will not defend myself against this 
accusation, but I must defend the notation, which I believe to be concise 
and convenient. It is incomparably less clumsy and more insight-giving, 
for the purposes of dynamics, than the suffix notation, \vhich for all its 
supposed terseness cannot readily describe vector products or lend itself 
to vector multiplication as an operation. In certain contexts (in Chapter 
IV), I have deliberately used the suffix notation to secure increased 
generality, but the results expressed in this notation are not attractive. 

In the text, vector and tensor symbols without suffixes have been 
printed in clarendon type, but the student wiU find it unnecessary in 
manuscript work to indicate such symbols ifi any special manner. It is 
only very occasionally that the same letter is used to indicate both a 
scalar and a vector, e.g. g and g in the section on motion over the rotating 
earth ; in such a case the student may have recourse to underlining the 
vector symbol in manuscript work, but in general underlining is 
unnecessary. 

On the level on which this work is written, it has not been found 
necessary to distinguish between co-variant and contra-variant vectors and 
tensors. The student who has made himself familiar with the idea of a 
tensor will have no difficulty in subsequently refining this idea ; but on 
a first introduction, where the underlying metric is just (dx)®-f-(dy)®-}- 
(dz)2, to introduce a distinction which has no present consequences is 
pointless. 
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Lastly, it is hoped that the book will do something towards restoring 
an interest in formal applied mathematics, which in the last half-century 
has been steadily waning. Most students are carried away by enthusiasm 
on their first introduction to rigorous pure mathematics ; formal teaching 
in statics and dynamics has suffered by comparison. But if the student 
is enabled simultaneously to master and delight in a new technique, the 
technique of vector manipulation, his interest in statics and dynamics 
will revive. To emphasize that this is a book about applied mathematics, 
all discussions as to rigour of the kind investigated in pure mathematics 
have been omitted, but where rigour is needed to establish a result of 
genuine applied mathematics, as in the case of the existence of an 
angular velocity vector SI for a rigid body in motion, it has been attended 
to in detail. 

, My debt to my teachers in statics and dynamics will be manifest. I 
would mention in particular the late E. G. Gallop of Caius College, 
Cambridge; the late T. J. I’A. Bromwich of St. John’s College, Cambridge ; 
and to Mr. E. Cunningham, also of St. John’s College, Cambridge, and 
Mr. E. Harrison of Clare College, Cambridge. Unlike Professor Chapman 
I was never an actual pupil of the late Horace Lamb. But I would wish 
to express what I owe to his textbooks, more especially as I was one of 
his successors in the Mathematics Department of the University of 
Manchester. 

E. A. MILNE 

August 1945 


I wish to acknowledge with thanks the kind permission of the Syndics 
of the Cambridge University Press to use numerous examples from 
Lamb’s Higher Mechanics to illustrate vector methods. 

I also wish to express my thanks to my former pupil. Dr G. L. Camm, 
now of the University of Manchester, for his kindness in reading the 
proof-sheets. 


November 1946 


E. A. M. 
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EXAMPLES 



Part 1. Vector Algebra 


CHAPTER I 

DEFINITION OF A ^TiCTOR AND THE SCALAR PRODUCT 

I. The free vector. Definition. Let A, B be two given points in three- 
dimensional space, specified with respect to a set of reference marks 
fixed in a given rigid body. Let A', B' be Uvo other points whose position 
is specified with respect to the same rigid body, and such that : 

(1) A'B' is parallel to AB ; 

(2) the length A'B' is equal to the length AB ; 

(3) the sense A'-^B' is the same as the sense A->B. 

Here the words ‘ parallel ’ and ' length ’ are used in the ordinary sense 
of Euclidean geometry. The word ‘ length ’ assumes the existence of 
a transportable rigid measuring rod. The word ‘ sense ’ in connexion 
with the symbols A->B and A'-»B' requires a little explanation. We 
say that the sense A'->B' is the same as the sense A-^B if AA' is parallel 
to BB', unless AB and A'B' are in the same straight line. If A'B' and 
AB are in the same straight line then we say that the sense A'->B' is the 
same as the sense A->-B if a moving point moving in the direction from 
A to B and starting sufficiently far from A on the side remote from B 
encounters A' before B'. 

Then the class of all pairs of points A', B' corresponding to the given 
pair A, B (including the pair A, B itself) is said to constitute the free 

vector AB, or, more briefly, the vector AB. A vector will always be taken 

to be a free vector unless otherwise stated. The free vector AB may be 
described by a single symbol P. Any pair of points A', B' satisfying the 
conditions (i), (2), (3) is said to be a representation of P. Thus P is the 
class of all its representations, and any one representation of a vector 
determines the vector. To exhibit the dependence of P on the initially 
given pair of points A, B we may -write 

P=P(A, B). 

We can also write this in the form 
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AB to a position AC in the plane BAC, where A, B and A. C are repre- 
sentations of F and Q, the sense of rotation being chosen so that the angle 
described does not exceed tt. It is denoted by PQ. When PQ=:|tT, the 
vectors P, Q are said to be perpendicular. \Mien PQ =0, they are said to 
be parallel ; when PQ=Tt, they are said to be antiparallel. The angle 
PQ is essentially positive, and PQ =QP. 

6. Coi'iarcrr rerters. Three or more vectors P, Qt Pj nre said to 
be coplanar if. when O. A ; O, B : O, C ; ... are chosen as their respective 
representations, the points A, B, C. ... lie on a plane passing through O. 

If O, A ; O. B are representations of Uvo vectors P, Q, the phi’ie of 
P crj Q is denned to be any plane parallel to the plane OAB. 

7. The sir^ of /na.-j vectors. Let A. B be any representation of a given 
vector P. Let B, C be a representation of another given vector Q. Tiien 
the vector of ^Yhich C is a representation is defined to be the .nvr; of 
the \-ectors P, Q in this order. If this vector is denoted by R, the definition 
is exnressed bv 

R=P-rQ. 

By the elemsntaiy propenies of parallels it is readily shown that the 
sum R of two vectors P and Q is independent of the representations of 
P and Q used to define it. 

S. Co'rrrrjtcthe Isnc. 

Theorem: P-rQ=Q-rP. 

For let A. B (Fig. i) be a representafion 
of P ; B, C a representation of Q. Then 
A, C b a representation of P-rQ- 1 -*^^ 

A, D be a representation of Q. Then 
AD is parallel to, equal to and in the 
seme sense as BC ; hence AB is parallel 
to, equal to and in the sanve sense as DC. Hence DC is a representation 
of P. Hence A, C is a representation of Q-j-P* 

9. Assixiictrce .fer. q 

Theorem: (P-^Q)-bR=P~b(Q-rR). /j 

For let A, B ; B. C : C, D be representa- 
tions of P, Q, R respeem dy (Fig. c). Then 
A, C is a representation of (P-f-Ql 2nd accord- 
ingly A, D is a representation of (P-hQ)-bR. 

But B. D is a representation of (Q— R\ and 
hence A, D is a representation of P-i-(Q-i-R). 

10. If A, B is a representation of a vector P, 

then the vector of which B, A is a represent- __ 

tion is defined as — P. Clearly P-r( — P)=o. ^ P 
If P— Q=R, it follows by adding — Q to each 
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side that P =R-{-(— Q). We write this relation in the form P=:R— Q, and 
call R— Q the difference of the vectors R and Q, in this order. In terms of 
the geometrical notation, since 

AB+BC=AC, 

it follows that if C is any arbitrary point, 

AB=AC-^. 


1 1 . Multiplication of a vector by a number. Let A, B be a representation 
of a vector P. Construct the point C lying in AB (produced if necessary 
in either sense) such that the length AC is k times the length AB, k being 
a given positive or negative number and C being on the same side of 
A as B or on the opposite side according as k^o. Then the product 
kP or Pk is defined to be the vector Q of which A, C is a representation. 
When k=— I, by § lo we have Q = — P, and so (—1) P = — P ; obviously 
also (+1) P=P. 

Theorem : If n is any positive integer, 

P4-P+P+...(n times) =nP. 

Theorem: k(P+Q)=kP-j-kQ. 

This is proved by using representations. 

12. Modulus of a vector. The modulus or absolute magnitude of a 
vector P is defined as the length AB of any representation A, B of P. 
It is written jPj. It is an essentially positive number,- save that the 
modulus of a zero vector is zero. If |P| =1, P is said to be a unit vector. 

Theorem: |kP| = |kl 1 P|. 

13. Scalars. The numbers k and jP| introduced in the last two 
sections are examples of what are called in vector algebra scalars. 

A vector itself, being a class of entities of a certain kind, may be 
regarded as a generalization of the notion of number. A complex number, 
when represented by a point in an Argand diagram, may be regarded as 
a vector confined to a two-dimensional space ; the radius vector from 
the origin to the representative point is then the position vector cor- 
responding to the complex number concerned. Later we shall give a 
tensor representation of a complex number. But it is convenient to have 
a name for a number in the sense of a real number, to distinguish it from 
other generalizations of number, and it is customary in treating vector 
algebra to call such a number a scalar. A scalar is any real number 
occurring in the situation under discussion ; it may be a constant or a 
variable ; it may be a function of a vector, or of any number of vectors. 

14. Resolution of a vector. Let P, Q be any two vectors. Let A, B 
(Fig. 3) be a representation of P ; A, C .a representation of Q. Construct 
the perpendicular CN from C op to AB. Then the vector of which A, N 
is a representation is defined to be the component of Q along P and is 
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described temporarily by the symbol Qp. The vector of which N, C is 
a representation is defined to be the component of Q perpendiailar to P, 
and is temporarily described by the symbol Q'p. The vectors Qp 
and Q'p are also termed resoluies of Q along and perpendicular to P, 
or tciih respect to P. A representation of Q'p 
is also provided bj' the projection of a repre- 
sentation of Q on any plane perpendicular 
to P. 

Theorem: Q=Qp+Q'p, 

Theorem : (Q+R)p =Qp +Rp, 

(Q+Ryp=.Q'p+R'p. 

(The second of these is proved by considering 
representations in a plane perpendicular to P.) 

Theorem: IQpl = 1Q1 jcos PQj 

|Q'p 1=IQ1 sinPQ. 

Theorem : Cos PQ, if not zero, has the same sign as cos PQp. For 
PQp=o or t: according as o<PQ<l- or Jt:<PQ< 7 t. 

15. Scalar product of two vectors. Let P, Q be any two vectors. The 
scalar product of P and Q is defined as the continued product 1P| 1Q| cos 

PQ. It is denoted by the symbol * 

P.Q. 

The scalar product P.Q is a real number which may be positive or negative. 
A scalar product is a scalar which is a function of two vectors. 

From the definition of scalar product it follows that 

P.P=|PP. 

We shall often write jPj^ simply as P^ If P and Q are parallel P.Q = 
1^*1 IQi ; if antiparallel, P.Q = — |P| |Q| ; if perpendicular, P.Q=o. 

From the commutative law of ordinary’ multiplication, it follows that 
P.Q=Q.P. The scalar product is therefore itself commutative. 

Theorem: If P.Q =0, either |Pl=o or lQi=o or PQ=i-. 

'Theorem : P.Q=P.Qp. 

16. Distributive law. 

Theorem: P.(Q4-R) =P.Q-1-P.R. 

We shall make the proof of this theorem depend on the distributive 
theorem of algebra. 

• Some writers use the symbol (P.Q) to denote the scalar product. In the present 
treatment it will be found th.at such brackets are entirely unnecessar)’. Throuphout, 
«e shall use brackets purely in their ordinary sense of uniting a group of symbols, except 
that we sometimes distinguish a line vector (P) from the corresponding free vector P. 
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Let A, B be a representation of P- Let A, M and M, N (Fig. 4) be 
representations of Qp and Rp. Then A, N is a representation of (Qp 4 -Rp), 
and so of (Q+R),p, by a theorem of § 14, Measure lengths positively 
in the sense A->B and let y, z denote the signed lengths of MVI, MN. 
Then by the distributive theorem of algebra, 

|Pi(y+z)=^iy4-|Piz. 

But |P|y=P.AM=P.Qp, 

lPlz=P.m^=:P.Rp, 

!Pl(y-fz)=P.AN=P.(Q+R)p. 

Hence P.(Q-}-R)p=P.Qp+P.Rp. 

Hence by the preceding theorem, 

P.(Q+R)=P.Q+P.R. 

It follows that (Q+R).P =Q-P-f R.P» 

whence it follows that we can operate with scalar products as in ordinary 
algebra. 

Example {1). (A+B)2=A2+2A.B+B2. 

For (A+B) 2 =(A-i-B).(A+B)=(A+B).A+(A+B).B 

=A2+B.A+A.B+B2 
= A2+2A.B+B2. 

Corollary (i). |A+B 1 =(A2+2A.B-}-B2)^ 

Corollary (2). If |B|/|A| is small compared with unity, 

|A+B|-|A|[i+.'^+^]‘ 

A B 

Hence approximately |A+B| = jAH— 

1A| 

Example {2). ' (A-B).(A+B)=A 2 -B 2 . 

Example (3). Solve for X the vector equation 

aX+A(X.B)=C, (a 4=0) (i) 

where A, B, C are given vectors and a is a given scalar. 

To solve a vector equation in X means to find all the vectors X for 
which the equation is true. Suppose that a solution X of (1) exists. 
Multiply (1) scalarly by B. Then 

a(X.B)+(A.B)(X.B) =C.B. 
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This is a linear equation for the scalar X.B. 


X.B = 


C.B 

a+A.B’ 


Its solution is 


provided a-f A.B =}= o. 

Assuming this condition to be satisfied, (i) now gives 

A C.B 

^”a \“(a+A,B)' 

By substitution in (i) we see that (2) is an actual solution. Hence if 
a+A.B +0, the solution is uniquely given by (2). 

If a+A.B =0, we see that we must have also C.B =0, which is therefore 
necessary for the self-consistency of (i). Now if a solution X of (i) 
exists, it is a linear function of A and C. Put then 

X ”XA+jzC, 

and insert this in (i). Using a = —A.B we get 

— A.B(?A.+(xC)+XA.B(A) =Cj 
whence p. = — i/A.B, 

provided A.B 4= 0. With this value of p, the equation is satisfied whatever 
the value of X, and the solution is therefore 

X=?A-^, (C.B=o, a=-A.B) 


where X is arbitrary. Thus when a = — A.B and C.B=o, the solution is 
not unique. If in addition A.B =0, then for consistency we must have 
C=o, the equation reduces to A(X.B)=o and is satisfied by any vector 
perpendicular to B. 

The uniqueness question may also be discussed by the following 
method. Suppose that Xj, Xo are two distinct solutions of (i). Then 

aXi+A(Xi.B)=C, aX2+A(X„.B)=:C, 

whence a(Xi— X2)+A[(Xi— X2).B]=o. 

Multiply scalarly by B. Then either a+A.B =0 or (Xj— X2).B=:o, If 
(Xj— X2 ).B=o, the equation for X^— Xj gives at once X^— X2=o, and 
the solution is unique, provided a4=o. If a+A.B =0, the solution is 
not unique, as we have seen above. If a=o, the original equation requires 
that C and A be parallel, say C=sA, in which case X.B=s, which defines 
only the component of X along B. The solution is not then unique. 

Example (4). Solve for X and Y the simultaneous vector equations 

a2X+PiA(Y.B)=Ci, 

p2A(X.B)+a2Y=C2, 

obtaining the condition that the solution is unique. 
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17. Conditions for the s:anhhing of a vector in terms of scalar products. 
Theorem : If A, B, C are three noa-copknar, non-zero vectors, and P is 
a vector satisfv-ing 

PA=o, P.B=o, P.C=o, 
then P=o. 

For since P„A=o, either P=o or P is perpendicular to A, Since P.B=o, 
either P =0 or P is perpendicular to B. Hence if P =0, P being perpendicu- 
lar to A and to B must be perpendicular to the plane of A and B. In that 
case, since P.C =0, C being perpendicukr to P must lie in the plane of 
A and B. This is contrary to the hypothesis that A, B, C are non-coplaaar, 
and so P=o. 

Corollary. If X, Y are vectors such that 

X.A=Y.A, X^=Y.B, S.C=Y.C, 

then X=Y. For X— Y satisfies the conditions of the theorem, and is 
therefore zero. 

It foIlosTs from the theorem that one method of establishing a vector 
idendtj* is to establish the three scalar identities obtained by multiplying 
the two sides of the vector identity scalarly by three non-coplanar vectors. 
There is usually some fiejfibih'ty available in the choice of the appropriate 
multipliers, and judgment is required as to the most appropriate ones 
to use. 

18, Dijferentiaiion of a vector vcith respect to a scalar parameter. If a 
vector P is defined for a set of values of a parameter t, P is said to be a 
vector function of t and may be written P(t). Any scalar derived from P 
is similarly a scalar function of t. The derivath'e or differential coeScient 
of a vector function of t with respect to t is defined by 

dP^ lim P(t-fAt)-P(t) 
dt At-ro At 

and is clearly also a vector. Successive differential coeSdents may be 
deri'ved 'similarly. It should be noted that a vector and its differential 
coeftident are not in general parallel. 

By a procedure similar to that used in obtaining the derivath'e of a 
product in the algebra of a real variable, it can be shown that 

d(P.Q)_dP ^ , ^dQ 
dt dt ‘ dt' 

As a particular case, take Q=P. Then 

^)=2P? 

dr ‘dt’ 
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But P.P=P'^=|P|^ and |Pj2, being the square of a scalar function, has 
for its derivative 


2 IP! 


dt 


It follows that 


dt jPj'dt ’ 


a formula which is often useful. The vector P/|P| is a unit vector, whence 
it follows that d|P|/dt has the numerical value of the component of dP/dt 
along P. 

19. Differentiation of a scalar function of a vector taith respect to that 
vector. It may happen that a scalar cp is given whenever a vector variable 
r is given. Examples are <p=r", <p=r.A. The question arises whether, 
when qj changes continuously with change of r, it is possible to define 
something which tvill play the part of ‘ the derivative of 9 with respect 
to r,’ if such can be given a meaning. 

Let 9 correspond to r, 9+A9 to Ar+r, Ar being an arbitrary increment 
in r. Then we define the derivative of 9 with respect to r as the vector 
d9/dr, if it exists, such that 

A9 =— .Ar+o{Ar®), 


for all sufficiently small values of iAr|. It should be remembered that 
Ar is arbitrary in direction as well as in absolute magnitude. It should 
be noted also that d9/dr is not lim AfjAr, which is meaningless. The 
vector d9/dr so defined has many of the properties of a differential co- 
efficient. For example, at a maximum or minimum of 9, A9 must have 
a sign independent of Ar, and so d9/dr must be zero. Again, it is readily 
proved from the above definition that 

^)=F(9A 

dr '^■'dr’ 


d(9'}^) 

dr 


Mr dr^ 


Again, d9/dr, if it exists, is unique. For if two vectors tp'i, 9*2 both 
satisfied the conditions for a derivative, we should have 

(9'j_9'2),Ar-|-o(Ar2) 

for all sufficiently small values of |Ar). If 9'i— 9'2 had a determinate 
direction, it would always be possible to choose a value for Ar violating 
this condition. Hence 9'i— 9'2 can have no determinate direction, and 
so must be a nul vector. 

Example {1). If 9=r.A, A9=A.Ar 

d(r.A)_. 




it follows that 
Example (4). 


Prove that 


dr \r\’ 


df|r|_df|r| ^ 
dt dr dt’ 


where f is any differentiable scalar function of r. 

20. The question suggests itself at this stage : Can we define some- 
thing which can play the part of the derivative of a vector with regard 
to another vector of which it is a function ? By analogy with what precedes, 
we should seek to give a meaning to a symbol T, which is such that if 
F(r) is a vector function of a vector r, then 


AF=T.Ar-|-o(Ar"-). 


Then T.Ar would have the significance of a vector. Symbols T possessing 
this significance will be known as tensors. We shall deal with them 
formally in due course. 
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21. Continuous deformation of a triad. Take any four non-coplanar 
points O, A, B, C, attention being paid to the sequence of the points. 
The triad OABC is defined as consisting of the three lines OA, OB, OC 
considered as forming a rigid body ; the position of A on OA is immaterial 
provided it is maintained on the same side of O, and similarly for B and C. 
Rotate OB about O in the plane AOB so tliat the angle AOB becomes irr, 
the direction of rotation of OB being such that OB moves through an 
angle less than i-. Next, rotate OC about the line in AOB to which it 
is perpendicular, until it becomes perpendicular to the plane AOB, in 
such a way that OC moves through an angle less than Writing now 
A' for A, and calling the new position of tiie triad OA'B'C', we say that 
OA'B'C' is derived from OABC by continuous deformation. The new 
triad OA'B'C' is said to be a mutually perpendicular or orthogonal triad ; 
the angles BOA, COA, COB are all right angles. 

22. Superposability. Consider the three triads OABC, OBCA, OCAB, 
and obtain by continuous deformation the corresponding orthogonal 
triads OA'B'C', OB"C"A", 


cij' 



OC'"A'"B'". Then these 
triads can be superposed on 
one another. It is sufficient 
to show that if OPQR is an 
orthogonal triad, then it may 
be superposed on OQRP. 

Rotate the triad OPQR 
(Pig- 5) as a rigid body 
round OR so that OP comes into coincidence with OQ. Then OQ 
comes into coincidence with PO produced, and OR is unaltered. Let 
OP'Q'R denote the new position of the triad. Next, rotate the triad 
OP'Q'R about OP' so that OR comes into coincidence with OP. Then 
OQ' comes into coincidence with OR. The new position OP'Q"R" is 
now superposed on OQRP. 

It follows that in any orthogonal triad OABC, cyclical interchange of 
the letters ABC gives rise to another orthogonal triad superposable on 
the original one. 

Given an orthogonal triad OABC, another triad OA'BC may be 


ti 
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derived by producing AO to A'. Clearly the two triads OABC, OA'BC 
cannot be superposed. They are said to be opposite in sense. 

All orthogonal triads can be superposed either on a given orthogonal 
triad OABC or on its opposite OA'BC. For if a triad OPQR is given, 
and it is superposed on OABC in such a way that OQ falls on OB and OR 
on OC, then OP must fall either on OA or OA'. 

One of the two triads OABC, OA'BC is defined as being a positive 
triad, and used as a standard. The other is then defined as negative. 
It is immaterial which is chosen as positive. Usually the so-called right- 
handed convention is adopted to select which triad is to be called positive, 
i.e. that triad is positive for which the direction of rotation from OA to 
OB propels a right-handed screw in the direction OC ; it then follows 
from the superposition properties that the direction of rotation from OB 
to OC propels the same screw in the direction OA, etc. The only way, 
however, of defining a right-handed screw is to exhibit one. 

Thus there are just two essentially distinct types of triad. This is an 
essential property of three-dimensional space. By continuous deformation, 
any triad can be labelled as positive or negative. 

It now follows readily that two orthogonal triads OABC, OBAC have 
opposite signs. The proof is left to the reader. 

Note , — The existence of just two types of orthogonal triad in three- 
dimensional space is associated with the fact that there are just two sides, 
or two oppositely directed normals, to a given plane. It is also associated 
with the fact that there are just two distinct orders for three symbols x, 
y, z when cyclical interchange is permitted. In four dimensions there 
are six different non-superposablc arrangements of the four symbols x, 
y, z, u. In n dimensions the number is (n— i) 1 The overwhelmingly 
important rble of the vector product of two vectors in three dimensions 
(now to be defined) distinguishes the vector analysis of three dimensions 
from that of more than three dimensions. 

23. The vector product. Definition. Let P, Q be any two vectors. 
Then the vector product of P with Q in this order is defined to be the 
vector R, of modulus jPj [Qj sin PQ perpendicular to the plane of P and 
Q in such a sense that representations OA, OB, OC of P, Q, R form a 
positive triad OABC. The definition is expressed by 

R=PAQ, 

where A is the sign of vector multiplication.* 

24. Properties of the vector product. 

Theorem; QaP=— PAQ* 

For if R=PaQ and R'=QAPf and if P, Q, R, R' are represented by 

• Some writers use the symbol [P.Q] for the vector product. This has the objection 
that it employs square brackets in a special sense, when they are often needed in the 
ordinary algebraic sense of grouping. Other miters use the symbol P x Q. But the 
special sign X is apt to be confused with X in manuscript work, and is to be avoided. 
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OA, OB, OC, OC', then OC' and OC are equal and have opposite 
senses. 

Theorem : If PAQ =o, then either P =o, or Q =0 or P and Q areparallel 

or antiparallel. For either |P 1 =0, or |Qj =0 or sin PQ =0, i.e. PQ=o or tz. 

Corollary. If PAQ=o, then Q=XP, where X 
may be positive (case of parallelism), negative 
(antiparallelism) or zero. 

Theorem: PAQ=PAQ'p. 

For (Fig. 6) IPaQI == |P| IQl sin PQ 
and |PAQ'pI- 1 P 1 IQ'pl sinlrr 
= |P| IQl sinP'Q. 

Further, the three vectors P, Q'p, PaQ’p» which 
form a positive triad, can be continuously de- 
formed into the triad formed by P, Q, PAQ> by Fig. 6 

rotations of Q'p into the position Q through an 

angle less than (Fig. 6). The vector PaQ'p therefore has the same 
sense as PAQ. 

25. The distributive law for vector products. 

Theorem: PA(Q 4 -R)=PAQ+PAR. 

Let OA be a representation of P. Take OB and BC as representations 
of Q'p and R'p. Then OB and BC are perpendicular to OA, and OBC is 
a plane perpendicular to OA. Rotate the triangle OBC as a rigid body 
about OA through a right angle (Fig. 

7), and increase the sides in the ratio 
|Pl:i. Denote the new position of 
OBC by OB'C'. Let the sense of 
rotation be such that OBB'A is a 
positive triad ; it is, of course, an 
orthogonal triad. Then OCC'A is 
also a positive orthogonal triad, for 
it is superposable on OBB'A. Hence 
OABB' and OACC' are positive 
orthogonal triads. Hence OB' is a 
representation of PA Q'p. Similarly 
B'C' is a representation of PAR'p. 

Now OC is a representation of 
Q'p+R'p, and OC' accordingly a 
representation of PA (Q'p+R'p). But OC' represents the sum of the 
vectors represented by OB' and B'C'. Hence 

PA(Q'p+R'p)=PAQ'p+PAR'p. 

But by the last theorem of § 24, 

PAQ'p=PAQ, 




PAR'p =PaR, 
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and we have Q'p +R'p =(Q+R)'p 

by a theorem of § 14. Also 

PA(Q+R)'p=PA(Q+R). 
The required theorem now follows. 

Corollary. (Q-f-R)AP=QAP+RAP- 


26. We may pause here for a moment to mention that there are two funda- 
mentally important applications of the vector product in mechanics. One is 
the moment of a force P about a point O, which is given by rAP, where r is the 
positive vector of some point on the line of action of the line vector P. The 
other is the velocity of a particle r of a rigid body which is in motion with 
angular velocity SI about the point O with respect to which r is measured ; 
the velocity of r is given by SI/\t. We shall treat formallyof these in due course. 

27. Why do we confine attention, in the vector analysis of three 
dimensions, to just these two products, the scalar product and the vector 
product ? The. analytical theory we give later will show that by means of 
these two we can handle all the scalar and vector combinations of vectors 
that can arise. We shall introduce later a further product denoted by 
symbols such as PQ, but this defines something beyond a scalar and 
vector, and is called a dyad, a constituent of a dyadic or tensor. 

28. Triple product of three 'vectors. Let P, Q, R be three given vectors. 
The scalar number (PAQ)*R is called the triple product of P, Q, R in this 
order. It may also be written R.(PaQ). The brackets can be omitted 
without ambiguity, thus PaQ.R or R.PAQ, since the alternative ways 


of inserting brackets, namely PA(Q-R) or 
(R.P)AQ> lead to meaningless expressions. 
It is clear that 

PAQ.R = -QaP.R. 

Theorem: PaQ.R=QAR*P=RAP-Q> (i) 
PAQ.R=P.QAR. (ii) 

Here (ii) is simply another way of writing (i). 
The theorem may be stated in w'ords in the 
form that we may interchange the order of the 
vector symbols cyclically, leaving the signs of 
multiplication unaltered, or we may inter- 


D 



Fig.i 


change the multiplication signs leaving the 

vector symbols unaltered ; in each case the triple product is unaltered in 
value. To prove this theorem, let OA, OB, OC (Fig. 8) be representations 
of P, Q, R. The vector PAQ is perpendicular to the plane OAB and has for 
its representation OD, where OABD is a positive triad and the length OD is 


|Pj |Q 1 sin’PQ, or twice the area of the triangle OAB. The triple product 
(PAQ)-R is equal to (PaQ).Rp„^q, and is accordingly the product of the 
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length of Rp^^Q with the area of the triangle OAB, taken with positive 
or negative sign according as Rp^Q is parallel or antiparallel to PAQ* 
If OC can be displaced to OD by rotation through an angle less than Itz, 
OABC is a positive triad and Rp^^Q is parallel to PAQ ; if the angle is 
greater than OABC is a negative triad, and Rpy^q is antiparallel to 
PAQ. But the length of Rp,^Q is equal to the length of the perpendicular 
from C on to the plane OAB. Hence (PaQ).R is equal to six times the 
volume of the tetrahedron OABC, taken with positive or negative sign 
according as OABC is a positive or a negative triad. If we permute the 
vectors P, Q, R cyclically, the numerical value of the triple product is 
accordingly unaltered, and its sign is conserved since the sign of the triad 
OABC is unaltered by cyclical interchange of A, B, C. The theorem 
then follows. 

This proof appeals to the concepts of area and volume. Independent 
proofs will be given later. 

Theorem : If any two of P, Q, R are parallel, or if P, Q, R are co- 
planar, or if any of P, Q, R vanish, then 


PAQ.R=o. 


For if two of the vectors are parallel, their vector product vanishes. If 
the three vectors are coplanar, the volume of the associated tetrahedron 
vanishes. 

Corollary. If any two members of the triple product PaQ.R are 
equal, the triple product vanishes. 

Theorem: If PaQ.R=o, then P, Q, R are coplanar. For R 
must be perpendicular to PAQj and therefore must lie in the plane of 
P and Q. 

Conversely, if PaQ.R={=o, P, Q, R cannot be coplanar. Again, if 

P, Q, R are not coplanar, and no two of them are parallel, PaQ-R + o. 
29. Linearly independent vectors. If P, Q, R are three vectors, and 

if no values of X, (j., v exist (save X=(j.=v=o) for which ?P-(-p.Q-fvR=:o, 
then P, Q, R are said to be linearly independent. 

Theorem : Three non-coplanar vectors arc linearly independent. 
For, if possible, suppose that a relation >P-(-lJ.Q+vR=o exists between 
three non-coplanar vectors P, Q, R, where X, [x, v are not all zero. Suppose 
X=}=o. Multiply both sides of the relation scalarly by QAR* Then since 

Q. QAR=o and R.QaR=o, we have XP.QAR=o- Hence since X + o, 
P.QAR=o and so the three vectors arc coplanar, contradicting the 
hypothesis. 

Conversely, if P, Q, R are linearly independent, then the triple 
product P.QaR + o. 

Theorem : If P, Q, R are three linearly independent vectors, any 
fourth vector X can be expressed in the form 

X=XP-l-(xQ-l"vR. 
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For, assume first that values of X, (i, v exist which make this relation true. 
Multiply scalarly by QAR* Then 

X.QaR=XP.QaR. 

But P.QAR + o. 

Hence X _ ^^:: QAR 

p-QaR’ 

Similarly p, and v may be determined. Hence if the decomposition of X 
is possible, its form is 

y _(X.QAR)P+(X.nAP)Q+(X.PAQ)R 

R^AR 

Now write Y=X-i:i ^-QAR)P 

P.QAR ■ 

Actual scalar multiplication shows that 

r.<3AR=o, r.RAP=o, r.PAQ=o. 

If we knew that QARj RAPi PAQ Were linearly independent vectors we 
could appeal to the theorem of § 17 and infer Y=o. That these three 
vectors are linearly independent if P, Q, R are linearly independent will 
be proved simply later. We can, ho\vever, construct a direct proof that 
Y=o as follows. Since Y.QaR=o, either Y=o or Y is coplanar with 
Q and R. If Y + 0, Y is by a similar argument coplanar with P and R. 
By taking representations OA, OB, Oc of P, Q, R it follows that Y must 
have its representative parallel to OC. But since Y.PaQ=o, Y must be 
coplanar with P and Q, i.e. OA, Ob, OC must be coplanar. Hence 
P, Q, R cannot be linearly independent. This contradicts the hypothesis. 
Hence Y=o. 

, It follows that X has the above expansion. It is said to give the 
resolution of X into components along P, Q, R. 

Example (i). If a given vector X is coplanar with given vectors P 
and Q, where P and Q are not parallel or antiparallel, then X is of the form 

X=XPvj-|2,Q, 

For, take any vector R forming with p and Q a linearly independent set, 
and expand X in terms of P, Q, R. Then since X, P, Q are coplanar, 
X.PAQ=o, and so the coefficient of R in the expansion is zero. Hence 
X is of the above form. 

Clearly the values of X and [j, must be independent of the choice of R. 
To determine the values of X and (a, multiply the above expansion by 
P and Q scalarly. We get 

X.P=XP«+(xP.Q 

X.Q=XP.Q-t-(iQ2. 
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These can be solved for X and {z provided 

P= P.Q i 
P.Q Qa I 

i.e. provided paQ^— (P.Q)2=t=o 

i.e. provided sin® PQ =}=o 

A 

i.e. provided PQ is neither o nor tt. 

This can be seen alternatively by multiplying the given expansion 
vectorially by P and Q in turn. 

We get XaP=p(QAP)i XaQ=X(PaQ). 

These determine values for p. and X provided IPAQI+o, i.e. provided 
PQ=}=0, TT. 

Example (2). If aP+bQ-l-cR=o, 

a'P 4-^0+011=0, 

and if no two of P, Q, R are parallel, then 

a/a'=b/b'=c/c'. 

Example (2)' If aP+bQ+cR+dS=o, 

a'P+b'Q+c'R4-d'S=o, 

and if a/a' =)= b/b' 4 = c/c' 4-- d/d', then P, Q, R, S are coplanar. 

30. Components of a vector with respect to an orthogonal triad of unit 
vectors. By an orthogonal triad of unit vectors i, j, k is meant a set of three 
vectors, i, j, k each of unit modulus, whose directions form a positive 
orthogonal triad. From this definition, 

i‘=ii j^=i. ^ ka=i, 
and |jAkl = i, lkAil=i, llAjl=i. 

Moreover, since jAk is parallel to and in the same sense as i, by definition 
of the vector product (since i, j, k form a positive triad) it follows that 

jAk=i 

and similarly kAi=j, iAj=k* 

Further J.k=o, k.i=o, i.j=o, 

and jAk.i=i.i=+i. 

Theorem : Any vector X may be put in the form 
X=(X.i)i+(X.j)j+(X.k)k. 

This follows on using the expansion found in the theorem of § 29, 
on taking i, j, k for the three vectors P, Q, R. It also readily follows 
independently, by assuming an expansion X=Xi+pj+vk, multiplying 
scalarly by i, j and k in turn, and showing that the vector X— S(X.i)i 
vanishes identically. 
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Now let two vectors P, Q be expressed in the form 

P=Pii-fp2j-fpJi, 

Then by actual scalar multiplication we have 

P-Q =(Pii -rP 2 j+P 3 k)-(qii+q 2 j T-qali) 
~Piqi"rP2q2"vP3q3* 

It follows that the scalar is independent of the orthogonal unit 

triad selected. In other form, 

(P.i)(Q.i)ri-(P.j)(Q.j)-u(P.k)(Q.k) 
is an invariant, independent of the set i j k chosen. 

Similarly, by actual vector multiplication, 

PA Q =(pii+p2j -f P3t)A (qii -fqj-f qsl^) 

=s(P 2 q 3 j A -fP 3 q 2 J^/J) 

= (P2q3-P3q2)i -b(P3qi -Piq s)j -r (Piq2-P2qi)ii' 

Lastly, if R=rii-f-r2j-i-r3k, 

then PAQ'P — 2'(p2q3~P3q2)rj, 

or PAQ.R=| Pi p, pa 

I qi qa qs 

I Ti U Tg 

The last formula affords another proof of the theorem of § 28, since the 
value of a three-rowed determinant is unaltered by cjxlical interchange 
of the rows. 

31. The continued vector product. Let P, Q, R be any three vectors. 
The product (PaQ)/',R is called the continued vector product of the 
three vectors, in this order. Since PaQ is perpendicular to the plane of 
the vectors P and Q, and since (PaQ)AR is perpendicular to the vector 
P/iQj the vector (PaQ)/\R must lie in the plane of the vectors P and Q, 
and so is of the form ?P-f pQ. The coefficients >. and p. are given by the 
following theorem : 

(P/,Q)AR= -P(Q.R)-f Q(P.R). 

This is the most deep-going theorem of three-dimensional vector analysis. 
It includes a great number of other theorems arising in different connexions. 
It is extremely useful for solving vector equations, and reducing vector 
expressions. The student will find it essential to know this formula by 
heart, and to be able to quote it readily. By noting that PA(QAR) = 
— (QAR)AP and applying the theorem to the latter continued product, 
we have the equivalent formula 

P/.(QAR)=Q(P.R)-H{P.Q). 

In practice it is only necessary to remember one of these formulre. 
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Owing to its fundamental character we give several different proofs 
of the theorem. The different types of proof illustrate different possible 
types of mathematical procedure. Another proof will be given when we 
consider tensor analysis. 

Proof (i). A direct verification of the theorem is obtained by taking 
an arbitrary orthogonal triad of unit vectors i, j, k, and decomposing 
P, Q, R with respect to them. Using the notation of § 30, we have 

(PaQ)AR=|^^ 2: (Paqa-Paqa)!] a [ S riij. 

Multiplying out the right-hand side and using 1/4=0, jAk=i, etc., we 
have 

(PAQ)AR=x[(P3qi-Piqa)''3-(Piq2-P2qi)r2]i 

=S[(piri -}-p„r„-}-p3r3)qi -(q^rj -f q„r2-}-q3r3)pi]i 
=(Spirj)Q-(Sqir,)P 

= -P(Q.R)-l-Q(P.R). 

r/ie abjection to this veri/ication is that the rearrangement of the co- 
efficients of i, j, k so as to introduce the expressions Sp^rj, Sqjtj is artificial 
and forced, and the procedure gives no insight into why these scalar 
products should appear. A more natural line of investigation is the 
following. 

Proof (ii). We have seen that 


(PAQ)AR=AP-hpQ, 

where p, are numbers which may a priori be any functions of P, Q, R. 
Multiplying this equation scalarly by R, the triple product on the left- 
hand side vanishes, and we get 

o=?.(P.R)-fp(Q.R). 

Hence we may put 


-Q.R"P.R 


=k(P, Q; R). 


Hence (PAQ)AR=k(P, Q; R)[-P(Q.R)+Q(P.R)]. (i) 

By interchanging P and Q and using PAQ = -"(QAP)i we find that k 
is symmetrical in P and Q. JNow let R^, R2 be two arbitrary vectors. 
Apply relation (r) in turn to the vectors Rj, Ro and Rj-f-Ro in place of R, 
and add the first two resulting equations and subtract the third. For 
brevity put 


X=k(P, Q; R,)Rj+k(P, Q; R,)R2-k(P, Q ; R,+R2)(Ri-f-R2). 

Then the resulting equation is 

(X.Q)P=(X.P)Q. 

But in general P and Q are not parallel or zero. Hence X.P=:0, X.Q=:o. 
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linear combination of the arbitrary vectors and R2 ; hence it cannot 
be in general normal to P and Q. Hence X=o. Hence 


[k(P, Q ; R,)-k(P, Q ; R,+R2)]Ri=-[k(P, Q ; R2)-k(P, Q ; Rx+R2)]R,. 

But Rj and Rj are in general in different directions. Hence the coefficients 
of Rj and Rj must be zero. Hence 

k(P, Q; Rx)=k(P, Q; Rx+R;,). 

Hence k is independent of its argument R. We can now write it k(P, Q). 

Now proceed as before with (i) applied to the three vectors P^, Pj 
and Px+Pg in place of P. Writing 

Y=k(Pi, Q)Px+k(P2. Q)P2-k(Pi+P2, Q)(Px+P2), 
we can express the resulting equality in the form 

(Q.R)Y=Q(Y.R). 

But Y is in the plane of Pj and Pg, and so cannot in general be parallel 
to Q. Hence we must have Y=o. It follows as before that 


k(Px, Q)=k(Px+P2, Q). 

Hence k is independent of its argument P, and so also, by the symmetry 
already proved, of its argument Q. Hence k is a constant. Take the 
particular case P=i, Q=j, R=j. Then 

(iAj)Aj=k[-i(j.j)+j(i.j)]. 

The left-hand side reduces to kAj, i.e. to— i. The right-hand side reduces 
to — ki. Hence k=i. This establishes the theorem. 

■ The above proof depends only on the linear (i.e. additive) properties 
of vectors. For a proof depending on the properties of the triple product, 
see Math. Gaz., 23, 37, 1939. 

Proof (iii). The following proof depends only on the properties of 
triads and the definition of the vector product. 

Take a unit vector k perpendicular to the plane of P and Q. Then k 
is parallel to PaQ and so 

PAQ=pk, 

v/here p, is determined by multiplying this relation scalarly by k in the form 

PAQ-k=p. 

The vectors kAP and kAQ are in the plane of P and Q, whilst k itself 
is perpendicular to the plane of P and Q. Hence the three vectors kAPj 
kAQ> k are linearly independent. Hence any vector R may be expressed 
in the form 

R=a(kAP)+P(kAQ)+Yk. 

Then (PA Q)AR ={itA [a(kAP)+P(kA Q) Ryk]. 

But by definition k, P, kAP form a positive triad. Hence k, kAP> F 
form a negative triad. But k, kA? are perpendicular, and their moduli 
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are unity and |P|. Hence the vector product kA(kAP) is equal to — P. 
Similarly, kA(kAQ) is equal to — Q. Hence 

(Pa Q)A R = — H-oP — pPQ- 

But * Q.R =a(Q.kAP) =a(PA Q*k) =«fi, 

P.R =p(P.kAQ) =p(QAP.k) = ~( 3 ir. 

Hence (PAQ)AR = -(Q.R)P+(P.R)Q. 

The idea of the foregoing proof is that we resolve R into components 
perpendicular to P, Q and to the plane of P and Q. If we attempt to 
proceed by resolving R into components along P and Q, we encounter 
difficulties. 

Example (i). (PA 0 )=* =P-Q=-(P.Q)‘. 

This result is equivalent to the statement 

sin- PQ = I —cos- PQ, 

but it follows also from the continued vector product theorem, thus 
(PAQ)'=(PAQ).(PAQ), 

or using the triple product property, on regarding this as the triple product 
of P, Q and PA Q» 

(PAQ)- = [(PAQ)AP 3 .Q 

= [-P(Q.P)+Q(P-)].Q 
= -(P.Q) 2 +P=Q 2 . 

By writing P^pii+paj+Ps^. Q=qii-f q2j-l-q3k, we have Lagrange’s 
identity, 

2(P2q3-P3q2)^=(Spi®)(2qi2)-(Spiqi)2 

where S denotes S. 

Example (2). 

(PAQ).(PaR) =P-(Q.R)-(P.Q)(P.R). 

Example (3). 

(PAQ).(RAS) =(P.R)(Q.S)-(Q.R)(P.S). 

(Examples (2) and (3) yield generalizations of Lagrange’s identity.) 
Example (4). 

(QAR)AP-f(RAP)AQ-h(PAQ)AR=o. 

This follows at once from the continued vector product theorem. Alter- 
natively, if the left-hand side is denoted by X, then X.P=o, X.Q=o, 
X.R=o ; whence X=o. 

Example (5). By the continued vector product theorem, 
(PaQ)A(RAA) = -P(Q.RA A)+Q(P.RAA). 

* We do here appeal to a property of the triple product. 
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But also (PAQ)A(RAA) = -(RaA)A(PAQ) 

==R(A.PAQ)-A(R.PAQ). 

Equating the two expansions, we have if R.PAQ + o, 

^ _P(QAR.A)+Q(RaP.A)+R(PAQ.A) 
PAQ.R 


3i§ 


We thus recover the expansion of § 29 . 

Example ( 6 ). Consider [(PaQ)AA]AR. We can regard this as 
containing a continued vector product in two ways. We have in fact 

[(PAQ)AA]AR = [-P(Q.A)+Q(P.A)]AR 
and also [(PAQ)AA]AR = -(PAQ)A.R+A(PaQ.R). 

Equating the two expansions, we have if PaQ.R + o, 

_(QAR)P.A+(RaP)Q.A+(PaQ)RA 

PAQ.R 

This expands an arbitrary vector A as a linear function of the three 
vectors QAR» RAP, PAQ. This suggests that PaQ* QAR> RAP are 
linearly independent vectors if P, Q, R are linearly independent vectors. 
An analytical proof of this is provided by the following example. 

Example ( 7 ). [(QAR)A(RAP)].(PAQ)=(PAQ.R)^ 

For, considering the expression in the square bracket as the continued 
vector product of Q, R and RaP and noting that R.RAP=o, we have 

[(QAR)A(RAP)].(PAQ) = [-Q(o)+R(Q.RaP)].(PAQ) 

= [PAQ.R] A . 

If P, Q, R are linearly independent, PAQ.R + o, and so QaR) RAP> PAQ 
are linearly independent. Further, since [PaQ.R]^ is essentially- positive, 
the three vectors QaR> RAP> PAQ form in this order a positive triad, 
whatever the sign of the triad P, Q, R. 

Example ( 8 ). Show that 

(PAQ.R)r S (P.A)(PAA)-[ = S[(Q.A)(PaQ.A)+(R.A)(PAR.A)](QaR). 

Lp,q,r J p.q.r 

(Expand the left-hand side as a linear function of QARj RAP> PAQ.) 
Example ( 9 ). The square [(PAQ)AR]^ is equal to [— P(Q.R)-(- 
Q(P.R)]A which is equal to 

P=(Q.R)2-t-Q=(P.R)2-2(P.Q)(Q.R)(P.R). 

But if we put X=PAQ> the same square is of the form [XAR]^ which 
by example (i) is equal to X^R^— (X.R)A i.e. to 

[P2Q2-(P.Q)2]R2-(PAQ.R)A 

Equating the two expansions we have 

(PAQ.R)“=P2Q2R2-(Q.R)2P2_(R.P)2Q2-(P.Q)2R2+2(P.Q)(Q.R)(R.P). 
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It does not appear possible to expand [PAQ.R]^ by a more direct 
method * ; the verification by means of the components of P, Q, R with 
respect to an orthogonal unit triad i j k is tedious and uninformative. 

This example gives an immediate verification of the theorem that 
the triple product PAQ-R is unaltered by cyclical interchange of P, Q, R. 
For, first, its modulus is clearly unaltered in value, by the example. 
Further, PaQ.R is reversed in sign if P and Q are interchanged. Hence 

|PAQ.R 1 = 1 QAR.P 1 = 1 RAP.Q 1 
whence PAQ.R = ±QAR-P = ±RAP-Q* 

If we had PAQ.R=— QaR-P 

then by cyclical interchanges 

-QAR.P=RAP.Q 
and R A P-Q = — PA Q*R> 

giving a contradiction. This establishes the triple product theorem as a 
consequence of the continued vector product theorem. 

The formula of this example has a well-known geometrical interpreta- 
tion. For [PaQ.RI is the volume of the parallelepiped defined by co- 
terminal representations of P, Q, R. If these vectors have lengths p, q, r 
and if the angles between them are a, p, Y) tken the example asserts that 
the volume of the parallelepiped in question is 

pqr[i— cos* a— cos* p— cos* y +2 cos a cos (3 cos y]^ 

This illustrates the fact that the continued vector product theorem is 
equivalent to much solid geometry. 

Example (10). S[(RAP)A(PAQ) 3 A(QAR)=o. 

Example (ii). If P is any vector in the plane of two vectors x and y, 
k a unit vector perpendicular to their plane, prove that 

(xAy)AP=(xAy.k)(kAP). 

Example (12). Show that AA(BAC) may be expressed as a linear 
function of AAB and A AC. 

(Expand AA(BAC) as a linear function of BaC, CAA'and AaB, and 
show that the coefficient of BaC is zero ; or use representations.) 

Example (13). If i, j, k are three mutually perpendicular unit vectors, 
then for any fourth vector P, 

(i.P)(iAP)-b(j.P)(jAP)+(k.P)(kAP)=o. 

Example (14). Solve for X the vector equation 

fxX- 4 -XAA=B. (a 40) 

* An altemarive method is to expand FAQ in the form XP+(iQ-(-vR, determining 
1^. by multiplying scalarly in turn fay Q AR, RAP and PAQ. Forming then the scalar 
product (PAQ).R we obtain the desired expansion. 
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Assume a solution X exists. Multiply the two sides of the equation 
vectorially by A. Then 

a(XAA)+[-XA 2 +A(X.A)] =BaA. 

To find X.A multiply the given equation scalarly by A. Then 

aX.A=B.A. 

Hence a(XAA)-XA 2 =BAA-A~. 


The last equation together with the given equation form a pair of linear 
simultaneous equations in the vectors X and XaA. Eliminating XaA 
we find 

X B-a(BAA ) +A(B.A) 
a(a®+A®) 

By substitution this is found to be an actual solution. The solution is 
moreover unique. 

Example (15). Solve for X and Y the simultaneous vector equations 

aX+YAP=A, 

PY+xap=b. 

Example (16). Solve for X the equations 

XAA=B, X.C=a. (B perpendicular to A) 

Assume a solution X exists. Multiply both sides of the first equation 
vectorially by C, and use the second. We find 


-X(A.C)+aA=BAC 


whence 


X 


(xA — B aC 

A.C 


provided A.C =}= 0. 

To see the position when A.C=o, let X, Y be any two solutions. 
Then (X-Y)AA=o, (X-Y).C=o, so that either X = y or X-Y is 
parallel to A and perpendicular to C. Hence there is only one solution 
unless A is perpendicular to C. Thus, if A.C=o, we may expect a multi- 
plicity of solutions. Let Xo be any one solution. Then (X— Xo)AA=o, 
whence X=Xo-l-XA, where, if A.C=o, X is arbitrary^ It is therefore 
sufficient to find a single solution Xq. Impose the condition Xo.A=o. 
Multiplying the original equation vectorially by A, we find — XnA“=BAA. 
Thus if A.C=o, the general solution is 


X 


aab 

A* 


fXA, 


and the satisfaction- of the relation X.C=a requires the consistency 
condition 


aA2=AAB.C. 
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This solution differs in form from the previous one. Can tve express 
the two solutions in such forms that they pass into one another as A.C-»o ? 
To examine this, seek a solution of the form 

X = XA + |iA A B + V A A C. 

Such an expansion of X will be possible if A, AAB and AAC are linearly 
independent. Now 

[AA(AaB)].(AAC) = [-BA=+A(A.B)].(AAC)=A=(AAB.C), 

so that A, AaB and AaC are linearly independent if A, B, C are linearly 
independent. Assume that they are. Then inserting this expansion for 
X in the given equation XaA=B, we find 

(i[ - A(B. A) +BA 2 ] +v[- A(C. A) d-CA®] =B. 

This is a linear relation between the three vectors A, B, C, and hence the 
coefficients of A, B, C must vanish separately. Hence 

— [x(B.A)— v(C.A)=o, [jiA“ = i, v=o. 

The first of these is now automatically satisfied, since A.B=o. Hence 


X=XA 


AAB 
A" ’ 


and the relation X.C=a then determines X. We find 



aab.cx a AaB 
A2 Ja.c'^ A2 ■ 


The identification of this solution with the solution first obtained follows 
if we can establish the identity 


BAC=i5[A(AAB.C)-(AAB)(A.C)], 


given A.B=o. This is left to the reader. 

It is now clear that if A.C-^o, for a finite solution we must have 
(AAB,C)/A“->a, and the coefficient of A is then indeterminate. 

Example (17). The most general solution of the equation 

XaA=B, (A.B=:o) 


an equation of frequent occurrence, is most simply expressed as follows. 
If Xfl is any one solution, X =Xq+XA is the most general solution. Choose 
Xq to satisfy Xq.A=o, if possible. Multiplying the given equation 
vectorially by A, we have then — XoA“=BaA, whence the most general 
solution is 


y_AAB 

A2 


fXA. 


It will be seen that Xg is the component of the most general solution 
perpendicular to A. 
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Example (18). Show that the necessary and sufficient condition that 
the equations 

XAA=B, (A.B=o) 

XAC=D, (C.D=o) 

may have a common solution X is 

B.C+A.D=o. 

Example (19). Show that the equations 

aX+pY=A, XAY=B (A.B=o) 

have a one parameter system of solutions X, Y, and obtain them. 
Example (20). Solve the equation 

XaA+(X.B)C=D. 

Example (21). Solve the equation 

aX+XA A+(X.B)C =D. 

Example (22). If A, B are given non-parallel vectors, and X and Y 
vectors satisfying XAA=YAB, show that X and Y are linear functions 
of A and B, and obtain their most general forms. 

(Expand X and Y as linear functions of the three linearly independent 
vectors A, B, AaB.) 

Example (23). Prove that 

(X-P)A(X-Q).(X-R)=X.[SPaQ]-PaQ.R. 

Deduce that if X— P, X— Q, X— R are linearly dependent vectors, then 
X is of the form (xP-j-pQ-t-yB, where a-t-P+Y = t> provided P, Q, R are 
linearly independent. 

Example (24). Find the general solution of the equations in X and Y 
aX+pY=A, X.Y=p. 

Example (25). Obtain a first integral of the linear vector differential 
equation 

d^X , /dX^A,„Y „ 
„+,(^_A.j+pX-o, 

where a, p are constants, i a constant unit vector and X.i=o. 

Try a solution ^=p(XAi). 
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Hence we find two first integrals, 
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dt 


=Pi(XAi), 


— — P2(Xai) 


where pj, pj are roots of the quadratic 

p^+ap— p=o. 

This procedure has important dynamical applications. The kinematic 
interpretation of the solution will appear later. 

32. Fonnulce of spherical trigonometry. The establishment of the 
formula for the continued vector product carries with it the establishment 
of the main formulas of spherical trigonometry, with the minimum of 
further spatial appeals. 

Take a spherical triangle ABC on the surface 
of a sphere of unit radius, centre O (Fig. 9). 

Let i, j, k denote the three vectors OA, OB, 

OC, not necessarily mutually perpendicular. 

The vector iAj is normal to the plane of 
OA and OB, and thus has a representation 
normal to the plane OAB at A. Similarly 
iAk has a representation normal to the plane 

OAC at A. The modulus JiAjl is sin AB, 
or sin c ; the modulus |iAk( is sin AC, or 
sin b. The angle between the representations 
of iAj and iAk is equal to the angle between the planes OAB and OAC, 
which is just A. Hence, evaluating the scalar product of (iAj) and (iAk), 
we have 

(iAj).(iAk)=sin c sin b cos A. 

But (iAj).(iAk)=i.[jA(iAk)] 

=i.[-k(i.j)+ia.k)] 

= -(i.k)(i.j)+(j.k) 

= — cos c cos b-f-cos a. 

Hence cos 2= cos b cos c+sin b sin c cos A. 

Again, by the definition of a vector product, 

-sin _ |-i(j.iAk)+j(i.iAk)| |iAj .k| ^ 

jiAjl liAk| sin b sin c sin b sin c‘ 



Fig. 9 


Hence 


sin A_sin B 
sin b 


sin a 


sin C _ 6 vol (OABC) . 
sin c sin a sin b sin c’ 


33. Procedures for decomposing vectors. The following useful rules 
have already been partly illustrated in foregoing examples, 

2 * 
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(1) If X is to be discussed in relation to three given vectors A, B, C, 
v/rite either 

X=>A-f[jtB-fvC 

or X=? 3 /sC-|-[iCAA-|-vA/\B» 

(2) If X is to be discussed in relation to tico given vectors A, B, write 

X =/A-l-(iB -f-vA/\B. 

This is always possible, since A, B, AaB are linearly independent. 

(3) If X is to be discussed in relation to me given vector A, write 

X=/A-|-AAY, 

where A.Y=o. 

This is equivalent to decomposing X into a component along A and one 
perpendicular to A. To show that the decomposition is always possible, 
we observe that a may be chosen so that X— >A is perpendicular to A ; 
for the value of a is then given by XA =>A 2 . Then X — }A is of the form 
AAY, and as the component of Y parallel to A is irrelevant, we may 
choose Y so that it is perpendicular to A, i.e. so that YA=o. 

To determine Y, multiply vectorially by A. We find 

XAA=YA2 

which determines Y. The solution is now the identity, 

‘ A2 

34. Reciprocal vectors. We have seen that given any vector X, and 
any three linearly independent vectors P, Q, R, the vector X may be put 
in the form 

^ _P(QAR.X)+Q(RAP.X)+R(PA Q.X) 

PAQ.R 

The vectors P', Q', R' given by 

QAR RAP PAQ 

PAQ.R’ PaQ-R’ PAQ.R’ 

are said to be reciprocal to P, Q, R. It is clear that we have 
X=(XP')P+pi;.Q')Q+(X.R')R. 

The reason for the use .of the word reciprocal may be seen as follows. 
We have 

r.' -D/ _(QAR)A(RAP).(PAQ)_ I 

(PaQ-R^ P/.Q.R’ 

Hence if P", Q", R" are the vectors reciprocal to P', Q', R', 

Q'AR' _(RAP)A(PAQ)_p 
P'AQ'.R' paqr 
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Hence the relation of F', Q', R' to P, Q, R is a reciprocal one. Further, 
F, Q', R' are linearly independent, and form a triad of the same sign as 
the triad P, Q, R. 

35. SelJ-reciprocal sets of vectors. Let us find the condition that 
Pj Q, R may be self-reciprocal, i.e. the conditions that P'=P, Q'=Q, 
R'=R- The condition 

p_ QAR 
P/.Q.R 

gives at once P’=i ; similarly Q"=i, R- = i. Again P.Q=o, PJl=o 
and similarly Q.R=o. Hence P, Q, R must be an orthogonal set of unit 
vectors. Conversely, an)' orthogonal positive triad 
of unit vectors is self-reciprocaL For if i, j, k 
form such a triad, = and so i'=j/',k=i. 

It is to this property that orthogonal triads of unit 
vectors owe their importance. 

Example. Prove that if i, j, k are mutually 
perpendicular unit vectors such that j/,k=— i, 
j, tbe.o they also form a self- 

reciprocal set. 

36. Tetrahedron properties involving vector 
products, (i) Vectors along the outward per- 
pendiculars to the faces of a tetrahedron and proportional to the 
areas of the corresponding faces have a vector sum zero. For, if OABC 

(Fig. 10) is the tetrahedron, the vectors are proportional to O-V.OB, 

OBaOC, OC/'OA, and AC/.AB. Their sum is 

0 AA 0 iri- 0 BA 0 C-f 0 CA 0 A-f( 0 C- 0 A)A(OT- 0 A) 

which reduces identically to zero. 

(2) Conversely, if four vectors perpendicular to the faces of a tetra- 
hedron have the sum zero, their magnitudes are proporfonal to the areas 

of the corresponding faces. For, let the vectors be p^OB/UC, p.OCAOA, 

P3OAAOE, p^ACaAB. Then by hypothesis pjOB/.OC-ripjOCAOA-r 

P30AAOB-rP4(OC — OA)/,(OE — OA)=o. Multiply scalariy fay OA, 

Then since OAaOB.OC = o, we find at once p^— pj^o. Similar!)' 
p2— P3=P4- 



37. Planimeter theory. The area of a triangle OPP' is equal to the modulus 

of the vector I(OPaPP')- Vie may say that the latter vector represents the area 
of the triangle. If the point P describes a dosed plane curve (Fig. 1 1) sur- 
rounding O, and if P denotes the porition vector OP of P with respect to O, 



3° 


VECTORIAL MECHANICS 


then by addition of elementary triangles it follows that 
the area of the curve is represented by 


i/PAdP, 



§34 


P' 


Fig. II 


where the integral is taken round the curve. If we take 
any other origin (inside or outside the curve), and 

write OjP =Pj, OOi = a, then P=Pi — a, dP = dPi, and so the above integral 
is equal to 

I /(Pi— a)AdPi. 

but j'aAdPi=aA fdPi = o, since the curve is closed. Hence for any origin 0, 
the area is represented by 

i/PiAdP,. 

Amsler’s planimeter. A planimeter is a mechanism for determining the area 
enclosed by an arbitrary closed curve. The essential property of Amsler’s 
planimeter may be established as 



p+dP 

P+dP' 


follows. Let the vector PT be of 
constant length, and let P' move to 
a neighbouring point P'+dP', P to 
P+dP (Fig. 12 ), The vector may 
be pictured as a rigid rod, of 
length, say, 1. The area swept out 
by the rod in a small displacement 
is represented by a vector dS, where 

dS=(area of paralleIogram)+(area of triangle) 

= (P-P') A dF+ J(P-P') A [(P+dP)-(P'+dP')] 

= (P-P')AdP'+|(P-P')A(dP-dP') (i) 

= i(P-P')A(dP+dP'), 

or dS = iPAdP-iP'AdP'+Jd(PAP'). ( 2 ) 

Now let the rod move in a plane so that P and P' describe closed curves. 
Equation ( 2 ), integrated round the circuit, gives the result that the vector S 
representing the area s%vept out by the rod is the difference of the vectors rep- 
resenting the areas A, A' of the curves described by P and P', since J'd(P aP ) = o. 
Hence the obvious result, S = A— A'. Now integrate equation (i) round 
the circuit. The integral ^^^(P— P')Ad(P— P') represents the area swept out 

by a ‘ radius vector ’ of fixed length 1 parallel to the rod, one of the ends of the 
radius vector being fixed ; this area is therefore n—l^v, where n is the number 
of complete turns of the rod, v a unit vector perpendicular to the plane. Also 

(P-P')AdP'=vldx, 

where dx is the travel of the end P' of the rod in a direction normal to the rod. 

/(P-P')AdP'=vlx, 


Hence 
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where x is the integrated travel of P' normal to the rod. It follows that 

2 = A— A' =v(lx-f-nKP). 

Now let P' be connected by a link of fixed length r to an origin 0 (Fig. 13). 
Then in any motion, P' describes an arc of a circle centre 0 , radius r. If, 
whilst P turns n times round P' in the positive direction, P' describes the circle 
round 0 m times (m may be zero), then 

JA] =lx+n 7 tl°-l-mT:r®. 

Amsler’s planimetcr carries at P' a drum, rolling on the plane, with its 
axis along P'P ; its total rotation thus measures x. Hence the area |A| of any 
closed curve may be deter- 
mined by choosing any fixed 
point 0 and passing P round 
the curve. 

A verification of the for- < 
mula is afforded by taking 1 
for the curve described by P 1 
a circle round 0 of radius \ 

rd-l. Then x = 27 tr, m = i, \ j 

n = i, and [A] ■=7t(2lr+l"4-r*) \ 

=Tt(r+l)*, winch is correct. 

Anothcrwcll-knownplani- 

meter consists of a rod pro- ,j 

vided with a vertical pin at P 

and a sharp knife-edge at P' with edge parallel to P'P. Tiicn as P 
travels round a curve, tite motion of P' is always parallel to P'P, so that 
(P-P')AdP' = 0 . Hence by (i) 

d 2 r=J(P-P')Ad(P-P') 
and hence, using (2), if P describes a closed curve, 

I j P A dP = i J P' A dP'- i iP AP'j -I- i / (P-P') A d(P-P'), 

where [PaP'J denotes the diftcrcnce between the final and initial values. Choose 
for origin O the initial or final position of P. Then the initi.al and final values 
of P are zero, and 

A«Ji /'PAdP = I /P'AdP'+A /'(P-P')Ad(P-P'). 

The hast integral is numerically equal to the triangular area subtended at the 
origin O by the initi.al and final positions of P', i.c. the area defined by the 

initial and final positions of the rod. The area j|P'AdP' of the locus of P' is 
in general small, in practice. Hence we get an approximate evaluation of A. 
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38. Preliminary consideraiiom. Tdke an orthogonal positive triad of 
unit vectors i, j, k. Then we have seen that any vector P may be put in 
the form 

P=Pii+pj+P3k. (Pi=P-i. etc.) 

We can write this more concisely as 

P^Spaia, (pa=P.ia) 

a 

where a takes the values i, 2, 3 and io, 13 stand for i, j, k. More 
concisely still, following Einstein, we can write this in the form 

^~Pa^a) 


where the occurrence of the suffix a tioice is held to imply summation 
over the values a = i, 2, 3. 

We shall adopt this so-called ‘ summation convention ’ throughout 
unless the contrary is expressly stated. A suffix when repeated is called 
a ‘ dummy ’ suffix ; it may be replaced by any other suffix-symbol not 
already present. 

Consider now any other set i'l, i'^, i'3 of unit vectors forming a positive 
orthogonal triad. They will be described collectively as the set i'a. 
Applying the above formula for any vector P to the case in which P is 
simply i'l, we have 

say, where 


‘11 


=1 




1 *t * I • 

12 = * l»t2> *13 l’^3 


Applying the same procedure to the vectors i'o and i' 3 , we have generally 


•/ 1 • 

* a =la[i*n 

where la(i=i'a-in- 

The I’s are simply the ‘ direction-cosines ’ of the set i'a with respect to 
the set id, and we have the scheme : 



ii 

Cl 

is 

i'l 

In 

^12 

ll3 

i'a 

lai 

^22 

^33 

i'a 

iai 

^32 

I 33 


3 * 
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Now let tlie same vector P, introduced above, be expanded as a linear 
function of the i'a’s, in the form 


Expressing the i'^’s in terms of the ia’s and comparing with the former 
expansion of P we have 

• ^ 1 * 

Pa*a =P 

This is a linear relation between the three linearly independent vectors . 
Hence its coefficients must be separately zero. Hence rewriting the 
relation in the form 

(pa — P vlva)ia =0- 


(where we have used fresh symbols for dummy suffixes), we have 

Pa^HVv 

Now P2 = papa=p'ap'„. 

Hence (lvaP'v)(WV)=PVpV' 


This must be an identity in the p'’s. Hence we must have 

lvaVa = l ifv = (i 
=0 if V + [A. 

We write this relation as 

Iva^fia— 8(iv» 

where Sjiv is the ‘ Kronecker symbol,’ equal to unity if the two suffixes 
are equal and equaj to zero if they are unequal. As a coefficient is 
called the ‘ substitution operator,’ for the effect of multiplying by S^v an 
expression containing p, and thereby summing with respect to (x, is to 
substitute v for [x in the expression. Similarly for the roles of jx and v 
interchanged. 

We now suppose the equations giving the pa's as linear functions of 
the p'a’s, namely pa =lvaP"vi solved for the p'a’s. Let the solution be 

p’a =LvaPv 

This solution is always possible, for we could equally have started with 
the triad It follows that 

P a— LvaljivP H" 


This must be an identity in the p'’s. Hence 

LvaljiV 


Likewise we have Pa =lvaLv|jiPn> 

so that Ljxvlvpt 

Also it follows as for the I’s that , 
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Now, take the last relation but one, and multiply by Ig^, carrying out 
the implied summation. Then since lvalgx=Sv^> we get 

LjtvOvg =SajtIo2, 

or, using the substitution propertj' of the S-symbol, 

L(iQ=1 «5£. 

Thus we have shown analytically that the scheme of the L’s is derived 
from the scheme of the Ts by interchanging rows and columns. 

It now follows that 

= 6 jiv, 

All these relations are obvious geometrically, but we have thought it 
worth while to derive them analytically to illustrate the power of the 
repeated suffix convention. 

Determinants. It follows from Lj,g that the product of the deter- 
minant of the I’s by the determinant of the L’s is equal to the square of 
the determinant of the I’s. But by the rule for multiplication of deter- 
minants, this product is 







^12 

^13 

l2itLjii 

l2jtL(i2 


or 

621 

622 

S23 

IsnLjii 

l 3 JiLji 2 



S31 

^32 

^33 


which is just unity. Hence the determinant of the I’s is ±1. When the 
determinant is -f i? we can make small alterations, cumulatively, in the 
values of the I’s, thus displacing the triad, until the scheme reduces to 

/-fi o o\ 

(0+1 o ). 

Vo O -fl/ 

In that case we have been able to superpose the i'a triad on the U triad, 
and the two triads have the same sign in the sense of Chapter II. If the 
determinant is — i, the two triads are not superposable, and they have 
then opposite signs. Since the square of the determinant of the I’s is 
essentially positive, the determinants of the I’s and L’s have the same signs. 


We summarize the main results of this section in the form of the 
two transformation formulas we have arrived at, namely 

Pa =JvaP V (^) 

and p'a=LvxPy=l®vp.^, (2) 

where the p’s and p'’s are components of a vector P with regard to the 

triads and i'a, namely 

P=Paia=p'oi'a- (S) 

Here t ( 4 ') 
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39. The vector P can now be considered as equivalent to the class of 
all triplets of numbers p'a correlated with a given triplet of numbers by 
relations of the type (2), each triplet p'g, being associated with a given triad 
i'a. The vector P may be considered as that which is common to all the 
different triplets of numbers p^. We can scarcely define a vector P by 
this process, since (3) introduces the notion of the primitive unit vectors 
ia and We have preferred to introduce the notion of a vector geometri- 
cally, by means of its representations ; but as far as the expression of a 
vector by means of its components is concerned, we could define a vector 
P as the class of all triplets p'a associated with triads i'a without prior 
introduction of the notion of unit vectors. But we prefer to regard (3) as 
the formal expression of that which is common to pa and the class of 
derived triplets p'a. 

40. We now seek to generalize this notion. Let us consider what 
meaning could formally be attached to a ‘ product ’ of vectors PQ, from 
a purely analytic point of view. Let us see what formal properties this 
‘ product ’ would have if it had to obey the rules of algebra save the 
commutative propertj' of multiplication. If P be expressed as a sum of 
vectors 

P=A-}-B-j-C-f-..,, 

Q as a sum Q=A'-fB'-{-C'-l-..., 

then w'e should wish the product PQ to be developable in the form 
PQ = AA'-fAB'-fAC'-h. . . 

-fBA'-fBB'-fBC'+... 

-hCA'-fCB'-fCC'-l-.... 

Thus any meaning we attach to a ‘ product ’ of two vectors must be 
attached also to a sum of ‘ products.’ Now any vector may be expressed 
as a linear function of the three vectors ia associated with a given triad. 
The result of forming sums of ‘ products ’ of such linear functions will 
be a linear function of the nine ‘ products ’ of unit vectors 

iih) Iiij) hh> 
hh> toig, 

hhy hh- 

Accordingly the most general form of meaning we can attach to products 
should be capable of being attached also to a formal expression of the type 

where repetition of the suffixes a and p implies summation over the 
values a = i, 2, 3 ; P=i, 2, 3. Denote by T a formal expression of this 
kind. Let us see how the description of T alters when we change the 
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triad of reference from to i'a. Expanding as a linear function of the 
vectors i'a we have as usual, by (4), 


• ia=(ia.iV)iV=WiV 

so that T=tnpiaip =tapi(ialvp^ (it v (i'jt (it vj 

say, where t'(iv=^(ia^v?tap- 

Comparing this with the formula (2) of § 38 for the transformation of the 
components of a vector, a formula which we rewrite with a change of 
suffix in the form 

• P(i=](iaPa 

we see that the transformation formula for deriving the nine numbers 
t'(iv from the nine numbers t^p is a simple generalization of the formula 
for deriving the three numbers p'^ from the three numbers pa, products 
of I’s replacing the simple I’s themselves. The set of nine numbers t'^y 
describes T just as adequately with respect to the triad i'a as does the 
set of nine numbers t^y with respect to the triad ia. This leads us to 
propose the following formal definition of something we shall call a tensor. 

41. D^nition of a tensor. With each of a set of orthogonal unit 
triads of vectors associate a set of nine numbers tj^y. Then the sets are said 
to describe a tensor T provided that if t^y is the set associated with the 
triad ia, t'(iy the set associated with i'a, then 

t (iv“l(iaJvpLp> 

where ]^=i'p.i^. 

We express this fact by writing 


T— t^yijiiy — t ^yi jii y. 

It will be seen that this mode of symbolism T, without a suffix, suggests 
the notion of an entity which remains permanent, behind the changing 
fa9ades of the triads of reference. We cannot describe a tensor (according 
to our definition) without reference to some triad ; but the tensor itself 
is to be distinguished from any one of its descriptions. Just as a vector 
P is the class of all its representations, so a tensor T is the class of all its 
descriptions. 

42. Transitive property. For consistency we must show that if the 
transformation relation exists between the sets associated with the triads 
ia and i'a, and between the sets associated with the triads i'a and i"a, 
then it also exists between the sets ia and i"a. Let the I’s be specified by 


i»p=l<2)pyi'y. 

i''p=l(2'p,l<l),j,i^ 

=>>P(ii(x, 


Then 
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It will be noticed that in this illustration we have used the same letter P 
to denote the vector P and the numbers This is a convenient practice. 
It will be noticed that the products PQ and QP denote different tensors. 
A tensor equation T=S implies nine scalar equations Tap=Sap. 

46. The sum of two tensors. If Tap, Sap are the components of two 
tensors T, S with respect to the same triad then the nine sums Tap + Sap 
are the components of another tensor with respect to and this tensor 
is denoted by T+S. 

It is clear that any tensor T may be considered as the sum of nine 
dyads. Written out at length, the tensor T is given by the expression 


T=Tnii+Ti2ij+T,3ik 


+T3ji+T3aj+T33jk 


+T3iki+T33kj+T33kk. 


47. Conjugate tensors. Let T be a tensor with components Tap with 
respect to a triad ig,. Then if we write, with respect to any triad 


SaP=Tpa, 

we have in any other triad 

S op— T Pa 

— loV^P(lSv|X, 

so that the sets Sop form a tensor. This is defined to be the tensor conjugate 
to T, and is written conj T or T, Thus Tap=Tpa. If P, Q are vectors, 
the conjugate of the dyad PQ is the dyad QP. 

If Top =T Pa for all a, p, T is said to be self-conjugate. Clearly if a tensor 
is self-conjugate in any one triad it is selLconjugate in all. 

48. The scalar of a tensor. We now construct an invariant out of the 
components of a tensor. 

Theorem : If T is any given tensor, Taa (or Tn-|-T22-1-T33) has the 
same value in all triads of reference. For, by the definition of a tensor, 

T aa = la(ilavTjiv =S|jivT(iv ==Tjiji. 

i-O- T ji-l-T' 22 -l-T' 33 =Tii-|-T 22 -f-T 33 . 

This invariant Too is called the scalar of T and is written sea T. 

If T is a dyad PQ, sea T is the scalar product P.Q. If T is the dyad 
PP, sea T is the scalar P^. 

49. Contraction. The foregoing is a particular case of the process 
called contraction. Suppose that we have a tensor of any rank, of com- 
ponents say Tapys- ■ Then the expression TaayS denotes the sums STaayS, 

summed for a = 1, 2, 3 for any fixed y, S These sums may be written 
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S^s-.., and they can be showTi to enumerate the components of a tensor S, 
of rank iico less than that of the original tensor. For 

=S(ivlYpl5a...T^vp(j”- =lypiSc-*«Tjxj,p<;... 

= • • Sptj . . . , 

SO that S obe3's the tensor law for rank t\vo lower. 

50. Product of two tensors. If Tap..., Sap... are the components of 
tensors of any rank, then the products 

Tap... Sp^j... 

are easily seen to be the components of a tensor of rank equal to the 
sum of the ranks of the given tensors. The new tensor is called the product 
TS of the given tensors in this order. In particular, we may have the 
products FT and TP of a vector and a tensor of rank 2, which are tensors 
of rank 3. 

51. Inner products of a tensor of rank 2 and a vector. Let T be a 
tensor,* P a vector. Let their components in a given triad be denoted 
by Tap, Pf. Consider the sums 

TapPp. 

This is a contraction of the tensor TapPy of rank 3 ; it accordingly 
describes a vector (of rank i). Denoting the components of this vector 
by Qa, we have, for a = i, 2, 3, 

Qa =TapPp, 

which we write in the form Q=T.P. 

This use of the dot (.) is consistent with the usage in the scalar product ; 
it represents the presence, in the suffix notation, of two adjacent, equal 
and therefore dummy suffixes. In practice it is simple to pass from the 
dot notation to the suffix notation. 

Similarly the sums Pa Tap represent the components Rp of a vector R, 
which we write 

R=P.T. 


We call T.P and P.T inner products. In general T.P and P.T are unequal. 
If, however, T is self-conjugate, we have T.P— P.T. For now (T.P)a = 
Ta(.P^=P(.T^a = (P.T)a. 

Written out in full, the components of T.P are 

TuPi+TijPa-fTijPg, TjiPi-f-TjzPa+TjsPs, TjiPj-fTsjPj-f-TssPs, 

those of P.T are 

^iTji-f-p2T2i-fP3T3i, PiTia+PgTjg+PaTso, PiTjg+PaTjs-fPaTaa. 

* The rank of a tensor tvill in future be taken to be 2 unless otherwise stated. 
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Similarly, the notation T.S denotes the tensor which is the inner 
product of the tensors T, S in this order, namely the tensor of components 

TajjiSfjip. 

52. Inner product of a dyad and a vector. 

Theorem: (PQ).R =P(Q.R), 

P.(QR)=(P.Q)R. 

For the «-component of (PQ).R in any triad is PaQpRp =Pa(Q.R), which 

is the a-component of P(Q.R). We note that the inner product of a 

dyad and a vector is itself a vector. Without ambiguity we can now omit 

the brackets and write PQ.R to denote either P(Q.R) or (PQ).R. 

This is a very useful theorem, of frequent application. It affords a 

common method of generating tensors from vectors. For example, if 

we have an aggregate of pairs of vectors Pg, Qg and another vector R, then * 

SPgCQg.R) =S[(PgQ3).R] =(2:P3Q3).R=T.R 

s s s 

where T =SPsQs. 

S 

This is the type of context in which tensors often make their first appearance. 

53. Double inner product'. The process of contraction may be repeated. 
If T, S are two tensors, we may form first their inner product T.S, and 
then contracting again form the scalar of this, whose value is Ta^S^ia- We 
write this, in extension of our former convention, T:S. Similarly we can 
form the invariant T;S. In particular, we have the invariants 

T:T=STji24.2 ST„3T32, 
T:f=STn2+2(T332+T332). 

From these we can form the invariant 

(T:f)-(T:T):=S(T33-T33)^ 

54. Anti-symmetrical tensors, A tensor T is said to be anti-symmetrical 
if its components in any triad satisfy the relation 

Tpa=— Tap. 

If T is anti-synunetrical in any one triad, it is so in any other. For if 
Tap= Tpa, then 

T aP — ipv^anTv|ji= T pa. 

If a tensor is anti-symmetrical, a component with two equal suffixes is 
zero ; for Tii = — Tji, so that Tii=o, and similarly Tja^o, T33=o. 
Accordingly the general form of the components of an anti-symmetrical 
tensor is in any triad 




a 

0 

h 

-g 


-h 

0 

f 


g 

-f 

0 


• S is not the component suffix here. 
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The non-zero components f, g, h, loith these signs, form a vector. 
This will be proved later directly, but it is instructive to establish it by 
actual transformation. We put' 

f^Tos, h=Tjo 

and then f — T ga^la^-tlav 

Using the fact that T is anti-symmetrical, we find that this reduces to 
f'=(l22l33~l23U2)"E23+(^23l3l~^21^33)T3i-f(l2il32 — IjalaOT^a- 
The coefficients of the T’s are the components of the vector products of 
the vectors whose components in ia are 

lai laa I 23 

^31 ^32 las* 

The latter vectors are 

(iL.i,)U-}-(i'2.i2)i2+(i'2-i3)in, 

(i'3-ii)‘i+(»'3*i2)i2+(i'3-i3)»3. 

i.e. i'j and i'3. Their vector product L'Ais' is just whose components 
in la are (Ijj, Ijj, I 13 ). Thus 

f' =:ljjf-flj 2 g-}-ll 3 h. 

Similar relations hold for g' and h', and the three together show that 
(f, g, h) is a vector. 

If T is any tensor, the tensor whose components are Tap-{-Tpa is a 
symmetrical or self-conjugate tensor ; the tensor whose components are 
Tap— Tpa is an anti-symmetrical tensor. We have 

Tap =MTaP+Tpa)-l-I(Tap-Tpa) 

= X 

which we write T =T-l-T. 

Thus any tensor may be expressed as the sum of a self-conjugate tensor 
and an anti-symmetrical tensor. To avoid trouble in printing, it is some- 
times convenient to write 

= X 

T=sym T, T=rantisym T. 

55 . The idcjti tensor. We have seen that any vector P may be expressed 
as a linear function of the members i, j, k of an orthogonal triad of unit 
vectors in the form 

p=(p.i)i-f(p.j)j-f(p.k)k. • 

Using the theorem of § 52 , this may be written in the form 

P=P.(ii-|-jj-l-kk). 

It may also be written in the form 

P=(ii+jj+kk)*P* 

It follows that the tensor U defined by 

U=ii-hjj-}-kk 
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has the property of reproducing the vector it is multiplied into to form 
an irmer product. For this reason it is called the idem temor ; it plays 
the part of a unit multiplier. 

The components of U tvith regard to the triad i, j, fc are clearly 

100 

010 

001, 

and thus the components Ua^ with regard to the triad i, j, k are given by 

It is readily shown that the tensor has the same components in any other 
orthogonal triad i', j', k'. For by the tensor transformation law 

U a° 

=lct^l^vS(iv 

=l(r[ilp[i 

Hence U=u^j[j+kk=i'i'-fj'j'+k'k'. 

It follows also that if T is a tensor of any rank, 

U.T=T, T.U=T. 

56. The quotient theorem. The following theorem affords a convenient 
test for the tensor character of any proposed expression. 

Theorem : If Tag, T'a^, ... are sets of nine numbers associated with 
triads ia, i'a, •••, and if, whatever vector Q is chosen, the expressions 
TagQ^, T'o^Q' , ...define the components Pa, P'a, ...inia, i'a, ... of some 
vector P, then the sets T3Q, T'ap, ... describe a tensor T. 

For, by hypothesis, we have 

TaDQ^=Paj T'apQ p =P a, 

v/here, since P is a vector, P'a =la[iP(i. 

Hence T'a^Q'p = laj^T . 

But since Q is a vector, =1^0 Q'v. 

Hence, changing a dummy suffix, 

T avQ^ V=laEiTjiplvgQ'v> 
or Q v(T av Jafi^vpTji^)=0. 

By the data of the problem, for any fixed a this relation holds good for 
all sets of three numbers Q'v, (v=i, 2, 3). Hence for any fixed a and 
for v = i, 2, 3, the coefficients must vanish and so 

T av — 

But a is arbitrary (a=i, 2, 3). Hence by the definition of a tensor, the 
sets T'ap, Tap, ... describe a tensor. 
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Similar results hold for sets of numbers of any rank. In particular, 
ifPajP'a. ••• are sets of three numbers associated with triads ia.i'a, ••• such 
that for any vector Q, PaQa, P'aQ'ai ••• form a scalar (i.e. take the same 
value in each ia), then the sets Pa, P'a» ••• describe the components of a 
vector P. 

57. The alternate tensor. Define a set of twenty-seven numbers Capy 
by the properties ; 

if any two of a, ( 3 , y are equal ; 

if P> Y are all different and the number of inversions 
of the natural order i, 2, 3 in the sequence is even ; 
eapY = — t if ®Py are all different and the number of inversions of 
the natural order in the sequence a^y is odd. 


Now take two positive triads of orthogonal vectors ia, i'a, and put as 
usual Lp =i'a-ip. Then the expression 

lajilpylftiafivo 

where summation is implied with respect to p, v, tr, (p, v, cr = i, 2, 3), 
denotes a number depending only on a, p, y. This number is the value 
of the determinant 


lai 

hr 

^yi 

las 

Ipa 

1y2 

las 

Ip 3 

1 y 3 


by the definition of a determinant. This determinant vanishes if any 
two of a, p, y are equal ; it is equal to -}-i if the parity of the sequence 
a, p, y is even, and equal to — i if the parity of the sequence a, ( 3 , y is odd. 
To establish the latter statement, w'e note that since 

• f 1 * 

it follows that 


I ttAl pd Y — (lo(if(i)A(lpv*v}*OY<i*e) — AaPY(liAt2d3)i 
where A^py is the value of the above-written determinant. Since i^, ij, 13 
form a positive triad, the value of ixAia-is is -l-i- And i'aAPpd'Y is -pi 
or —I according as i'„, i'p, i'.j. form a positive or negative triad, i.e. accord- 
ing as the sequence a, ( 3 , y is cyclically equivalent to i, 2, 3 or to i, 3, 2. 

It follows that laiilpvlYO^liW ~®*PY' 

Now associate with every triad ia a set of numbers AapY defined by 

AapY~^apY' 

Then if A'apy denote the set associated with i'a, it follows from the above 
that lajilpylYti^ti-va— ^ bPy »PY' 

Hence the sets AapY, A'ap^, ••• define a tensor of the third rank. This 
tensor is called the alternate tensor, and is denoted by A. 
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58. The vector product in terms of the alternate tensor. It follows that 
if P, Q are vectors, the expressions 

AapyPpOy 

for a = I, 2, 3 constitute the components in of a vector R. Written 
out in full, these components are 

Ri=P 2Q3 — PaQai R2=P3 Qi J*iQ 3> — TaQi- 

But these are just the components in of the vector Pa Q. It follows that 

(PAQ)a =AapYPpQr* 

The importance of the alternate tensor arises from the circumstance that 
its rank is equal to the number of dimensions of the space concerned, 
namely three. Expressions involving it thus refer to properties of three- 
dimensionaLspace. We see that the vector product exhibits a character- 
istic association with the number of dimensions of our familiar physical 
space. 

59. An important identity. We first establish the following arithmetical 
identity ; 

Theorem i ^a^Y^orftv 

Each side is a function of four independent numbers, p, y, p, v, which 
can each take the values i, 2, 3. If p=y, the left-hand side is zero, and 
so is the right-hand side ; the equality is therefore established if p=Y. 
Similarly if p=v. 

Now take any set of nine numbers t,^v. and consider the expression 

Spy = 

Suppose P=T=y. Let vf be the value of p, v.” the value of y, and y. the 
remaining member of the set i, 2, 3 which is neither x' nor x". In 
the sum Sy.v."j the only non-zero terms arise from a=x ; and for a=x, 
the only non-zero values of Cajiv occur for p=x', v=x" and p=x", v=x'. 


Thus 

Sx'x"=e.,otV."(^jcV."tx'x"+exx'V.'tx'V.') 

(not sununed). 

But 

Exx'x"^x'x" =E>oc'y."" = “{■ I 

(not summed) 

and 

Sxx'x"Exx"x' = — I 

(not summed)_ 

Hence 

Sy'y'* 


Hence when p 

— (^x'[iSy."v bx."(iSy/v) t jiv • 

=fcy we have 



[^ttPySapv — (SpjiSyv — 



for anyset of nine arbitrary numbers t^v Hence the coefficients of tjjvniust 
separately vanish. This establishes the theorem.* 


* The identity can also be verified directly, by taking all possible sets of values P, y, 
[1, V. But this procedure would give no insight into the origin of the identity. The 
proof in the text synthesizes as well as demonstrates the theorem. 
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60. The (A, U) theorem. The following theorem now follows from 
the above identity : 

Theorem * : In any triad the components of the tensors A, U, are 
connected by the relations 

Aapf^®!*'' UpvUyu- 

For the components of A and U take the same numerical values in all 
triads of reference. 

It should be noted that the (e, S) relation is one between numbers ; 
the (A, U) relation is one between components of tensors in all triads of 
reference. 

- Corollary. If T is any tensor, 

AapYAanvT(tv=TpY — T y^. 

61. Contraction of the foregoing identities. By contraction of the 
(e, S) relation we have 

But 8pp=i+i+t=3 

and SpvSnp=S^v 

Hence SaPj^Capy — 

Similarly AaPjiAapv=2U^v 

62. Applications of the (A, U) theorem. (1) The continued vector product. 
All operations involving the equivalent of two vector product operations are 
readily conducted by use of the (A, U) theorem. To establish the continued 
vector product formula, let P, Q, R be three vectors. Then in any triad 

. [(PAQ)AR]a=AapY(PAQ)pRY 

=AapYAp[ivP|iQvHY 
= A P ya ApnvPjiQ V Hy 
= tLY(iUav UYvhlitz)P(iQ vHt 
^PyOoRy — PaQY^Y 
= [-P(Q.R)+Q(P.R)]a. 

Since a is arbitrary, the vector product formula follows. 

Example. If PaX=QAY, prove that PX— QY =XP— YQ. 

(2) . Triple product theorem. Wc have 

(PAQ).R =AapYPpQYR« =ApYaQYRaPp =(QAR).P. 

(3) . Determinantal relations. If T is a tensor of rank 2, the set 
of numbers 

Aap Y'Paii'PpvTYC 

* This theorem is worth learning by bc.nrt, as its recollection avoids the memorizing 
of a host of easily deduced theorems. 
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are the components in the corresponding triad of a tensor of rank 3. 
Each non-zero component is the determinant 

± T„ T„ 

*^21 '^22 T23 
T31 T32 T33 

the upper or lower sign being taken according as the sequence p, v, c is - 
of even or odd parity. Calling this determinant det T we have. 

A„p-^T„^TpvT^=A^,„(det T). 

Similarly, Aap-|.T(iaTvpT,jy =A|^\ig(det T). 

The sum A^vaAj^.^ is equal to 6, since it contains 3X2 terms each 
equal to (±unity) squared. It follows that 

AapyA(jiv(j'ra[iTpvTYtj =6(det T). 

This shows that det T is an invariant. 

The rules for the multiplication of determinants can be at once 
deduced from the above formula. For, if T, S are any two tensors 
(of rank 2), then 

A(ivo(d^t T) = AapyTaj^TpyT ■fO. 

A(ivo(dct S)=Aa'p'y'S(ia'Svp'S0.^'. 

Multiplying, we have 

6(det T)(det S)=:Aa:pyAot'p'y'(TajiSna')(TpvSvP')(T'Y°®®l'') 
=AapyAa'pY(’^'^)““'C^-®)p?'(’^'®)rY' 

=6 det (T.S). 

whence (det T)(det S)=:det (T.S). 

Similarly (det T)(det S) =det (T.S) = det (T.S). 

Example. If T=PQ, det T=o. 

63. The vector of a tensor. If Tap are the components of a tensor T 
in any triad, the set of three numbers 

AjiapTap 

are the components of a vector. We define the vector of the tensor T 
by the relation 

(vec T)^=^A^iapTap. 

The components of vec T are 

i(T 23 -T 33 ), KT3I-T23), KTK-T31). 

If T is a dyad PQ, then 

vec (PQ)=KPAQ). 

T=AX-j-BY+CZ-f-... 
vecT=|(AAX)-ki(BAy)-|-J(CAZ)-i-.... 


If 

then 
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If T is self-conjugate, its vector is zero. 

Example. vec T = — vec T. 

Theorem * : If T is an anti-symmetrical tensor, its three non-zero 
components in any triad Tog, T31, Tj; are the components of a vector in 
the same triad. 

For since T23=— T32, etc., the components of vec T arc just (Tjj, 


>■ 31> Tis)' 


The following alternative proof, avoiding the use of the A-tensor is 
of some interest. 

By the definition of an anti-symmetrical tensor, its expression in 
terms of the vectors i, j, k of any orthogonal triad is 

T =f(jk— kj)-fg(ki— ik)-}-h(iJ-fji), 

We shall show that 

fi+gj-fhk 

is a vector. Let r be an arbitrary vector. Then 
T.r=ffj(k.r)-k(j.r)3-f 
= — f(jAk)Ar-}-... -}-... 

= — (fi-fgj-hhk)Ar. 

In any other triad i', j', k' let T be of the form 

T=f'(j'k'-k'j')+g'(k'i'-i'k')+h'(i'j'-j'i'). 

Then, as above, T.r = — (f'i'-{-g'j'-i-h'k')Ar. 

Hence for all r, (Sfi-Sri')Ar=o, 

whence Sfi =Sf'i'. 

Hence . f' =f(i'.i)-{-g(i'.j)-{-h(i'.k). 

Thus (f, g, h) obeys the law of vector transformation. 

64. The tensor of a vector. If Pa are the components of a vector P 
in any triad, the set of nine numbers A^viRn ate the components of a tensor 
of rank 2. We call this tensor tens P, and accordingly 

(tens P)(iv=A 

The components of tens P are : 



v-> 

V- 

0 P3 —Ps 

i- 

1 

0 

>-• 


p. -Pi 0 


This has already been established from first principles in § 54. 
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Clearly tens P is an anti-symmetrical tensor. 

Example (i). (tens P).Q = — (PAQ) =P.(tcns Q). 

Example [z). tens (PAQ)=PQ— QP- 

X 

Example (3). vcc T =vec T. 

Example vectensP=P. 

X 

Example (5). tens vcc T =T. 

65. Stokes’s transformation. The following transformation has im- 
portant applications in hydrodynamics and elasticity. 

Theorem ; If T is any tensor of rank 2, P any vector, then 

T.P=f.P-(vec T)aP 
P.T=P.f-PA(vec T). 

This is most conveniently proved by first establishing the following 
lemma. 

Lemma ; If T is an anti-symmetrical tensor, P any vector, then 

T.P = -(vcc T)AP 
P.T = -Pa(vcc T). 

For [(vcc T)APja =A,,sy(vcc 

= J Aa jjy Ap^vTfiv^V 
“jj'ApjivApyiT hvRy 

= UU^yUv.-U^aUvY]T„vPy 

= J(Tya-Tay)Py, 

or, since T is anti-symmetrical, 

[(vcc T)AP]a = -TayPy = -(T.P)a. 

The second part of the lemma may be proved similarly. 

Applying the decomposition process of § 54 and using the above 
lemma, we now have, if T is any tensor (of rank 2), 

T.P=(f4-T).P 

=f.P-(vec T)AP 
=T.P-(vcc T)AP, 

by § 64, Example 3. The second part of the theorem follows similarly. 

66. Cross-products of tensors and vectors. Wc have seen that the 
e.vprcssion P(Q.X), where P, Q, X are vectors, can be written as (PQ).X, 
which is the inner product of the dyad PQ and the vector X. As it were, 
we succeed in taking X out as a factor. The question arises whether 
we can perform a similar operation for the dyad P(QaX). Wc want to 
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be able to give a meaning to the formal expression (PQ)AX, and hence 
by addition of dyads PQ to a formal expression TaX, the ‘ cross ’ product 
of a tensor and a vector, which is itself to be a tensor. 

This procedure is most readily carried out as follows. Given a vector 
P and a tensor T, we can construct out of their components the tensors 
whose components are 

AapyPpTYpt, 

and TapP^ApYu. 

We call these the cross-product of P and T and the cross-product of T and 
P, respectively, and we denote them by PaT and TAP. Thus our 
definitions are 

(Pa T)a(i=AapYP pTyii, 

(TA P)a(i =T(ipP Y Apyji . 

Here Aa^yj denotes as usual the alternate tensor. These combinations 

are in many ways analogous to the vector product of two vectors. 

In the triad in which the components of T are Tap, those of P Py, the 
components of PAT are 



j 

(p = i) 

(p=2) 

((i=3) 


(a = i) 

PaTsi-PjTji, 

PaTaa-PaTjo, 

P 2 T 33 — P 3T23, 

(PAT)a^ 

(a = 2 ) 

P3T11— P1T31, 

P3T12 PiTs,, 

P 3 T’i 3 ""Pi'P 33 i 


(«=3) 1 

PlTj! — PsTii, 

PxToj— PjTjj, 

PiTsa-PaTia- 

The components of TaP are similarly 




(p = l) 

(p = 2) 

(fi==3) 


(a = l) 

TijPa — 

T13P1 TjjPs, 

TuPj— TijPi, 

(TAP)a^ 

(a = 2 ) 

3 — ^23^21 

'PssPi — "PaiP 31 

ToiPa-TjsPi, 


(*=3) 1 

'P 32 P 3 "^33^2 

TaaPi-T^iPa 

'P31P0 TagP^. 


It is quite unnecessary to memorize the expressions of PAT and TAP 
in terms of the components of T and P. The essential properties of 
cross-products are contained in the following theorem. 

Theorem : If T is a dyad XY, then 

(XY)AP=X(YAP) 

PA(XY)=(PAX)Y. 

These equalities follow directly from the definitions of cross-products, 
on taking the ap-components of each side. It is to be noted that X(YAP) 
is a dyad, the product of the vectors X and YaP- Similarly (PAX)Y 
is a dyad, 

67 , Any tensor is a sum of nine dyads, namely multiples of the nine 
fundamental dyads iijij, ... obtained from the triad i, j,kof reference. It will 
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be shown later, by a procedure independent of the theory of cross-products, 
that any tensor T can in fact be expressed as the sum of three dyads in the 
form PX-fQY+RZ, where either P, Q, R or X, Y, Z form a given set 
of linearly independent vectors. It follows that to establish any theorem 
concerning cross-products of tensors and vectors, it is sufficient to establish 
it for the case when the tensor is a dyad, and then arrange the result so 
that it may be generalized by addition of dyads. Alternatively, any such 
theorem may be established directly from the definition of a cross-product. 

As an example of these alternative procedures, we give proofs of the 
following theorem : 

TAP = -PAT 

pat=-tap. 

In terms of components, 

(TAP)ap=(TAP)3j=Tp^PvA(iva 

= -(PAT),p. 

Alternatively, in tenns of dyads, consider first the particular case when 
T is a dyad AX, where A, X are vectors. Then 

(AX)AP =A(XaP) =(XAP)A = -(PAX)A 

= -PA(XA) = -PA(AX). 

If now T is a sum of dyads, T=AX-l-BY-f ..., then by addition of 
equalities of the type just established we have 

(f7T)=:(SAX)AP = -PA(XAX) = -Pat. 

We prove the second equality of the theorem similarly. 

If we replace T by T in the enunciation of the theorem we have 

PAT=-fAP, 

TAP=-:^. 

68. The reader will readily establish by these methods the following 
results, which are here called theorems, though it is not worth while to 
memorize them. Their analogies with corresponding theorems involving 
vectors only Mil be noted. The verification of the theorems affords useful 
practice in the use of the (A, U) theorem, or alternatively in the manipula- 
tion of dyads. Throughout T denotes a tensor, P and Q vectors. 

Theorem: (TaP).Q=T.{PAQ), 

P.(QAT)=(PaQ).T. 

(In this theorem we interchange brackets and at the same time interchange 
the signs . and A ; T is a lateral factor. The analogy with triple products 
will be noted.) 
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Corollary. (TaP).Q and P.(QAT) vanish if P and Q arc parallel. 
Theorem: P>(TaQ) — (P.T)aQ, 

(PAT).Q=--Pa(T.Q). 

(In tliis theorem we interchange brackets but leave the signs . and A 
unaltered ; T is a cetiiral factor.) 

It should be noted that 

T.(PaQ) 4 - (T.P)AQ. (PaQ).T + PA(Q.T). 

Theorem: PA(TaQ)=(PaT)AQ. 

(This is the continued product theorem with T central.) 

Theorem : (TaP)AQ = -T(P.Q) +(T.Q)P, 

PA(QAT) == -(P.Q)T-I Q(P.T). 

(This is the continued product theorem with T lateral.) 

Theorem ; TA(PAQ) - -T.(PQ-QP) = -(T.P)Q+{T.Q)P, 

(PA Q)A T = -(PQ -QP).T -P(Q.T) -|- Q(P.T). 

Examples. (tens P) A Q — (P*Q)U — QP> 

PA(tens Q)=(P.Q)U-QP, 

(tens P).T = -PaT, 

T.(tcns P) = -TaP, 
vec (TAP)=A[P.T-P(sca T)J, 
vec (PAT) = KT.P-P(sca T)]. 

We have also the following theorems involving two tensors T and S. 
Theorem : (PA T).S =PA (T.S), 

T.(SaP)=(T.S)AP. 

Theorem ; (TaP).S =:T.(PAS). 

69. Cross-product properties of the idem tensor U. If wc reverse the 
order of the terms in the cross-product of a tensor and a vector, in general 
we alter the v.aluc of the cross-product, as we have seen. But for the 
particular case of the cross-products UaP ond PaU wc have by definition 

(U/ ,P)5,[5 =UajiPv A|i.;p — Aav^Pv — A5(p.;Pv — " (tens P)*^, 

(P/\U)i^=Ann.„PnUv3 “ AocjipPn~ AjijJul (i= (tens P)-/^. 

Thus U/,P=-PAU=~tcns P. 

If in the theorem 

P.(QAT)=-(P'Q).T, 

we put T =U, wc get 

PQ-P.(QAU). 

3 
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If in the theorem 

P.(TAQ)=(P.T)aQ, 

we put T =U, we get 

PAQ=P.(UaQ). 

The result 

PAQ=P.(QAU)=P.(UaQ), 

or the similar result 

PAQ-(UAP).Q=(PaU).Q 

expresses any vector product as the inner product of a tensor and a vector, 
in either order. 

Example (1). Prove that 

(UAP).(UaQ) =QP-(P.Q)U. 

Example (2). Prove that 

(UAP).(UA Q).(UAR) = Q(PA R) -(P.Q)UaR. 

Example (3). Prove that 

UA(PAQ)=QP-PQ. 

Example (4). Prove that if i, j, k are a positive orthogonal triad of 
unit vectors, then 

jk-kj = -UAi. 

For, from first principles, 

jk-kj = -{-j(iAj)-k(kAi) = -j(jAi) -k(kAi) 

= -(jj+kk)Ai = -(U-n)Ai = -UAi. 

It follows that any anti-symmetrical- tensor, say 2 f(jk— kj), can be put in 
the form — UA(fi-fgj-l-hk) =— (fi-f gj 4 -hk)AU. 

70.* Let us enquire whether U is the most general tensor T which makes 

TaP=PaT, 

for any P. If this is satisfied, we have on taking the ap-components 

T ajiP V AjxvP = Aa^vP |iT vp, 
or, changing a dummy suffix, 

[PatiAjivp — TjxpAaviJPv =0- 
This is to hold for all vectors P. Hence 

Ta|iA(ivP — T|ipAav(i = O. 

Multiply by Avpy and carry out the implied summations. We get 

2 Toy — T ppUYad-TYa = 0. 

Interchanging y and a, we have 

2 Tys — T ppUaY“hT(iY = 0. 

Subtracting, we get 

TaY = TYa. 

TaY = FppUaY. 

• An application of the result of this section occurs in § 237 


Hence 
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Since Tpp is a scalar multiplier, T is a scalar multiple of U, The last relation 
is easily seen to be self-consistent on contracting by setting Y=a. 

71. Expression of an anti-symmetrical tensor as the difference behueen two 
conjugate dyads. Consider the tensor UA vec T. The ap-component of this 
in any triad is given by 

[Uavcc T]ap = Ua^(vec T)vA(ivp 

= Aovp(i'A-vpaT pa) 


= i Avpct AvpaT pa 


= J(Tpa~Tap). 

Hence if T is anti-symmetrical, 

T = — UAvec T. 


Since vec T is a vector, it may be expressed in a triple infinity of ways as a 
vector product, 

vec T=PaQ, 

and -UA(PaQ) = -|-U.(PQ-QP)=PQ-QP, 

by a theorem of § 68, on putting U for T. Hence 


T=PQ-QP. 


Example. 

that 


If T is a tensor of rank 2 (not necessarily anti-symmetrical), prove 
T-t-UAvec T 


is self-conjugate and equal to T. 

72. Expression of U in terms of any three linearly independent vectors 
and their reciprocals. We have seen that for any vector P, P=:U.P where 
U is the tensor ii-f-jj-j-kk. Let us inquire whether U is the only tensor 
with this property. Let T be any tensor for which, for an arbitrary 
vector P, 

P=T.P. 


Then (T-U).P=o, 

or (Taji— U„^)P^=o. 

Since P|jt is an arbitrary vector, the coefficients in this linear relation 
must be separately zero, and so for fixed k and = 2, 3' we must have 

Ta[i=U|ijt. 

But a is arbitrary. Hence T=U. Similarly if P =P.T, then T =U. 

We have seen (§ 34) that given any three linearly independent vectors 
A, B, C, (AaB.C + o), we can construct the reciprocal vectors A', B', C', 
given by 

BaC g, CaA q , AaB 

~AAB.C’ “AaB.C’ “AaB.C’ 

and express any arbitrary vector P in the form 

P = (P. A')A -f (P.B')B -t-(P.C')C. 
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This may be written, using the theorem of § 52. 

P=P.(A'A-fB'B-fC'C). 

It no-w follo%\’s that the tensor in the bracket is the idem tensor U, or 

U=A'A-i-B'B-fC'C. 

Similarly, we have had 

P={P.A)A'4-(P.B)B'-!-(P.C)C', 
whence also U = AA' -i-BB' -fCC'. 

The expression U =ii -f-j j -f-kk 

is a particular case of this, since i, j, k form a self-reciprocal triad. 

A sum of products of vectors, i.e. a sum of dyads, is called a dyadic. 
We know that any tensor T may be expressed as a dyadic consisting of 
the nine dyads ii, jj, etc. We have just seen that the particular tensor U 
may be expressed as a dyadic of three terms in which three corresponding 
factors of the dyads can be chosen as arbitraiy- linearly independent 
vectors. We proceed to inquire as to the corresponding property for a 
tensor in general. 

Example. If X, Y are tw'o non-parallel vectors, show that 
XX(Y 2 )-}-Yy(X 2 )-(XY 4 -yX)(X.Y)-b(X/\Y)(XAy)_ 

(XaY )2 

(Express an arbitrary' vector P in the form P=/X-{-pY-}-v(XAY) and 
evaluate u, v. The result then follows.) 

73. Expression of an arbitrary tensor T as a dyadic involving three 
linearly independent vectors. We shall now show that given three linearly 
independent vectors A, B, C and an arbitrary tensor T, then three vectors 
X, Y, Z may be found such that 

T^XA-fYB-fZC. 

For, assume that the decomposition is possible. Form the inner product 
of each side with BaC. Then 

T.(BA C) =X(A.B AC) 4- Y(B.BA C) +Z(C.B A C) =X(AaB.C) 
whence X=T.A'. 

Similarly Y=T.B', Z=T.C'. 

It now follows that with these values of X, Y, Z, the dyadic 

XA-I-YB4-ZC 

has the value (T.A')A4-(T.B')B4-(T.C')C 

which is just T.(A'A^B'B-}-C'C)=T.U=T. 

'rhus the decomposition is possible. Similarly, any tensor T may be put 
in the form 


where 


T=AX-i-BY-fCZ 
X---A'.T, Y=--B'.T, Z=C'.T. 
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Similarly, if A, B, C are linearly independent, any tensor T may be 
expressed in the form 


where 


T=X(BAC)+y(CAA)+Z(AAB), 

X- 

AAB.C 


etc. ; 

with 


and it may be expressed also in the form 

T =(BAC)X+{Ca A)Y+(AaB)Z, 
A.T 
AAB.C’ 


etc. 

Example. If A, B, C are three linearly independent vectors, and if 
T.A==A, T.B=B, T.C=C, 

then T=U. 


Then 


For, expand T in the form 

T=X(BaC)+Y(CAA)+Z(AaB). 
T.A A 


X = 


AaB.C AaB.C 


Hence =SAA' =U. 

AaB.C 


74 . Alternative expressions for an arbitrary tensor. If A is a given 
vector, T any tensor, then T may always be expressed in the form 

t=xa+saa, 

where X is some vector, S a tensor satisfying S,A=o. For, assume the 
decomposition is possible. Forming the inner product with A as a 
right-hand factor we have 

T.A==XA2-}-(SaA).A. 

But by a theorem of § 68 , 

(SAA).A=S.(AAA)=o. 

Hence X==(T.A)/A2. 

Forming the cross-product with A, we have 

TaA=X(AAA)+(SaA)AA 
or, again by a theorem of § 68 , 

TAA = -SA2-bA(S,A), 
whence, if S. A = 0 , S = — (TAA)/A“. 

We can now verify that the tensor 


^-[T.A-(TaA)AA] 


is precisely T. * 
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Similarly, given A, any tensor T may be expressed in the form 
T=AX-lAaS, (A.S=o), 

where X=(A.T)/A 2 , S = -(AAT)/A=. 

Again, given two vectors A and B, any tensor T may be expressed in 
the forms 

T=XA-t-YB-fZ(AAB) 

T=AX-fBY+(AAB)Z. 

The evaluation of X, Y, Z is left to the reader. 

If A and B are given vectors, an arbitrary tensor T cannot be in general 
expressed in the form T=XA-|-YB. For this would require T.(AaB)=o, 
which will not in general be true. 

Example. Solve for the tensor T the equation 

t.p-aap, 

where A and P are given vectors. 

By Example (1) § 64, we have 

AaP =— (tens A).P- 

Hence from the given equation, T satisfies 

(T-btens A).P=o. 

Put T-f-tens A=S. 

Then S, being a tensor, may be put in the form 

S=XP-bWAP, 

where X is a vector and W a tensor satisfying W.P=o. But the tensor 
S has been shown to satisfy S.P=o. Hence X=o, Hence the most 
general solution is 

T = — tens A-f WAP> 

where W is any tensor satisfying W.P=o. 

75. The triple product of the three inner products of a given tensor with 
three given vectors. 

Theorem ; If T is any tensor, P, Q, R three vectors, then 
(T.P)A(T.Q).T.R=(det T)PAQ.R. 

For the left-hand side is equal to 

A»^v(T.P),(T.Q).,(T.R)t. 

=Aaj5YTa>iTo., 1 .^V jiQvIW 

=A,i,,3(det TjP^QvRc 

=(det T)PAQ.R- 

If in this theorem we replace the tensor T by the tensor T.S, where 
S is a second tensor, then since 

(T.S).P=T.(S.P), 



§ 76 ELEMENTARY TENSOR ANALYSIS 57 

we have on applying the theorem 

(det T.S)PAQ.R=(det T)[(S.P)A(S.Q).(S.R)] 

=(dct T)(det S)PaQ.R. 

This gives an independent proof of the law of multiplication of determinants 
(det T.S)=(det T)(det S). 

Similarly, we have 

(P.S)A(Q.S).(R.S)=(PAQ.R)det S. 

Then, using _ 

(T.S).P=:T.(S.P)=T.(P.S) 

we have 

det (T.S)PAQ.R=(det T)(det S)PaQ.R 
whence det T.S =(det T)(det S) =det S.T. 

Corollary (i). It follows from the theorem that if P, Q, R are linearly 
independent vectors, then so are T.P, T.Q, T.R unless det T =0. Hence 
if T is expressed in the form 

T=X(QaR)+Y(RaP)+Z(PaQ), 

then X, Y, Z are linearly independent if det T 4 = o. 

Corollary (2). Replacing P, Q, R by the three linearly independent 
vectors QaR> RAPj PAQ> we have 

[T.(QaR)]A [T,(RAP)].[T.(PAQ)] =(det T)(PaQ.R)^ 

Hence if T is expressed in the form 

T=XP+yQ+ZR 

where P, Q, R are linearly independent, then X, Y, Z are linearly 
independent provided det T 4= o. 

Corollary (3). If T=XP+YQ+ZR, 
then detT=(XAY.Z)(PAQ.R). 

This follows from Corollary (2), since T.(QAR)=X(PAQ.R). It also 
follows from the definition of det T. This determines the relative signs 
of the triads X, Y, Z ; P, Q, R in terms of the sign of det T. 

It follows from the above that if det T 4 =o, T cannot be expressed as 
the sum of less than three dyads. For if T=XA 4 -YB+ZC is to be 
exp ressed as LP +MQ, then T.BA C =X(AAB.C) =L(P.BA C) 4 -M(Q.BA C). 
Hence X, and similarly Y and Z are coplanar with L and M, and so are 
linearly dependent, which contradicts det T 4^0. If det T=o, the tensor 
T may be expressed as the sum of two dyads in an infinity of ways. 

Example. If T is any tensor, P any vector, then det (TAP) =0. Hence ' 
Tap can be expressed as the sum of two dyads. 

76. The tensor as a linear vector operator. Let T be a given tensor, 
P a variable vector. Then the vector Q=T.P is a function of the vector 
P, and moreover a linear function of P. Accordingly, T may be regarded 
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as an operator converting the vector P into the vector Q. In some treat- 
ments this aspect of a tensor is considered as fundamental : the tensor 
T is defined as an operator. We have, however, preferred to consider T 
as an entity in itself, on the same footing as, though a generalization of 
the notion of, a vector. The aspect of T as an operator will, howe%'er, 
be more prominent in what follows. 

Similarly, given P and T, we may construct the vector P.T, which is 
also a linear function of P, and different from T.P unless T is self-conjugate. 
The ‘ operation ’ T may thus be applied as a pre factor or as a post-factor. 
The operator T is called linear because if P=SavPv, then Q=XzvQv, 
where Qv =T.Pv ; similarly if T is a post-factor. 

77. The tensor inverse to a given tensor. As the vector P varies in any 
way, the vector Q=T.P varies, and there is a correspondence giving a 
unique Q for every P. We may inquire conversely whether P may be 
regarded as a linear function of Q, expressible similarly. In svmbols, 
if Q=T.P, does a tensor S exist such that P=S.Q? 

If this is so, then 

P=S.{T.P)=(S.T).P, 

for any P, so that 

S.T=U. 


If T is given by its components in a triad i, j, k, putting ii-fjj-fkk for U 
we can in general solve the nine equations expressed by S.T=U for the 
nine components of S. (We shall carry out this solution later.) Since 
S.T^U is a tensor equation, the nine numbers Sa^ thus found will describe 
a tensor. This tensor S ivill be written T-^, so that 

T-hT=U. 


Thus if Q=T.P, then P=T-bQ. It follows that 

Q=T.T-hQ=(T.T-O.Q 

so that also T.T“^ =XJ. 

Hence For this reason is called the inverse of T. 

78. Inverse of a product of tensors. The following theorem is true of 
any operators possessing inverses ; in our context we need it only for 
tensors of rank 2. 

Theorem : If R=T.S. ... V.W, 

where T, S, ... V, W are tensors, then 

R-i=W-i.V-h ... S-hT-h 
For, since R-hR=U, 

‘ we have [R-h(T.S. . . . V.VlQj.W-^ =U.W-i = W-h 

Hence R-MT.S. ... V)=W-h 

Operate on the right similarly with V-h We find 

R'h(T.S. ... )=W-hV h 
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Proceeding similarly, and operating lastly with and T"^, we get the 
theorem as stated. 

79. The inverse of a tensor when expressed as the sum of three dyads. 
Let A, B, C be three linearly independent vectors. Then any tensor T 
may be expressed in the form 

T=XA+YB+ZC, 

where, if det T =t= o, X, Y, Z are linearly independent. By the definition 
of the inverse tensor, we have 


U=T-hT=(T-i.X)A+(T-hY)B+{T-hZ)C. 

Forming the inner product on the right with the vector BAC, we get 
BAC=(T-hX)(AAB.C) 


whence 


T-AX=- :?^ =A', 


AaB.C 

and similarly T-AY=B', T-hZ=C', 

where A', B', C' are the vectors reciprocal to A, B, C. 

Since we thus know the vectors T“AX, etc., it suggests itself that we 
expand T-^ as a dyadic with post-factors (YaZ), (ZaX), (XaY), in the form 

T-i =P(yAZ)-t-Q(ZAX)+R(XAY). 

Operating on the vector X on each side, we get 

•T-AX=P(YaZ.X) 

A' 


or 




XAY.Z 


We have similar expressions for Q and R, whence 

T-i _A'(YAZ) 4 -B'(ZAX)+C'(Xa Y) 
XAY.Z 


But the second vectors in the three dyads are just 

X', Y', Z', 

where X', Y', Z' are the vectors reciprocal to X, Y, Z, namely 


YAZ 

XAY.Z’ 

etc. Accordingly, if the inverse T~^ of the tensor T given by 

T=XA+YB+ZC 

exists, its form is T-> =A'X'+B'Y'+C'Z'. 

But we know that X'X+Y'Y+Z'Z^U 

A'A-bB'B+C'C=U. 

We immediately verify that T-LT is in fact U, and so is T.T-*, since 
X'.X=i, A'.A=i, etc. 

3 * 
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We thus have the following rule for forming the inverse of a tensor T 
expressed as the sum of three dyads ; the inverse tensor is equal to a dyadic 
formed of the reciprocals of the sets of vectors forming the dyads taken in 
the opposite order. 

Corollary (i). The inverse of the conjugate of a tensor is the conjugate 
of the inverse. 

For f-i =(XA+YB+ZC)-» =A'X'+B'Y'+C'Z' =T^. 

Corollary (2). The inverse of a self-conjugate tensor is self-conjugate. 
Corollary (3). The determinant of the inverse tensor is the inverse of 
the determinant of the original tensor. 

For, if T=XA-fYB-fZC, 

then detT=(XAY.Z)(AAB.C) 

and det T-^ =(A 7 \B'.C')(X'A Y'.Z') = [(AaB.C)(XA Y.Z)]- i =(det T)-i. 

80. The inverse of a tensor in- terms of its components with respect to a 
given triad of reference. Let the tensor T have components t^p with respect 
to the triad i, j, k. Then T may be written in dyadic form as 

+*13^) +j(t2ii htoaj-f t23k)-f-k(t3ii-|-t32j-}-t33k) 

or, say iX-j-jY-i-kZ. 

Its inverse is accordingly X'i'-|-Y'j'-|-Z'k'. 

But i'=i, j'=j, k'=k, 

and y _ (^ 2 l^~^^ 22 j^^^ 23 ^)A(t 3 li 4 • tsoj-ftaak) 

^11 ^12 ^13 

^21 ^22 tgs 

^31 1^32 1-33 

_ ^(t22^33 t23t32)-f-j(t23t32 t2it33)-hk(t2it32 tEatgi) 

detT 

==(Tni+T,2j+T,3k)/detT, 

where T^, T^j, ••• are the co-factors of t^, tjj, ... etc., in det T. 

Thus T-i = [(T,p-f-Ti2j+T23k)i 

+ (T2ii-}-T22j+T23k)j 

"hCBsii+Tgaj-t-Tgakjkj/det T, 

=(T„u-l-T 2 iij-hT 3 iik 

"hTiajl +^22!) +T aojk 
"h'l'jgkid-TggkJ-j-'l ggkkj/det T. 

Thus, to obtain T"^, given T in the form 

T=t„ii+t,2ij+tigik 

+t 2 iji+t 22 jj+t 23 jk 

-j-tajki-j-tggkjd-tggkk, 
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the rule is ; change the coefficients into their co-factors in det T, inter- 
change the order of the factors in each dyad and divide by det T. 

It may readily be verified that this expression for satisfies 
T-hT=T.T-i=ii+jjTkk. 

Example. If T=aii-f-bjj-l-ckk, 

then T"^=a~*ii+b“yj+c"^kk. 

We see that T"^ exists whenever det T + o. If det T=o, T has no 
inverse. A tensor which is the sum of two dyads, or reduces to a single 
dyad, has accordingly no inverse. An anti-symmetrical tensor, being the 
difference of two dyads, namely of two conjugate dyads, has determinant 
zero, and hence has no inverse. 

8i. The foregoing theory of the inverse of a dyadic of three terms depends 
essentially on the number of spatial dimensions being equal to three. A dyadic 
T=AX-j-BY has no inverse in three dimensions, where U = ii-f-jj+kk, but 
it has an inverse in two dimensions, where U = ii+jj. To find the inverse of 
T=AX-f-BY in two dimensions we proceed thus. Suppose the tensor 
expanded as a dyadic in two dimensions of the form 

T-i=P(kAA)+Q(kAB), 

where k is a unit vector perpendicular to the 2 -space concerned. Then since 

T-i.T = U, 

we have PY(kAA.B)+QX(kAB.A) =U. 

Operating on kAX, we get 

P(Y.kAX)(kAA.B)=kAX, 
and similarly Q(X.kAY)(kAB.A) =kAY. 

These determine P and Q, and we have then 

1 (k AX)(kAA) +( kAY)(kAB) 

- ■ (kAA.B)(fcAX.Y) 

It may be verified that in two dimensions, 

(kAX)Y-(kAY)X 
k7^x?y =u-«+jj 


for any pair of non-parallel vectors X, Y. For on forming the inner product 
with an arbitrary vector P in the plane of X and Y, it will be found that P is 
reproduced identically. It may then be verified that T.T~^=T''hT = U. 

The relationship of these results to the corresponding three-dimensional 
results is obtained by noting that if we have a triad X, Y, Z and take Z to be a 
unit vector k normal to the plane of X and Y, then 


„ XaY 
' ”XAY.k 


=k. 


Hence in three dimensions, since 


XX'-f-YY'-bZZ' =U = ii-f-jj+kk, 
we have on subtracting the dyad kk from each side 

XX'-t-YY'=ii-bjj, 

which reduces to the two-dimensional result found above. 
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Example (i). We have seen (§ i6, Example (3)) that the solution X 
of the vector equation 

aX 4 -A(X.B)=C 


IS 


X = 


C.B 


a a(a+A.B) 

But the given equation may be written 

(aU+AB).X=C, 
whence X=(aU+AB)-hC. 

But the solution X may be written 

X=rH- A B l.c. 

La a(a+A.B)J 

Since C is arbitrary, this yields 

U AB 


(aU+AB)-i: 


a a(a'l-A.B) 

We can now use this result to solve tensor equations. Suppose that S is 
a given tensor, A, B given vectors, and that it is required to solve for T 
the tensor equation 

aT-fA(B.T)=S. 

This may be written (aU.-j-AB).T=S, 

whence T=(aU+AB)-hS= f H — . 1 .S 

La a(a+A.B)J 


A(B.S) 


a a(a-fA.B) 

This solution may also be found from first principles. 

Example (z). We have seen (§ 31, Example (14)) that the solution X 
of the vector equation 

aX+XAA=B 

., ^_a 2 B-a(BAA)-l-A(B.A) 

“ a(a2+A2) 

But the given equation may be written 

(aU-{-tens A).X=B, 
whence X=(aU+tens A)-hB. 

But the solution may be written 

a^U— a tens A-f AA . 


X=. 


Since B is arbitrary, we have 


a(a2+A2) 


^B. 


, 1 a-U— a tens A+AA 

(=■■“+'“* A)-- 
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Example (3). Show that the solution T of the equation 

aT+AAT=S, 

where S is a given tensor, A a given vector, is 

,j,_a“S-a(AAS)+A(A.S) 

a(aa+A2) 

[Use AaT=— tens A.T]. 

82. Geometrical interpretation of a self-conjugate tensor. We have 
seen that if T is a fixed tensor, P a variable vector, then the equation 
Q=T.P defines a vector function of P. Now, by Stokes’s transformation 

(§ 65). 

Q=T.P-(vec T)AP. 

A geometrical meaning will later* be attached to the term — (vec T)AP. 

We now investigate the geometrical meaning of T.P. For simplicity of 

notation, take T to be self-conjugate, so that T=T=T. Then, if we take 
a representation OP of P with O a fixed point, as P describes any locus 
Q describes another locus. Now impose on P the restriction 

(T.P).P= const., 

or T:PP= const. 

Since T is self-conjugate, if P has components (x, y, z) in any triad of 
reference, T components Tap in the same triad, then the above restriction 
gives the relation 

TuX-q-Tjjy^-fTaaZ^-i-zTjayz-hzTaiZx-hzTijXy^const. 

The locus of (x, y, z) is accordingly a quadric, centre O. Since T:PP = 
const, is a tensor relation, the locus of P is the same surface whatever the 
triad of reference ; in other words, referred to a triad of reference i', j', k' 
in which T has components T'op, the equation of the same quadric is 

T'iix'2-}- ... -l-2T23yV+ ... = const. 

The quadric thus affords a representation of T independent of the triad 
of reference. 

Now consider a neighbouring vector P-j-dP, satisfying the same 
relation. The ‘ small ’ vector dP then satisfies the relation 

T:(PdP-}-dPP)=o, 
or, since T is self-conjugate, 

(T.P).dP=o, 

i.e. Q.dP=o. 

Hence all small vectors dP satisfying this relation are perpendicular to Q. 
But all such small vectors lie in the tangent plane at P to the quadric. 

* See Chapter VIII. 
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Hence Q is perpendicular to the tangent plane at P to the quadric T:PP = 
const. Thus the result of operating with T on P is to yield a vector Q 
normal to the tangent plane at P to the quadric defined by T ; the relation 
between the directions of P and Q is that of radius vector and corresponding 
normal. 

It is a property of a quadric that it possesses three mutually perpen- 
dicular jpnncrpa/ axes, with the property that they are respectively parallel 
to the normals at their extremities. Referred to the triad i, j, k defined 
by these axes, the quadric considered above has for its equation 

T^iX^+Tjay^-f T 332® =const., 

and this suggests that any self-conjugate tensor T has associated with it a 
triad i, j, k such that referred to i, j, k the tensor is of the form 

T = T ijii -{-Tj.j j ri-Tgjkk, 

with T23 —^31 — Tj 2 — o. We proceed to establish this result without 
appealing to known geometrical properties of quadrics, simply from 
properties of vectors and tensors already established. 

83. Principal axes of a tensor. 

Theorem : Any self-conjugate tensor T has associated with it an 
orthogonal triad of unit vectors i, j, k such that referred to this triad the 
tensor takes the form 

T=aii-j-bjj-f ckk. 

If such a representation of T is possible, then 

T.i=ai, T.j=bj, T.k=ck, 
and hence the vectors i, j, k must be unit vectors satisfying 

T,r=Xr. 

The solution of this equation constitutes what is sometimes called an 
eigemoert problem. We proceed to investigate the solutions of this 
equation considered as an equation in r. 

Consider the vectors r for which T:rr is a maximum or a minimum 
subject to r^=i. (The present scalar rmder discussion, T:rr, is, of 
course, a variable, as contrasted with the constant value occurring in the 
equation of the quadric, T:rr=const.) Since T:rr is bounded, there is 
at least one value of r for which Trrx is a maximum, and at least one value 
of r for which it is a minimum. At such a maximum or minimum 

T:(rdr-i-drr)=o, 

or, since T is self-conjugate, T.r.dr =0, 
for all vectors r satisfying r.dr=o. 

Any vector dr satisfying the latter equation, being perpendicular to r, 
must be of the form 


dr=sAr, 
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where s is arbitrary. Hence 

(T.r).(sAr) =o, 

so that T.r, r and s are coplanar for all vectors s. Hence T.r and r must 
be parallel, or 

T.r=?or. 

This holds good at any value of r for which T:rr is a maximum or a 
minimum.* Moreover at such a value of r, T:rr=Xr“=X, so that X is 
the numerical value of the corresponding maximum or minimum. 

We have now different cases to consider. 

If the maximum and minimum of T :rr coincide, T :rr must be constant 
for all r satisfying r- = i, and hence T.r is parallel to r for all r. Hence 
T,r=Xr for all r, where X is some constant and so 

(T-XU).r=o 

for all r. Hence T ==XU =X(ii+jj+kk), 

and the theorem is established for any triad of reference. 

If the maximum and minimum of T:rr do not coincide, there must 
be at least two distinct vectors and such that 

T»ri=Xjrj^, T.tg^Xjirj, 

where, since X^ (say) corresponds to a maximum and Xo to a minimum we 
must have Xi> Xj. It follows that 

(T.rj).r2=Xi(rj.r2), (T.r2).ri =X2(ro.ri). 

But since T is self-conjugate, 

(T.r jj.tj = (T.roj.rj , 

whence (X^— X2)ri.r2 = o. 

But Xj + Xj. Hence r2.r2 =o. 

Write rj=i, To =j, and take k=iAj. Then T.i=Xii, T.j=X2j. Now 
since T is self-conjugate, (T.k).i =(T.i).k. The right-hand side here is 
(Xii).k which is zero. Hence T.k is perpendicular to i. Similarly T.k is 
perpendicular to j. Hence T.k must be parallel to k, say 

■T.k=X3k. 

But since i, j, k are linearly independent, T can be expressed in dyadic 
form as 

T=Ai+Bj-fCk 

where T.i=A, T.j=B, T.k=C. 

_ Hence T =Xiii -h A*jj d-^akk. 

This is the required result. 

Let the unit vector r be of the form 

r^ai+pjd-yk, 

* The conver.<;e of this, as we shall sec shortly, is not tiue. 
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where a“+p2^_y2_j_ 

Then T:rr=XiaH-X2(32+X3Y“. 

But T:rr reaches its greatest value for r=i. Hence' 
Xia^+X^PHJ^aY'Ou +?= +y")- 
Hence P'(>^-?u)+y"(?‘3->u)<o 

for all p, Y satisfying Taking p=o we have 

X3<X|. 

Similarly, T:rr reaches its least value X, for r=j ; hence we can show 
similarly that 

Thus Xj>X3>>>^. 

In the case where, say, X3=Xi>X2, the vector i is clearly not unique. 
In fact, if r is any vector in the plane of i and k, say r=ai-|-Y^^) then 
T.r =a(T.i) +Y(T.k) =aX2i TY^^ah = 

since X3=Xj, and so we may take as solution of T.r=Xjr any vector 
perpendicular to j. For all such vectors, 

T;rr=Xir2=Xj, 

and thus T:rr attains its greatest value for all vectors perpendicular to j. 
The corresponding quadric is then an oblate spheroid with j for axis. 
Similarly, if X3=X2<Xi, T:rr takes its least value for all vectors perpen- 
dicular to i, and the corresponding quadric is a prolate spheroid with i 
for axis. 

To calculate the values 7 ,i, Xg, X3 we proceed as follows. For any one 
of these, T.r= 7 j, where r is one of i, j, k, that is, 

(T-XU).r=o. 

Now suppose that in any other triad i', j', k', T has components T'^, 
T'i 2, ... and let the r corresponding to X have the form 

r=«T+p'j'+Y'k' 

in this triad. Then, since in this triad U=i'i'-i-j'j'+k'k', we have 

[(TV--X)iT-FTVTT..O-(='-'i'+Py+T'k^^ 

I'orming the various inner products we obtain a linear function of i', j', k' 
equal to zero, in which therefore the coefficients must vanish. This gives 

(T'„-XK+T'i2p'-!-T'x3Y'=o 
T'2:a' -!-(T'22-X)P' +T'23Y' =0 

T'3i:'/-fT'3ofi'+(T'33->.)Y'=o. 

Eliminating a', p', y' we see that X is a root of the equation 
1 T'xx-X T',2 T'x 3 1 

T'21 T'22-X T'23 Uo, 



§ S4 FXEMENTARY TENSOR ANALYSIS 67 

where, it must be remembered, T'23=T'32, etc. This is a cubic in X, 
whose three roots must be Xj, >.3, X3. 'Since we have shown that the 
numbers Xj, Xo, X3 exist, the roots of this cubic must be all real. The 
form of the cubic is 

-X 3 +X=(sca T)-|X[(sca T) 2 -T:T]+det T=o. 

The coefficients are, of course, scalar invariants. 

The values of X are called the characteristic values or eigen- values of the 
tensor. The vectors i, j, k are called the principal directions of the tensor. 
84. Principal axes of the inverse tensor. 

Theorem : The characteristic values of are the reciprocals of the 
characteristic values of T, and their principal directions coincide. 

For, if X is a characteristic value of T, r a unit vector along the associated 
principal direction, then 

T.r=>x. 

If X' is a characteristic value of T~*, r' a unit vector along the associated 
principal direction, then 

T-hr'=rXT'. 

Operate on both sides of this equality with T. Then 

r'=X'(T.r') 

or T.r'={X')-V. 

But the roots of this equation in r' are known to be i, j, k, the principal 
directions of T, and the associated characteristic values are given by 
(X')-^=Xj, X.J, X3. Hence the values of X' are X^-’, X,“^, Xj"^ and the 
principal directions of are i, j, k, the principal directions of T. 

Example.* If T is a constant tensor, the necessary^ and sufficient 
condition that jr.T.dr taken round any closed cur\-e shall vanish is that 
T shall be self-conjugate. 

For, d(r.T.r) = dr.T.r r.T.dr, 

whence integrating round any circuit 

j dr.T.r = — j r.T.dr. 

Hence | r.T.dr =i j [r.T.dr— dr.T.r j 

= l/r.{T-f).dr 
= — j (rAvec T).dr 
=(vec T). I r/\dr. 

But |rAdr is equal to t^vice the vector area of the open surface bounded 
by the closed curve. This is non-zero. Hence %'ec T =0. Hence T must 
be self-conjugate. 


"Due to D. R. Hnrtree. 
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85. Complex numbers as terrors in itzo dimensions. The weli-known 
elementary theory- of the Argand diagram for the representation of complex 
numbers shows that a complex number may be regarded as a tT.'o- 
dimensional vector, i.e. a vector restricted to lie in a given plane. The 
sum of two complex numbers is tlien represented by the vector sum of 
the vectors representing the two complex numbers. The product of two 
complex numbers is, however, less easily connected with a purely vectorial 
representation of complex numbers. The following considerations 
distinguish between the notion of a complex number as an argument or 
operand, and the notion of a complex number as an operator ; and they 
serve as an interesting application of the theory' of tensors and dyadics.* 

86. We shall denote by I the symbol ‘\/ — 1 as ordinarily' used in the 
notation of the complex variable. (We. avoid using i, to avoid confusion 
with the unit vector L) 

Consider two complex numbers z and a, given by' 

z=x-fly, 

a=2-rlb. 

Then z may' be represented by the vector 

z=xi-fyj, 

where i, j are unit vectors in the direction of the real and imaginary axes 
in the Argand diagram. Similarly' 7. may be considered as the vector 

a=ai-fbj. 

Now consider the product of az, given by 

<zz = (a -f Ib) (x -f ly) = (ax — by ) -rl (bx -f ay') . 

This, being a complex number, may similarly be represented by the vector 

(ax — by)i -h (bx -i-ay)j. 

The latter vector is derived from the vector -xi-f-yj by operating with the 
complex number a on the complex number z. It suggests itself, therefore, 
that we should be able to represent ol, alternatively, by a linear vector 
operator or tensor T, whose inner product with the vector z generates 
the vector representing zz. And the question arises as to the determination 
of this tensor T in terms of the vector a. 

To investigate this question, let w denote the product of complex 
numbers oz, w the corresponding vector, and write 

T.z = w. 

We ncrw attempt to represent w as the result of a two-dimensional tensor 
acting on z, by rearrangement of the terms of w, thus : 

w=(ax— by)i-f(bx-i-ay)j 
=a(xi-fyj)^b(>3-yi). 

* Cf. E. T. Cop'oa, Theory of Functioru of a Complex Variable (OxforJ, 1935)- 
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Now xi+yj=(ii 4 -|j).(xi+yj), 

and xj-yi=(-ij+ji).(xi+yj). 

Hence w= [a(u 4 -jj)+b(— 

It follows that the operation of naultiplying the complex number 2 by 
the complex number a can also be represented by the inner product of 
the tensor T with the vector z, where 

T=a(u+jj)+b(-ij+ji). 

We now wish to express T in terms of a. We have 
T = (ai+bj)i+(aj— bi)j 
=ai+(kAa)j, 

where k is the vector normal to the plane of the complex variable z and 
such that i, j, k form a positive triad, i.e. such that k=iAj. This gives 
T as a dyadic. 

Since we have now expressed T uniquely in terms of a, it follows that 
T affords a representation of a. The components of T with respect to 
the fundamental vectors 1, j are 


V=I V=2 


T - = ^ 

r [iv — 

[X = 2 


a 

b 


-b 


a. 


We now see that a complex number is capable of two distinct representa- 
tions, one a vector, the other a tensor. The one is appropriate to the 
complex number as argument, the other to the complex number as operator. 

87. The product w =az may also be regarded as the product za. We 
can therefore alternatively represent z as a tensor S, of components 



V = I 

V = 2 

S — 

Ojiv — 

[jl=2 

X 

-y 

y 

X, 


or, in dyadic form, S=zi-}-(kAz)j. 

Since the product w is independent of the order of the factors, we must have 

w=T.z=S.a. 

This gives us the identity 

[ai-|-(kA a)j].z = [zi-f (kAz)j].a, 

where z, a are any two vectors in the plane of i and j. The verification 
of this identity is left as an exercise for the reader. 

88. The product o-ja^z, where aj, aj are two complex numbers, if 
Tj, Tj are their corresponding tensor representations, may be represented as 

Ti.(T,.z), 

T.z, 


or as 
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where T represents It follows that 

T=Ti.T2, T=T«Ti, 

and similarlj' for any number of factors. Thus the product of tv^-o 
complex numbers re^rded as operators is represented by the inner 
product of the corresponding tensors. 

89, Conjugate complex numbers. The complex number 5 . conjugate 
to sr. is a — Ib. This is accordingly represented by the tensor 

a(u+jj)+b(ij-ji) 

=i(ai^bj>-fj(aj-bi) 

=ia-fj(kAo). 

This is just T, the tensor conjugate to T. Thus, if T represents a complex 
number a, the conjugate tensor T represents the conjugate complex 
number a, (The word conjugate has, of course, a different significance 
in these two phrases.) 

90. The inverse of a complex number. Whilst we can represent a 
complex number b}' a vector, and its inverse by another vector, we cannot 
say that the two vectors are inverse of one another, for we have given no 
meaning to the inverse of a vector. A tensor, however, has in general 
an inverse, and we therefore inquire whether the inverse of a complex 
number is represented by the inverse of the corresponding tensor. 

The inverse of the complex number a=a-rlb is 

i_a — Ib 


which is 


a. 

w 


The corresponding tensor, if T represents a, is 

ia-rj(kAa) 


T 

w 


or 


The question is whether this is equal to T h 

W’^e have considered in § 81 the inverse of a two-dimensional dyadic, 
and shown that in two dimensions if 

T=AX-^BY, 


then' 


(kAX)(kAA)-f(k.AY)(kAB) 

(kAA.B)(kAX.Y) 


Taldng the form T=cd—(k/>.a)j 

and forming its inverse we have 

j(k/.a)~(-i)(~a) 

** 
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Thus the inverse tensor, taken in the sense of two dimensions, represents 
the inverse of the complex number. This actually follows from the 
relations 

T.z=w, 2 =T-^w, z=-(az), 

a 

but we have thought it worth while to link up with our standard tensor 
analysis. 

91. The above two-dimensional considerations may be regarded as 
illustrating the circumstance that the complex number is in effect a 
particular case of the three-dimensional tensor, simplified to two 
dimensions. Just as complex numbers may be added, multiplied and 
divided, so tensors in three dimensions may be added, multiplied and 
divided. The tensor is therefore a genuine generalization to three 
dimensions of the notion of a complex number. But its role is that of an 
operator, and the idea of a tensor needs to be completed by the idea of a 
vector as operand. The complete parallel with complex numbers is 
obscured by the simplifying circumstance that a complex number plays 
the parts of both operator and operand. 
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92. Definition of a function of a vector. Suppose that 9 denotes a 
number which is known whenever a' vector r is specified. We have 
already seen (§19) that o is said to be a scalar function of the vector r, 
<p(r). If we wish, we may regard r as the position vector OP of a variable 
point P with respect to some fixed point O, and we may then regard 9 as 
a function of the position of P. The analysis which follows is, however, 
independent of this interpretation. If, with respect to a triad of reference 
i, j, k, r has components x, y, z, then 9 may be regarded as a function of 
the three variables x, y, z. More concisely, we can say that in the triad 
ij, r has components to,, and that 9 or 9(x, y, z) may be written 9(ra). 
The function 9 is not, however, a general function of three variables 
X, y, z, for its value at r is independent of the triad of reference ; 9 is 
thus a scalar invariant. 

We may define similarly a vector function of a vector. If F is a vector 
whose value is given when r is given, F is said to be a vector function of r. 
If r* are the components of r in a triad the components of F in the 
same triad will be three functions Fj(ra), F2(rB), F3(ra), or, say F (r). 

93, The gradient of a scalar function. 

Theorem : The three partial derivatives 

(a=L 2, 3) 


of a scalar function 9 with respect to the components ra of r in any triad 
are the components of a vector in the same triad. 

For, take a neighbouring vector r+dr, of components ta+dra in the 
same triad. Then by the standard formula of partial differentiation, the 
differential d9 of the function 9 is given by 


do =^^drct. 
dra 


But dra, (a = i, 2, 3), are the components, of an arbitrary vector dr, and 
d9 is a scalar. Hence, by the quotient theorem (§ 56) the numbers 

(a = i, 2, 3), are the components of a vector in the given triad. 

^ra 
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This vector is a vector function of r. It is called the gradient of 9 
and is written grad 9, or V9, or In the triad i, j, k we have 

8t 8x. dy"* 8z 

It is instructive to verify by direet transformation that the three 
numbers ^ are the components of a vector. In any other triad (i', j', k') 

the numbers ~ are given by 
or a. 

8tp _Bfp dr^ 
dr'a dry, dr’a 

But since r^ are the components of a vector, we have 


and 

8 r' 

Br'o 

Hence 

gfft _ 

■ 8 r'a 

Hence 

8 (p 




Tfi — lyfil" v» 


= Sv 


Ov(l — * 


*vn“vat — 'aji- 

=L 


59 


so that the numbers Btpldr'a obey the vector transformation. 

We now have, for any scalar function 9, a function of a vector r, the 
general relation 

d9=(grad 9).dr. 

Example (i). If A is a constant vector, and (p—r.A, then grad 9= A. 
Example (2). If 9=r^ grad 9=zr. 

Example (3). If 4 ' = |r(, 9=r“, then tj;=9i and grad > 1 ^= 19 *^ grad 9, 
or grad if =r/lrl, by Example (2). Cf. § 19. 

94. The gradient of a vector function. 

Theorem : If Fp, (p = i, 2, 3), are the components, in any triad, of a 
vector function F of r (whose components in a triad ia are Ta), then the 
nine partial differential coefficients 

aFg 

dra 

are the components Tap of a tensor T in the same triad. . 

- For, as before, we have 


dFp =dra 


8 Fp 

0ra’ 


and since the numbers dFp form a vector for arbitrary vectors dr, the nine 
partial differential coefficients dF^ajdr must be the components of a tensor. 
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The components may be written (grad and the tensor may be 
described as grad F, VF or BF’dr. Thus 

dF=dr, grad F. 

The components (grad F)je, in any triad are given by the scheme ; 

=1 p=2 f5=3 


a — I 


a =2 


a =3 




3F, 

~7r~ 9 
CX 

cF, 

r. 9 

cy 
aFj 
cz ’ 


aFg 

CX 

SFj 

cy' 

i>F^ 

8z’ 


dF, 
dx ’ 
aFg 

^ 9 

cy 

SF, 

cz 


Example (i). If F =r.T, where T is a constant tensor, then 

grad F=T. 

Example (2). If F =T.r, where T is a constant tensor, then 

grad F =T. 

Example (3). If F =rAX, where X is a constant vector, then 
grad F=UaX=— tens X. 

For dF =drAX =dr.(UAX) = -dr. tens X. 

This is readily verified directly. For 

[grad (rAX)]^^ = [As^vt.^iXv] ^AsjivSttaXv = — A^^yX.; = —(tens X):,s. 

95. The divergence of a vector function of a vector. If F is a vector 
function of r, its gradient (grad F), being a tensor, possesses a ‘ scalar ’ 
— the sum of the diagonal terms in any triad of reference — obtained by 
equating indices and summing. This invariant is called div F. Thus 

div F =?52 

dvg. CX Sy 8z 

It is sometimes convenient to write this in the form 


divF=V.F, 

b}' analog}' with the scalar product ; the operator V has the formal 
properties of a vector, as has already appeared in the notation Vo for the 
vector grad 9 and VF for the tensor grad F. The operator V is just the 
operator cjcT, and its components in an}' triad are BjSx, SjSy, djdz. 
E.xa?nple (i). If F =r, div F =3. 

Example (2). If F=r.T, where T is a constant tensor, then 

div F =sca T. 

Example (3). If F=r9, where 9 is a scalar function, 
div F =39-rr. grad 9. 
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96. T^s divergence of a temor function. Similarly -.ve may form the 
gradient of a tensor function T of ranii 2 {ivhich will be a tensor of 
rank 3), and by contraction obtain a vector. This vector is called the 
divergence of the original tensor, and written div T or V.T. Thus 


(divT),=fV.T), = i-T.,. 

cr^ 

Thus in the triad in which the components of r are 7., v, z, the y.- 
component of div T is 

gT„ , gTyi ^cT,, 

C7. ' ry ' cz ’ 


and similarly for the y- and z-components, 

97. The Laplacian of a scalar function. If c is a scalar function of a 
vector, the divergence of its gradient is another scalar, v/hich is called 
the Laplacian of o and is vi-ritten V-c. Thus, in the triad in which the 
components of r are x, y, z, the value of is given by 




0-9 

cr^cr. 


c:<* cv- 


cz- 


^divfgrad 9}. 


It should be noted that it is convenient to write 




and noh 


s’ 


SO as to put in evidence the repetition of the suSx 7. which is necessar}- 
to secure summation. 


Example. 


If 



=0. 


For 


and so 

div grad p- 


r ^ 


, grad \t\ = 



-L. div r— r. srad 

!r;3 





=0, 


This is a fundamental result in potential theory. 

9?. Similarly we can define the Laplacian of a vector function as 
the divergence of its gradient. The Laplacian of a vector function F is 
Itself a vector whose components are given by 


(V-T)^ = 



cx^ ' ry2 ‘ ^z= 


99. r/;e n/r/ (or rotation) of a vecierr function. If F is 2 vector function 
of r, its gradient grad F, being a tensor, possesses an associated vector, 
vec grad F. It is customary to call /race this vector the curl or rotation 
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of F, and to write it as curl F (sometimes as rot F). This definition 
(cf. § 63) gives us 

(curl F):, Fy. 

crp 

In the triad i, j, k in which the components of r are x, y, z and those of 
F are Fj, F 2 , Fg, curl F has for its expansion 



Symbolically, we ma}' WTite 

curl F=VaF =2 vec (grad F). 

Once again, the operator V, or djcr, plays the part of a vector. 

Example. If X is a constant vector, curl (rAX)= — zX. 

For [curl (rAX)];, = ^^^(rAX)^ = A-,g-^ (A.^j^vi'^Xv) 

£/rp i/rp 

=A^°Ay(iv^hpXv =A.^pAj.pvXv == 2TJvxXy = 2X3. 

In a simple example such as the foregoing, it happens to be easier to 
write down the three components of t/\X, 

yXg— zXj, zXj— xXg, xXg— yXi 

and form the components of curl (rAX) from the definition. But in more 
complicated cases the manipulation by use of general suffixes is by far 
the simplest and safest, and the student is recommended to familiarize 
himself with this procedure. The (A, U) theorem will be found to be of 
constant application. 

We can in this example attempt to proceed by formal manipulation 
of the symbol V. Thus, since 

PA(QAR)=p.(RQ-QR). 

we may anticipate that 

VA(rAX)=V.(Xr-rX) 

=V.(Xr)-(V.r)X 

=X-3X=-2X. 

But to verify the validity of this symbolic procedure we have in effect to 
go back to the definition in terms of the alternate tensor. Further, great 
care is required in interpreting the s 3 mbols. For example, although 
P.(QIl)=(P.Q)R, it is not true that V.(Xr)=(V.X)r ; for since X is a 
constant, V.X=o, whilst actually V.(Xr)=X. 

100 . It is customary at this stage in treatises on vector analysis to 
state and prove a large number ‘of theorems involving the differential 
operators g^ad, div, curl. For example, if X and Y are vector functions 
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of r, 9 a scalar function of r, T a tensor function of r, we may obtain 
expressions for 

grad (X.Y), grad (X,\Y). grad (TfSlY), 
div (XaY), div (cX), div (X.T), div (T.X), 

curl {X.\Y), curl (oX), curl (X.T), curl (TX) ; 

and also expressions for the repeated operations 

grad div X, div grad o. div curl X, curl grad 9, 
curl curl X. 

etc. Some of these are given below as examples. But the student is 
strongly adnsed not to burden his memory with them ; tlie more striking 
ones rvill survive in his memorj' without conscious effort. Instead, he 
should establish each expansion as he requires it, using the sufiix notation 
and the (A, U) theorem. The sufnx notation alwat’S automatically 
suggests the desired transformation. 

RvctkJ'Ic (i). grad (X.Y) =(grad X).Y'-f {grad Y).X. 

F-tamph (a), grad (X,\Y)=(grad X)^!’— (grad Y);\X. 

Exsr:p!e (3). div (XaY) =(curl X).Y-X. curl Y. 

RximpJe (4). div cX=(grad 9).X-h9 div X. 

Rva 7 ::p!e (5). 

curl (XaY)=(Y. grad X-X, grad Y)4-(X div Y-Y div X). 
R\-ar:p!e (6). curl cX=(grad c)aX 4-9 curl X. 

Exarph (7). XAcurl Y=(grad Y).X-X. grad Y. 

Exar:pJe (S). div curl X=o, curl grad 9=0. 

(q). curl curl X=grad div X— YX. 

The above examples, whilst exhibiting tlie relations between the 
symbols in vector or tensor form, conceal the nature of the identities. 
A little gain in insight is obtained occasionally if the sjanbol V is emploj’ed. 
E.g. Example (9) may be written 

Ya(VAX)=V(V.X)-VX, 
which bears an obvious analog}' to 

QA{QaX)=Q(Q.X)-Q=X. 

On the other hand Example (5) may be written 

VA (XaY) ={Y. VX-X.VY) -f [X( V.Y) -YC V.X)1 
which bears no ohrious analog}' to 

QA(Xa Y) =X(Q.Y) - Y(Q.X). 

To obtain a better analog}' one would have to write 
QA(XAY)=Q.(YX-Xy) 

End replace Q by V. 
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101. Green's theorem. We shall prove this famous theorem using the 
suffix notation, and then deduce the well-known particular cases. 

Theorem : Let S denote the surface of any closed domain V in the 
space defined by a position vector r. Let n denote a unit vector along the 
outivard normal to any element dS of S, dr any volume element of V. 
Let 9 be any function (scalar, vector, tensor, ...) of r, of components 
9apy... in any given triad. Then in the same triad 

dS= r?.?f^dT. 

I 

J\r 

Here the suffix p may or may not coincide with one of the suffixes a, p, y, ... 
of 9 ; if it does so coincide, summation is implied. 

Proof.* Take an arbitrary constant unit vector a. Take a line parallel 
to a, meeting the surface S 
in two points A and B (Fig. -yi 
14), and TOth this line AB as 
axis construct an elementary 
cylinder C, of any small cross- 
section, with its generators 
parallel to a. 

For any two neighbouring 
points r, r-f-dr, we have 

or^l 

where p is a suffix different from a, p, y, ... and where accordingly summa- 
tion is implied with respect to p. Apply this relation to two points close 
together on the axis of the elementary cylinder C, so that 

drjjt — aj.tds, 

where ds is an element of length along the axis of C in the sense of a. 
Now integrate along this axis from A to B. The result is 

(?aPY...)B~(?aPy...)A==3(iJ ds. 

Now let n^\, be unit vectors along the outward normals at A, B, 
respectively, dS^^, dSjj the corresponding areas of the two ends of the 
cj'linder, c the normal cross-sectional area of the cylinder. Then 

C7 =(— nA.a)dSA = — (ntiajidS)^ 

=(-{-®ij'®)dS,j = -}-(n(iapdS)B 

Multiply the result of the integration by a and use the foregoing relations. 

* The idea of this method of proof was communicated to E. A. M. by Professor D. R 
Hnrtrce. 
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Then 

J 

But ads = dr, 

where dT is an elementary volume of the cylinder. Summing the foregoing 
result for a set of elementary parallel cylinders completely occupying the 
volume V, we get 

J S J V 

But ajx is an arbitrary unit vector. Hence 

This being a tensor relation, tve can now contract it by replacing p. by 
any one of the suffixes a, p, y, and canydng out the implied summation. 
The theorem thus follows. 

The above proof assumes that the lines parallel to a meet S in only 
tivo points. But since S is closed, any line parallel to a must meet S in 
an even number of points, such as the 
pairs A, B ; C, D (Fig. 15) ; and 
consequently the interior V can be 
distributed amongst cylindrical seg- 
ments of the types AB, CD, .... The 
same result then follows. 

The above theorem contains a 
large number of particular cases, 
which, though often separately 
enumerated, do not need to be 
separately remembered. The most important class arises by putting 
p equal to a and summing, when w’e get 

f ?aPY-T«ciS=[ dv. 

Js Jv 

Some of these particular cases we now enumerate, 9 (without suffix) 
denoting a scalar function, Q a vector function, T a tensor function of 
rank 2. 

Example (i). For 9apY‘" scalar 9. Then 

9nadS=r “d-r, 

s J V " 



J 9ndS=J grad 9 dr. 


or, in vector notation 



8 o 
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Example (2). For 9®^^— components Q* of a vector Q. Then 

using the contracted form of the theorem v’e have 

Q,n,dS-f -^"d. 




or m vector notation 


f (Q.n)dS = j* div Q dv. 
Js Jv 


This is often written in the form 


‘ QndS = [ di 
JS Jv 


= div Q dr, 


where Q,, is the normal component of Q at the element dS. 

Example (3). For take the tensorAap^Qij . Using the contracted 
form of the theorem we have 

j A^p^Qpn^dS = 

or, interchanging the suffixes p and y in A, 

J* (nAQ)dS=| curl Q d-. 

Example For 9apY... take the tensor Tap. The contracted form gives 
Tapn^dS: 


ax 


or 


j n.TdS=| di 


^.^dx, 

era 

div T dr, 


where it must be remembered that both sides are vectors. 

In order to arrive rapidly at any of the foregoing special cases, tlie 
most expeditious procedure is to replace n by n^ and introduce suitable 
suffixes in the remainder of the left-hand side. The desired theorem then 
follows by substituting for Oa the differential operator djdra and replacing 
dS by dr. The right-hand side then needs to be interpreted. It is clear 
that the suffix notation is the more convenient analytical expression of 
the facts of differential and integral calculus contained in the theorem, 
whilst the vector notation gives the greater physical meaning in each 
particular case. 

102. Consequences of Green's theorem. Let 9, f be two scalar functions 
of the vector r. Then grad 9 is a vector function of r, and so f grad 9 
is a vector function of r. Applying Example (2) above to this vector 
function we have 

I f(n.grad 9)dS=| div (f grad 9)dT. 
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But by Example (4), § 100, or from first principles, 

div (f grad q))=(grad f).(grad <p)+fV^(p. 


Similarly, 


Subtracting, 


I f(n. grad cp)dS=| [(grad f).(grad 9)+fV2cp]dT. 
I 9(n. gradf)dS=| [(grad 9).(grad f)+(pVT]dT. 
I (f grad 9—9 grad f).ndS=J' (fV-9— 9V®f)dT. 


This result itself is sometimes known as Green’s theorem. 

103. Further consequences. In the result of § 102, put f=i/lr|. We 
have seen (§ 97, Example), that V*(i/|rl)=o. Take for V any volume- 
domain not containing the origin O (r=o). Then 

jJl^grad,-,sradi].„dS=j^^dx. 

Now apply this result by taking for S a pair of surfaces Sj and S2, of 
which Si is a small sphere surrounding O, of centre O, and Sg is any 
surface surrounding S^. The domain V is then the volume-domain 
lying between S^ and Sg. The element dSj is given by dSi=rM(i>, 
where dw is the element of solid angle subtended by dSg at O, and hence, 
as r-^o. 


Hence 


£[igradT].ndS..O. 

ButonSj, na = — 

|rl 

where 90 denotes the value of 9 at O. Hence, proceeding to the limit and 
writing now S for Sg, 

?o=-— f ^dT+-i[ grad 9-9 grad ^l.ndS, 

47rJv|rl 47^JsMrl kU 

where now V denotes the whole domain interior to Sg. The volume 
integral is easily seen to converge near r=o if V®9 is bounded. 

104. In particular, if V“9=o throughout V, then 

jf te!;i^js-lf,(erad.').„d^^ 
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When V^tp =o throughout a regioii, 9 is said to be harmonic throughout 
this region. Accordingly the above formula gives the value of a harmonic 
function 9 at any point (here the origin O) in terms of the values of 9 
and grad 9 over any surface S surrounding O. 

105. Particularizing further, if V®9=o throughout V and if 9 is 
constant over S with the constant value 93, then 

j^r ((grad iYndS. , 

4-Js \r\ 47^JsV |r[/ 

To evaluate the coefficient of 93 in this relation, we may apply Green’s 
theorem to the region between S and some included sphere S with cehtre O. 
Then 

f fgrad AYndS + f ('grad-i-YndS = f V2^dT=o, 

Js\ \r\J JsV \r\/ J(s)-(s) |rl 

Remembering that, over S, n is directed inwards, we have 

dS 


Hence 


Hence 


'^(grad 


du=47:. 


4’^J 1*^1 


106. Gatiss's theorem. The relation expressed by the formula 

where S is a closed surface surrounding the origin O, is known as Gauss’s 
theorem. It is readily proved from first principles, without appeal to 
Green’s theorem. For, the vector —grad (i/jr!) being given by 

_grad ^ = 


and since 


r. 

ir 


ndS=d 




where dc is the normal cross-sectional area of the elementary cone sub- 
tended by dS at O, we have 




du = 47 c. 


The proof can obviously be extended to the case where the radius vector 
from O meets the surface in more than one point. Since the surface 
S surrounds O, the number of such points is necessarily odd. 
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If S does not surround O, the corresponding surface integral is zero. 
For any elementary cone with vertex O contributes equal and oppositely 
signed amounts ±dw to the integral from each pair of the even number 
of points in which a radius vector from O meets the surface. 

107. Returning to the last formula of § 103 if 9~(const)/|rI for jrl 
large, then as |r ->co, 

JjigradT-Tgtad(i)].„dS^c,, 
where S is a large sphere whose radius ->oo. Hence 

<Po = -^fedT, 


4^J lr| 


where the volume integral now extends to the ■whole of space. 

The results of §§ 103-107 have immediate applications in the theory 
of the potential in the contexts of gravitation and electrostatics. They 
are collected here so that the student may see them derived as consequences 
of Green’s theorem, independent of their physical setting. 

108. Stokes's theorem. The follow'ing theorem is of fundamental 
importance in the theory of magnetism. 

Theorem : Let S be any unclosed surface in three dimensions, C its 
boundary curve. Let 9 be any vector or tensor function of r, the position 
vector of any point in the three-dimensional domain considered. Then 
if 9^.,. are the components of 9 in any triad, in the same triad 

’ <P,da...dr^ = f 
J c J S eta 

where n is a unit vector normal to the element dS, and the sense of n is 
to be such that if r is a small vector drawn from an interior point of S 
near C to the boundary curve 
C, dr the element of C in the ^ 

chosen sense of the integra- \ 

tion, then r, dr, n form a /S) P \ 

positive triad, ^ 1 

Proof. Consider a small \ ^ •’ J 

cumlinear element of S, and ^ 

take a point M (Fig. 16) in — ^ T 

the neighbourhood of this . ^ 

element but not necessarily ^ 

in the element of surface itself. Let P be any point in the contour of the 

element, p its position vector with respect to M. Then 

( 9 («...)p=( 9 i.a...)M+Pv(^^;^’)j^^+ 0 (p“). 

which we can arrange as 


c 

Fig 16 . 


4 
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Now multiply both sides by dr^, the vector element of arc of the 
boundary of the mesh, carrying out the implied summation with respect 
to p, and integrate round the boundary of the mesh. The right-hand 
side contributes four terms to the result. We shall prove that the first 
and second terms vanish and that the fourth (the remainder term) not 
only vanishes in the limit but vanishes for a sum of elements amounting 
to the whole surface S. The third term alone gives a non-zero contribution. 
Consider the terms seriatim. The first term contributes 

This vanishes because the integrand is a constant for the element of S 
considered, and [rj^] vanishes on going round its contour. 

The second term contributes 

But dr^=dp^, and in the second term of the square bracket, p and v arc 
dummy suffixes. Interchanging them the whole expression comes to 

This vanishes since [pvPn] vanishes on going round the contour. 

The third term may be written, by the (A, U) theorem, 



where dS is the scalar area of the element, n a unit vector normal to the 
element in the sense which makes p. dp, n a positive triad. (We have 
assumed that the small curvilinear element may be treated as if plane.) 

The fourth term we leave alone for the moment. 

Dividing S into a set of elementary meshes and summing for all such 
elements, we see that if the contours of the meshes are all described in 
the same sense, the left-hand side reduces to an integral over the contour 
C of S only. Proceeding to the limit, we get 

I drn=|^A„^^|^-nydS-}-lim s|o(p2)|dp|. 
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If the linear dimensions of an element of area into which S is divided 
are of the order 1 , the number of such elements is of the order A/ 1 ®, whilst 
the contribution from each element to the sum S is of the order 1 ® Xl or 1 ®. 
Hence as l^o, the sum S also tends to zero.* 

We have therefore 

)s 

This result can be written more explicitly as follows. Let the integer y. 
(oneofthenumberai, 2, 3) have for its successors in the cycle i, 2, 3, i, ... 
the numbers x' and x". Let ds be a scalar element of arc of C, 1 ^ the 
components of a unit vector along ds in the sense of the integration. Then 




-Hx dS. 


S 

( 1 = 1,2 






jnxdS. 


Here the vector element of length drawn from a neighbouring interior 
point of S to the boundary C, the tangent to the boundary C and the 
normal to the element of surface, at a point of C, form a positive triad. 

109. Particular forms of Stoke's theorem, (i) Take to be a 

vector Qti. Then 


Axor^'nxdS, 

s 8ro 


or, in vector notation, 


|cQ,dr,=| 

f Q.dr = f (curl Q).ndS, 
Jc js 


where, it may be remembered, an elementary vector drawn in the surface, 
to the boimdary, an elementary arc dr of the boundary, and the normal 
n to S at the boimdary form a positive triad. This is the classical form 
of Stokes’s theorem. It is worth while restating it explicitly in Cartesian 
components. Let the components of Q be X, Y, Z. Then 

|pdx+Ydy+Zd.)=^rJm-g)dyd.. 

If the surface S is closed, its bounding curve C reduces to zero, and 
we deduce 


E 


(curl Q).ndS=o. 


This is readily verified by Green’s theorem. For, since S is closed, we 
may apply Green’s theorem to the domain enclosed, and obtain 

|£(curlQ).ndS.|jm.curlQ)dT. 


* This is not offered as a formally rigorous proof. In applied mathematics the spirit 
of a demonstration is more important than minutiae of rigour, and the above proof is 
arranged to show how the form of Stokes's famous theorem arises from the situation for 
which it is enunciated. 
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5 no 


But 


^.oirl Q=—Asi,-r^Q-r, 

Cl CTrr • 'CTs 


and since g^.,/cT-cri is unaltered by interchange of a and £, -whilst A^., 
changes sign, for each 7 the result of the summation -with respect to a and £ 
is zero. 

(2) Taix o to he oU ...„ where 9 is a scalar. Then 

f n;,lAdS, 

Jc Js 

or, in s ector form, J 9^—1 (n/,grad 9)dS. 

Explicitly, in Cartesian components, it gives for the x-component 




^"'dzdx — ^dvdx 


1 . 


cv 


J 


In %-ector form, this is an important altemath'e statement of Stofces’s 
theorem- 

(3) Take 9^,,, to be A ..-c Q-. Then 

f A.^-cQ,dr^=f A^^{A^,sQ=KdS, 

Jc ■ ■ Js CTs' ■ 

or [ A2.^dr.Q, = f f^n.-^nsldS 

Jc jsLcrs cr- 

j dr/.Q=(' [ferad Q).n— n div Q]dS. 

Jc Js 

jJ2My-Ydz) = ||J(^dyd^-r|d^*=-^||■i5dy) 

\.fx ■ fy fz/ ' J 

no. Connexion of Stokeses iheorem Tcith Stokers transfoTmation. It 
vni! has'e been noticed that the essenual steps in the proof of Stokes’s 


or 

Explicitly, 


theorem are the decomposition of the tensor ^ into the sum of a self- 

ce., 

conjugate and an anti-sj'mmetrical tensor, and then the expression of the 
inner product of the latter with the differential vector c^zsz vector product j 
in other words, we has'e tised the same procedure as in Stokes’s transfonna- 
tion, § 65. Vie have preferred not to quote § 65 in order to secure a 
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result applicable generHly to tensors of any rank. The essence of the 
step, however, may be seen by applying § 65 to the tensor grad Q. Then 
since 


vec (grad Q)=J curl Q, 


§ 65 gives P-grad Q=p.grad Q— |pAcurl Q, 

where grad Q is the self-conjugate tensor |(grad Q-}-grad Q). 

Stokes’s transformation, as it is used in hydrodynamics and elasticity, • 
is in fact precisely the last-given relation, rewritten in the form 


p.grad Q=p,grad Q-f| curl QAp. 


We shall see later that I curl Q or rot Q plays the part of a small rigid 
body rotation or of an angular velocity. 

III. Applications of Green's and Stokes’s theorems. The following 
application of Green’s and Stokes’s theorems are required in physics. 
Theorem ; If Q is a vector function of r, and if 

I Q.ndS=o 

taken over any closed surface S in the domain of r, then 

div Q=o 

everywhere in the domain. 

For, by § loi. Example (2), 

1 div QdT=o 
Jv 

taken through any volume V in the domain of r. By applying this to a 
small domain At round a point Tq it is readily shown that (div Q)r=ro 
Hence the theorem. 

Theorem : If Q is a vector function of r, and if 

I Q.dr=o 


taken round any closed curve C in the domain of r, then 


everywhere in the domain. 
For, by § 109 (i). 


curl Q=o 

(curl Q).ndS=o 


over any surface S in the domain of r. By taking S to be a small element 
of surface with normal parallel to (curl Q)r=ro sec that (curl Q)r=ro 

Hence the theorem. 
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RATE OF CHANGE THEORE.JS 

1 1 2. The rate oj change oj a ^JUime hrtegred taken tkrcrjgh the rntervyr 
nj amr/cing dasedsurface. be a giren scalar, Tector or tensor fonctioa 

of 2 Tectoz T and a scalar t. It is coirrenient to regard r as tne posinon 
vector of anv point in trie domain of r, and to regard t as the time. Assodsie 
vritb eacli point in the domain of r a vector c, a rancdoa of r and pcssibly t. 
Let S be a closed ratface in tee domain of r depending on tne variable t 
in such a -Trzr that vrben t varies from t to t-f dt, any point P of the surface 
moves from P to P-t-JtPj vreere dP=:ruit. Then, if S is given for one 
value tj, of t, it is determinate, in general, for all valu^ of t. If t is tahea 
to be the time, the domain of r ioct be considered as the seat of a medium 
moving vrith the velodt^ u at ?, and S may be considered to be moving 
vrith the medium- 

We shall denote fay the operator D/Th acting on any symbol the rate 
of change of the mimb-er, vector, tensor, represented by that symbol, 
considered as a function of t. Let V denote the interior of S. We now 
prove the foUeming theorem- 

Theorem : If in any triad a tensor I^s... is defined by the relatioa 


then 



For, consider tvo neighbouring positions S and S' of the rorface, 
corresponding to the values t and t-fadt. Let V' denote the interior of S'. 
'Then the increment is given by 

DLi... = I c^.„{t-bdt)dT— 9-^.(0dr, 

where for simnlicit}' we have suppressed mention of the argument x of 9 
at each point of the domains Y and Y'. To a suScient order, this can be 
rewritten as 



But 0 „,— |„^C35.„dv is the intend of 9 through the shell-shaped r^on 

defined bv' the displacement of the given surface from S to S', with the 
appropriate positive or negative sign given to the volume elements of 
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this shell (Fig. 17). Now let n denote a unit vector along the outward 
normal to S at any point. Then the volume element d-r of the shell, of 
slant side udt, with its appropriate sign, 



Letting dt-»o, we get 



1x3. The rate of change of a function of a vector. We now investigate 
the rate of change of the function qiap... itself, considered as a function of t 
only, when P is varying according to dP=udt, starting from any given 
position Po at t=to. This is called ‘the rate of change of 9 following 
the motion.’ We have 


Dcpap...=9ap...(r+dr, t+dt)— 9ap...(r, t) 


D9«p... _g<P P-_i 


Hence 

Dt 

This may be written in vector form as 


0r, 


•9ap.. 


=~-}-u.grad 9. 
Dt 0 t^ ^ ^ 


1 14. In terms of Dep/Dt, the theorem of § no may now be written in 
the form 

on using Example (4) § 100. The distinction between D/Dt acting on a 
function of a point r and on an integral through a volume V should be 
noted. 

The origin of the second term on the right-hand side can be seen as 
follows. By taking the function 9 to be identically equal to unity, we 
have, if V denotes the volume enclosed by S, 

?y=fdivudr 

Dt Jv 
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or, taking V to be the elementary volume dx itself, 


D(dT) 

Dt 


=:(div u)dT. 


§ ii6 



Accordingly the term rp div u arises from the change of volume of the 
volume element. 

1 1 5. The flux of a vector through a surface. Consider a vectqr which 
is a function of a position vector r. Associated with any surface, closed 
or unclosed, in the domain of r, is the integral of the normal component 
of the vector function, taken over that surface. This is called the flux of 
the vector through the surface. 

Let Q denote a vector function of r, which may also be a function of 
a parameter t, which may be taken to be the time. Let n be a unit vector 
normal to an element dS of a surface S in the domain of r. The sense 
in which n is to be taken is supposed specified. Then the flux of Q 
through S in the specified sense is the scalar f defined by 


1 

•= (Q.n)dS = 
is 


Qp,n(tdS. 


If S is closed, we may transform the surface integral into a volume 
integral by Green’s theorem. Gauss’s theorem (§ 106) relates to the 
flux of a certain vector, grad (i/|r|) over a closed surface. 

116. Rate of change of flux through a surface. Whether S is closed 
or unclosed, it is of interest to investigate the rate of change of f ‘ following 
the motion.’ We suppose, as in § 1 12, that the domain of r is the seat of 
a vector field of velocity u, a function of r and possibly t. 

Theorem : The rate of change of the flux f of the vector Q through 
the moving surface S is given by 


Dt 




Q-j-curl (QAu) .ndS. 


Actually we shall establish the theorem in a somewhat more general form. 
Let ipap... denote any vector or tensor function of the vector r. Then the 
flux of 9 through a surface S is defined to be the tensor of rank one lower 
than that of 9, given by 



n,idS. 


We shall prove that 



3 B *1 
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For, let S, S' (Fig. 18) denote t%vo neighbouring positions of S cor- 
responding to the values t, t+dt of the variable t. Let C denote the 
bounding curve of S, and let W denote the collar- 
shaped surface uniting S and S' formed by the 
elementary displacements udt of points on the 
boundary C of S. Let S denote the complete 
closed surface S+W-fS', and let V denote its 
interior. Then 

Dfp... = 1 ^ t+dt)n'^dS'— t)nndS Fig. 18 

= t)n'^,dS'-|^9^p...(r, t)n^dS-l-dt|^^^ 2 |^(r', t)n'^dS'. 

On the right-hand side, add and subtract the integral 

f 9(ip...(r, t)n(,(W)dW, 

Jw 

where n|jL(W) are the components of the outward normal to W at dW. 
If now n is taken to denote the outward normal at dS, any element of 
the complete boundary of V, we have 

Dfp...=dtf ■!M:::n'(.dS'-(-f 9^p...(r, t)n,,d2-f 9^3...(r, t)n^(W)dW. 

J S' vt J s J w 

The second term in Dfp... being a surface integral over a closed surface 
S, we can apply Green’s theorem, when we get 

On the right-hand side of this relation, the volume element dx is given to 
a sufficient order of accuracy by 

dT=nvUvdSdt, 

where n is a unit vector in the sense of the original normal to dS used in 
defining the flux. Hence 

9 |jip...(f> t)njidS=dt[ -^^ -nvu dS, 

£ Js 

in which we may interchange the dummy suffixes p. and v, obtaining 

f 9p.p...(r,tKd2=dtf ^-^•nt.u^dS. 

Js Js 

In the third term in Dfp..., nft(W)dW is the p-component of the vector 
element of area subtended by the vectors udt and dr, where dr is the 
4* 
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vector element of arc of the boundarj’^ cur\'e C in 
the sense -which makes 

udt, dr, n(W) 
a positive triad (Fig. 19). Hence 
' n(W)dW=(uAdr)dt, 
or n(x(^V)dW=A^5T^ug(dr)r,dt, 

whence the third term in Dfp,.. is given by 

- t)n^(W)dW= U5(dr)^^ = -dtj^€»,p...dr^ 

say. The last integral being a line integral round a closed contour, we 
may apply Stokes’s theorem, obtaining 

-|^^?,.p...(r,t)n^(W)dW=-dt|^A;,^,(|-d),p...)nV.(S)d^ 

where n'(S) is the normal to dS (the element of the surface bounded by C) 
in the sense w'hich makes 

P> fir, n'(S) 
a positive triad, p being a small 
vector drawn to C from an interior 
point of S. But the vector element 
of area pAdr so defined has for its 
normal the outward normal at this 
element to V, the volume included 
by 2, and this is opposite in direc- 
tion to n(S), the originally chosen 
normal to S used for defining the flux (Fig. 20). Hence n'(S) = — n(S). 
(See figure.) Hence 

- ?(.p(r, t)n,,(W)dW= -i-dtj^A.,,^. (^^ 0 ,p...^n,,dS 

where now on the right-hand side n denotes the original normal to S. 
But we had -written 

whence =A^7— (Ax. 5 T?xp...f^ 5 )f^tf 

Kara J era 

Hence we get on returning to the expression for Dfp... 

This is the general theorem as stated. 



Fig. 20 
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For tensors of any rank we may write, in accordance with our previous 
notation, 

(uA«p)tP... =AT5,cU59y.p... 

and we may define the operation curl generally for tensors of any rank by 
(curl 4')(/P..- 

Then the general theorem may be written in the form 

cp)u-curl (uAcp)j.ndS, 


where tp denotes a tensor of any rank. When cp reduces to a vector Q, 
— uA<p reduces to QAU| and we get the form of the theorem as first stated, 

1 17. Case of a closed surface. As a check on the correctness of this 
theorem, we consider its application to the case where S is closed. In 
this case Dfp/Dt, being expressible as a surface integral over a closed 
surface, can be transformed by Green’s theorem into a volume integral 
through the interior V of S. But fp itself, being an integral over a closed 
surface, can be transformed by Green’s theorem into an integral through 
V, and hence its rate of change Dfp/Dt can be expressed in another way, 
using the theorem of § no, as a volume integral through V. The two 
volume integrals so obtained should be identically equal. 

When S is closed, we have on applying Green’s theorem to the result 
of § 1 16, 


Dt 


ar, 




But since again S is closed, we have by Green’s theorem 


9opnCTdS = 


ar, 




Applying the theorem of § 1 12 to obtain the rate of change -of the last- 
written volume integral, we have 


Dfp 
Dt ^ 


=L[; 


3 3 

St 




dv. 


The two expressions so obtained for Dfp/Dt will be equal provided that 


_0 

ar. 


j^AjiCTT^^(ATK5'Pxptig)J dx — o. 


The integrand here is clearly identically zero, since Aji^T changes sign on 
interchanging [x and o ; the integrand is, in fact, the divergence of the curl 
of a vector, which vanishes identically. 
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II 8. The circulation of a vector round a closed curve. Let C be a closed 
curve in the domain of a position vector r, Q a vector function of r in 
this domain. Then the circulation c of Q round C is defined as 




Qadra. 


1 1 9. The rate of change of the circulation round a given circuit. Let 
Q be a function of a variable t, as well as of r, and let any point P of the 
domain of r be. displaced to P-fdP, where dP=u(r)dt, when t increases 
from t to t-f dt. As before, the domain of r may be considered to be the 
seat of a medium with velocity-distribution u(r), and C may be taken 
to move with the medium. We may then consider the rate of change of 
the circulation c round C, following the motion. 

Theorem : The rate of change Dc/Dt of the circulation round a 
closed cun’e C is given by 

B-rl 

Actually we shall establish the theorem in a slightly more general form. 
Let 9*p.,. be any vector or tensor function of r and t. Let the circulation 
Cp... be defined by 

We shall prove that 
Dcp... 

"dT’ 


...=j^?ap...t3ra 


■u 


^9 


ap. 


Ct 


^a|ivU(iA..,py— 9.fp. 




dr„ 




dra 


-j^9ap...(r> t)dra. 


For, let C' and C denote the positions of the curve at times t and 
t-fdt. Then 

Dcp.„=|* 9ap...(^i ^■{"elt)drj£ j* cp5jp...(r, t)dr3,, 

Join each point P of C to the associated point 
P'=P-{-dPt=r-f-u(r)dt of C', thus forming a 
collar surface S (Fig. 21). Divide S into 
meshes dS bounded by the elements of arc 
dr of C and C' and the lines of flow PP', 

and extend the line integral |9ap...(r, t)dra to 

the boundary of each of the meshes so ob- 
tained. The sum of these line integrals amounts to just 
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for the integrals along the lines of flow cancel one another when adjacent 
meshes are considered. We thus have 


Dcp... =dt|^^^-dr„+s£ 9,p...(r, t)dr„, 

where dF denotes the boundary of a mesh. 

Now transform each integral round a mesh by Stokes’s theorem. We get 

where the surface integral is now extended to the whole of the collar. 
But the vector element of area n^dS is given by 

ndS=u(r)dtAdr, 

where dr has the sense in which the original circulation round C was 
defined. ‘The contribution of the surface integral is accordingly 

dt] Adpyr — (ipYp...)Aa(ivU(idrv. 

Jc orp 

Interchanging the dummy suffixes a and v, this becomes 

dtj'cAav(iU(iAvfly^^(<PYp...)drB. 


Accordingly, proceeding to the limit dt->o, 

which is the general form of the theorem. 

When fxp... reduces to a vector Q*, the theorem takes the form 




which is equivalent to the form enunciated. 

120. Further transformations. We can transform the second term in 
the above integrand thus. We have 


[(curl Q)Au]a =Axpy(curl Q) pUy 

=Aap-fAppv^ — Q v^Uy- 

Applying the (A, U) theorem, we get now 

[(curl Q)Au]a U(iiUvy)(^Qv ju, 

\8ry dr“ / 
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Thus 


But 

and 

Hence 


\t:ctorial mechanics 




Dt JcL 8t 


( 8Q^ ci 

-f u-, — i— u.,_ 

\ ^ CT-i ^ 


^aJl 


aOa , „ 2CU 
— ■ %— 


ct 


CX; 


^dr„=dQ.,. 
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121 . Particular case. In the particular case where the vector function 
Q is the velocity at r itself, so that 0^=0-,., we have for the second term 
on the right-hand side 

ju-j-dQ^ =|uYdUy =|id(u.^UY)=o, 

if u is one-valued. Hence in this case 


Dc f Du* 

Dt^^JcDT 


dra. 


Now suppose that Dua/Dt is the derivative with respect to r* of a one- 
valued scalar function o of r, so that 


Then 


Du* _ do 
Dt dXa 


Dc r T 


The circulation round C is thus under these circumstances constant. 

The application of this result to hydrodynamics is called Kelvin’s 
theorem.* 


* The hydrodynamical equation of motion of a non-viscous fluid is 

Duc rp 

Dt cm ^cm’ 

•where p is the pressure, fl the potential of the external field of force, and p is the densitj". 
When Jdp/p is a function of position in the fluid, the circulation round any closed circuit 

is accordingly constant. 
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122. The moment of a line vector about a point. Consider a line vector 
F, localized in a line 1 . Let O be any point, taken as origin of position 
vectors, and let A be any point in 1 . Let r denote the position vector 
OA of A with respect to O. 

Consider the vector product 

rAF. 


It is constructed out of a line vector and a position vector with respect 
to a point O. This vector product is independent of the point A chosen. 
For let A', of position vector r', be any 
other point on 1 (Fig. 22). Then 
r'AF=OA'AF=(OA-f-AA')AF 
=OAAF-bAA'AF 
=rAF, 

since AA'AF =0, AA' and F being parallel. 

Hence the vector product in question de- 
pends on the line vector F and the origin 
O only. It is called the moment of F about 
0, and we write 

M( 0 )=rAF. 



Older treatises on statics or line vectors were accustomed to introduce 
the notion of a moment about a point for the two-dimensional case where 
all the line vectors were coplanar, and then introduce the moment of a 
line vector about a line for the case where the line vector and the second 
line were skew to one another in space. But the moment of a line vector 
about a given line is a less fundamental notion than the moment of a line 
vector about a given point, the former being merely the component of 
the latter (taken with respect to any point in the line) along the line. 

123. Before beginning the study of systems of line vectors, it is 
convenient to discuss some geometrical properties of lines, considered 
by means of the moments of the lines about an origin O. By the moment 
of a line about O we mean the moment of a unit line vector (in the line) 
about O, a determinate sense having first been assigned to the line. 
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124 . Line co-ordinates. Let 1 (Fig. 23 ) be a line, O a fixed point, P 
any point in the line, N the foot of the perpendicular from O on the line. 
Assign to the line a determinate sense, and let i be a unit vector parallel 
to 1 and in the sense of 1. Then the association 
of i with 1 constitutes a line vector. 

Let p denote the vector ON. Then 

p.i=o. 

I>et r be the position vector OP of P with respect 
to O. Then 

r=p+Xi, 

where X is a parameter, of the dimensions of a 
length, that can take any real value, positive or negative, 
the moment of 1 about O, namely 

rAi, 



is equal to pAi. 

Call this vector a. Then the vectors (i, a) are called the line co-ordinates 
of 1 with respect to O. Strictly speaking, the phrase ‘ line co-ordinates ’ 
refers to the six components of the two vectors i, a, but it is convenient 
to retain the term in speaking of the two vectors i, a. Since a=pAi, it 
follows that 

a.i=o, 

and so the two line co-ordinates are perpendicular. We have also the 
relation 

— 


Since there are thus two relations between the six components of the two 
line co-ordinates i and a, four independent numbers are involved in a 
pair of line co-ordinates, corresponding to the four degrees of freedom 
of a line in space. 

Since a =pAii i , P*i = 0 , it follows by the continued vector product 
theorem that 


consequently 


iAa=iA(pAi)=p 

r=iAa-l-Xi. (i.a=o, i2=i.) 


This may be considered as the standard form of the equation of a line of 
line co-ordinates i, a. Further 


p2=(iAa)2=a2, 


so that Ip1 = I®I- 

The moment of a line vector fi in 1 is by definition 

rAfi 

=f(iAa-}-Xi)Ai=fa* 
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The moment of the line vector fi in I about any other point of position 
vector To with respect to O is 

(r-ro)Afi 
=f[a— roAi]. 


125. T/ie perpendicular distance between the lines (i, a) (i', a'). The 
directions of the lines being those of the unit vectors i and i', the common 
perpendicular to the two lines in a certain sense is parallel to ipi'. If 0 
is the angle between the lines, as given by the senses of i and i', then 
cos 0 =i.i' and (i/\i')ls\n 0 is a unit vector along the common perpendicular. 
If P is any point on (i, a), P' any point on (i', a'), then the length of the 
perpendicular distance between the lines is equal to the projection of the 
vector PP' on the unit vector (iAi')/sin 6. Calling this perpendicular 
distance w, we have 


S 


(r'-r). 


(iAi' )j 
sin 0 


_ |{(rAa'-hX'i)--(iAa-bXi)}.(iAP) [ 
sin 0 


The triple products involving X and X' vanish identically, and we get 


But 


Hence 


sin o,(i'Aa').(iAi')-(iAa).(iAi') 

(i'Aa').(iAi') = [(iAi')Ai'].a' = -a'.i, 
(iA a).(iAi') = [(iAi')Ai 3 .a = 

„ |a'.i-ba.i'i 

= ! L. 

sin 0 


It follows that the condition that the two lines (i, a), (i', a') shall 
intersect is 

a'.i-l-a.i'=o. 

This can be established directly. For, if the lines intersect, values of 
X and X' can be found so that 

iAa-fXi=i'Aa'-bX'i'. 

Eliminate X and X' by multiplying scalarly by iAi'. Then 

(iAa).(iAi')=(i'Aa')-(iAi'). 

which reduces to a',i-|-a.i'=o. 

126. Parallel lines. If i'—i, sin 0=o, and the formula for w becomes 
indeterminate. The lines are now, say, (i, a) and (i, a'). The feet N, N' 
of the perpendiculars from O on to the two lines have for position vectors 

iAaandiAa'. ■' 

NN'2=(iAa-iAa')® = [iA(a~a')]2 
=(a-a')*. 


Hence 
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Example (3). Show that the line co-ordinates (j, b) of the common 
perpendicular to the lines of co-ordinates (i, a), (i', a'), are 


Example (4). Find formulae for the position vectors of the feet of the 
common perpendicular to two given lines (i, a), (i', a'). 

Example (5). Find the line co-ordinates of the line of intersection of 
the planes 

r.n = a, r.n'=a', 


where n, n' are given unit vectors, a, a' given scalars, and r is a current 
position vector. 

Clearly n and n' are the normals to the planes, a and a' the perpen- 
diculars from the origin. The line of intersection, being normal to n and 
to n', has for its ‘ i ’ co-ordinate 

nAn' 

InAn'f 

A point r=iAa-j-}a 


will then lie in the given planes if 


r CnAnQ 

LlnAn'l 


Aa-fX- 


nAn‘ 


InAn 




or 


[(nAn')Aa].n=a|nAn'(, 


and similarly [(nAn')Aa].n'=a'lnAn'|. 


Further, we must have a.(nAn')=o. 


Expand the unknown vector a in the form 

a =xn-t-yn'-f-z(nAn'). 

Then z=o. The two relations involving a and ol will then be found to 
reduce to 

^ InAn'l’ InAn'j 


Hence 

Example (6). 

prove that 


_a'n— an' 

^ jnAn'l ■ 

If i, j are unit vectors, and a, b two other vectors satisfying 
a.i=o, b.j=o, a.j-t-b.i=o. 


A /; X A 


rii . jjl 
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SIiO'.r that a, fa and i/- j are linearly independent and then sho“ that the 
talar products of these vdta the tvro sides of the equation are equaL 
, Jtematirely, find the point of intersection of the intersecting lines {i, a), 
(j, fa) in the tnro forms 

r=i/ad-5i, r=j^,fa-i-5.'i, 


and equate the results. 

Example (7). Find the perpendicular distznc^ of the plane T.j~p 
from the paraUei line (i, a), vrhereLj=:o. 



CHAPTER VI 


SYSTEMS OF LINE VECTORS 

128. A line vector P has already been defined as the class of all repre- 
sentations AB of a given free vector P which lie in a given straight line 1 
parallel to P. A system of line vectors, of which a typical member is P, 
will be denoted by (P). 

Abstract statics is the theorj"^ of sj'stems of line vectors in w’hich the 
line vectors represent forces. Statics is concerned with such questions 
as whether a given rigid body, or system of rigid bodies, subject to a 
given system of forces is in equilibrium or not. Such a question may be 
treated by an appeal to dynamics, together Mth an appeal to a principle 
known as the principle of the transmissibility of force. This principle 
asserts that if a rigid body is in equilibrium under the action of a given 
system of forces, the equilibrium is unaffected by the application of any 
pair of equal and opposite forces at any two points of the body whose 
join is parallel to the applied forces. This in effect defines the word 
‘ rigid ’ as applied in statics to a bod)' under the action of a system of 
forces. For this reason the theorj' of the equilibrium of a ‘ rigid ’ body 
under the action of a sj'Stem of forces is sometimes called ‘ rigid statics.’ 

But when we have completed the investigation of the equilibrium of 
a rigid body under the action of a certain system of forces, we have arrived 
at an attribute or property of the system of forces in question w’hich is 
independent of the rigid body introduced for the forces to ‘ act ’ upon. 
The property of being ‘ in equilibrium ’ is a propertj' of the body. But 
the relationships bet^veen the line vectors representing the system of 
forces do not depend on the rigid body introduced, and it is desirable 
therefore to anal)'se these relationships per se. Further, other systems 
of line vectors are encountered in applied mathematics besides systems 
of forces ; for example, the momentum of a system of particles is repre- 
sented by a system of fine vectors, and the small displacements of a system 
of particles are also represented by a system of line vectors. We need, 
therefore, the abstract properties of systems of line vectors independently 
of what the line vectors represent. 

A system of line vectors is a sort of polarization of ‘ space,’ of the 
space w'hich is the seat of their lines of action. It is a geometrical entity, 
describable by the system of line vectors specified, but capable of being 
described by other systems of line vectors, which arc then defined as 
being ‘ equivalent ’ to the original system. Just as the free vector is the 

103 
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class of its representations, so there exists an entity which is the class of 
all systems of line vectors equivalent to a given system of line vectors. 
This entity is something more fundamental than any particular system 
which describes or represents it. Such entities are worthy of study for 
their own sakes, quite apart from particular applications. Just as a 
geometripal entity may be built up out of points, lines and planes, so the 
geometrical entities here in question are built up out of line vectors. 
The line vector is a geometrical unit or ‘ brick ’ of the structure, which 
is something essentially different from a point, a line or a plane : it is 
a combination of a line, a length and a sense. The same underlying entity 
may be built up out of these bricks in different arrangements. These we 
now proceed to analyse. 

129. Equivalent systems of line vectors. Let S be a system of line 
vectors (P). Let A be any point in the domain of S. Let fi be a system 
of line vectors (W), all passing through A, whose vector sum is zero, i.e. 
such that 

SW=o. 

The system H or (W) will be described as a nul-concurrent system ; the 
simplest example of an fl is a pair of equal and opposite, line vectors 
(X, —X) in the same straight line. 

Consider the system consisting of S and £l together. It may be that 
a member Pj of S has the same line of action as a member Wj of D.. If 
so, replace the line vectors (Pj), (Wj) by the single line vector consisting 
of Pi+Wj in the common line of action of P^ and W^. If it happens 
that Pi4-Wi=o, we agree to disregard it, so that a nul hne vector may be 
removed from the system. The process may be repeated, and may be 
applied to any set of collinear members of S. Let S' be the system of 
line vectors obtained at any stage of this procedure, consisting of the 
residual members of S and Q together with the new line vectors of the 
type Pi+Wj. Then S' is said to be equivalent to S. In particular, 
the aggregate (P)+(W) is equivalent to S. 

Any two systems of line vectors S^ and S2 are now said to be e’quivalent 
if S2 can be derived from Sj by a process of the kind described, i.e. by 
the addition of nul-concurrent sets and combinations of collinear members. 
The relationship of equivalence is clearly a symmetrical one, and we 
write it as S2ssSj. 

130. The addition of members of a concurrent set. Let P, Q be two 
line vectors in the same line 1 , Then clearly the system (P, Q) is equivalent 
to the single vector P+Q iti 1. For we have only to add to the system 
(P, Q) the nul set (P, — P) in 1 , and combine appropriately. 

Now let P, Q be two line vectors in lines Ij, Ij which intersect in a 
point O (Fig. 24). Let R be the vector sum of P and Q, i.e. R=P4-Q. 
Add to the system (P, Q) the nul-concurrent set (R, — P, — Q) concurrent 
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at 0 . Then, by' combining collinear members and removing nul vectors, 
we see that the system (P, Q) is equivalent to the system (R) at O, i.e. 
is equivalent to the line vector R in a line I3 
through O parallel to the free vector P+Q. 

We write this result 

(R)^(P, Q), 

or (R)^(P)+(Q), 

and call (R) the resultant of (P) and (Q). 

The statement (R)=(P)-f(Q) is to be 
carefully distinguished from the statement 
R=P4-Q ; and the resultant of conairrent line vectors is to be carefully 
distinguished from the sum of the corresponding free vectors. 

The process may be repeated with any number of concurrent line 
vectors, and their resultant (R) found, by combining say (P^) and (Pj) 
to give (Rj), and then (R^) and (P3) to give (R3), and so on. 

It may happen that the final resultant (R) is a nul vector. In that 
case the S3'stem of concurrent line vectors is said to be in equilibrium, or to 
be equivalent to zero. Similarly if a system S is equivalent to a number 
of nul-concurrent sets (the different sets being possibly concurrent at 
different points), then S is said to be in equilibrium, or to be equivalent 
to zero ; and we write then S&o, or (P)so. Clearly if (P)=(Q), then 
(P) 4 -(— Q)=o, i.e. if two systems are equivalent, the system formed by 
either together with the other reversed is a system in equilibrium. 

13 1. In order to find necessary and sufficient conditions for the equiva- 
lence of hvo systems of line vectors, it is necessary to pay attention both 
to their component vectors and to the lines of action of these vectors. 
Adequate information about the contribution of a given line vector to 
the system is usually contained in the statement of the moment of the 
line vector about some given point. This has been defined in § 122. We 
repeat here that the moment M( 0 ) of a line 

vector (F) about a point O is given by 

M( 0 )=rAF, / 

where r is the position vector, with respect to O, 

of any point P on the line of action of (F) (Fig. / 

25). The moment M( 0 ) has been sho^vn to be 0 / 

independent of the position of P on the line of / 

action of F. ' 

132. Moment of a set of concurrent vectors F‘S- 25 

about any point. 

Theorem : The sum of the moments about any point O of any number 
of concurrent line vectors is equal to the moment of their resultant. 

For, let (Pj, P2, ... Pn) be the system of line vectors concurrent at 
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A, and let r be the position vector of A with respect to O. Also let 
Tj, Ta, ... Tn be the position vectors of points on the lines of action of 
Pi, P2, ••• Pn respectively. Then the resultant (R) is a line vector through 
A given by 

P=Pl+P2+-*-+Pn- 

Multiplying each side of this equality vectorially by r, we have 

rAR=rAPi+rAP2+"- +i'APn 

by the distributive theorem for vector products (§ 25). Hence 

rAR=riAPi+r2AP2+-”+rnAPn- 

This is the desired result. In rAR, r may be replaced by the position 
vector p of any point on the line of action of R. 

Corollary, If Pj, Pj, ... P^ form a nul-concurrent set, then the sum 
of their moments about any point is zero. For the moment of their 
resultant is zero. 

133. Moment of a line vector about a line. We now define the moment 
of a line vector F in 1 about another line 1' as the component along V of 
the moment of F about any point O in 1'. Here we mean by ‘ component ’ 
the scalar value. Thus, if i' is a unit vector in 1', 
the moment of (F) about 1' is 

M(0).i' 

which is equal to rAP*iS 
where r is the position vector of any point A on 1, 
the line of action of F (Fig. 26). If O', A' are any 
other points on 1', 1 respectively, then the scalar 
number 

0'A'AF.i' 

is equal to (0'0+0A+AA')AF.i'. 

But 00' is parallel to i', and AA' to F. The contributions of these to 
the triple product therefore vanish, and we have 

0'A'AF.i'=0AAF.i'. 

Thus the moment of F in I about 1' is independent of the choice on 1' of 
the point O about which the moment of F is measured. 

Clearly, if m is the mutual moment of the two lines 1, 1' (§ 127), then 
the moment of F in 1 about 1' is |F|m, provided the sense of F is the same 
as the specific sense of 1. 

It is particularly to be noted that the moment of a line vector about a 
point is a vector, the moment about a line a scalar. The concept of the 
moment of a line vector about a point is much more fundamental than 
the concept of the moment of a line vector -about a line. 

134. Conditions satisfied by two equivalent systems of line vectors. 
Theorem : Let (Pj, ... Pn), (Qi. ... Qn') be two systems of line vectors. 
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and let Pi, ... pn. qi. qn' be the position vectors of points on their lines 
of action, respectively, with respect to a given point 0 . Then if the two 
systems are equivalent, 

n n' 

« SPr=SQ,, 

r“i r~i 

n n' 

(ii) S PrAP,- = Y qrAQr. 

r^i r-^i 

In words, if (P)=(Q), then their vector sums arc equal and the sums of 
their moments about any point are equal. 

For, since (Q)=(P), there exists a set of points and associated 
nul-concurrent sets of line vectors (W)^ such that (Q) can be derived from 
(P) and the sets (W)s by combination and removal of nul vectors. Hence 

SQ=YP+S(W)s. 

S 

But each contribution SW vanishes separately. Hence the first part of 
the theorem. Again, since each system (W) is a nul-concurrent set, the 
sum of the moments of the members of (W) about O is zero. Hence the 
sum of the moments of the members of (Q) about O, being the sum of 
the moments of the members of (P) about O together with the sum of 
the moments of the members of the sets (W), is equal to the sum of the 
moments of the members of (P) about O. 

The sum of the moments of the members of (P) about O is called the 
moment of (P) about O. 

135. It follows from this theorem that the vectors SP and SrAP are 
the same for all equivalent systems of line vectors. The first vector 
depends only on the system ; the second depends on the point O about 
which the moment is taken. We can therefore write 

R=SP, G( 0 )=SrAP. 

The question now suggests itself whether R and G( 0 ) serve completely 
to characterize the system of line vectors in question ; in other words, 
whether the converse of the theorem of § 134 is true. 

136. The converse of this theorem is true, but is somewhat longer to 
prove. We have to show that given 

SP= 2 Q, 2 :rAP=SrAQ, 

then (P)=(Q), i.e. that there exists a set of points A,, and associated nul- 
concurrent sets (W)s such that (Q) can be derived from (P) by aggregating 
(P) with the sets (Wj), combining collinear members and removing 
nul vectors. 

Instead of tackling directly the problem of locating a possible set of 
As’s and (Ws)’s, and so transforming (P) into (Q), we transform each 
into an equivalent simpler system and then show the equivalence of these 
simpler systems. 
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137. Pcrallel line 


^ ”7 

5 z^ctoTi. P, Q be tKTo parallel (or antiparaliel) 
line vectors. We v/ish to investigate whether we can find a single line 
vector equivalent to them, Clioosc points A, B (Fig. 27) in the lines 
of action of P and Q, and introduce the nul-concurrent set (X, -X) 
acting along AB and BA. The resultant of —X and P, which meet 
at A, is, szy, Y in the plane of the ghen 
line vectors P, Q ; the resultant of -~K 
and Q is, szy, Y' at B, in the plane of P 
and Q. In general the lines of action of 
y and Y' will intersect, sav at D, a point 
in the plane of P and Q, and the resultant 
of Y and Y’ wii! be a line vector R, 
through D, in the plane of Y and Y', and 
so in the plane of P and Q. Since 

(R)^(Y,Y 0 =(P,Q}, 

we have b}' the preceding theorem 

R=P 4 -Q, 

so that R is parallel to P and Q. Let the line of action of R meet .\E in C. 
Then if O is any point whatever, we have {§ 134), 

OCaR =OAaP 4 -OBaQ. 

Taie O to coincide with C. Then 

CAaP4-CB/,Q=o. 

Since Q and P are parallel vectors, we may put 

Q=uP. 

Hence (CA-7 -u.CB)aP=o- 

But P is not parallel to C.A or to CB, and, since C.A and CB are parallel, 
P is therefore not parallel to CA-FpCB. Hence 

C-A-fpCB =0, 

or — AC-ru(AB — AC)=o, 



or AC=-i^-AB. 

p-f I 

This determines the position of C provided i.e. provided 

p.nQ==o, i.e. provided that P and Q are not equal and opposite. 

We notice that C divides AB so that 

AC:CB=|Qi;iPi 

if P and Q are in the same sense, whilst 

AC:CB=-;Q|:!Pi 

if P and Q are in opposite senses. The line vector (R) is called the 
resultant of the parallel line vectors (P) and (Q). 
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138. Couples. We now consider the exceptional case |jt, =— i. 

A system of line vectors (P, P') where P' = — P but the lines of action 
of P and P' do not coincide is called a couple. Let O be any point what- 
ever, A, A' points on the lines of action of P, P' respectively (Fig. 28). 
Then the moment of the system (P, P') about O is 

OAAPd-OA'AP' P 

=(OA-OA')AP 
=A'AAP. 

Thus the moment of a couple about O is independent 
of the position of O. This vector A'AAP is clearly 
also independent of the positions of A, A' on the 
lines of action of P, P', and it is accordingly defined 
simply to be the moment of the couple, without point 
specified. The moment of a couple is a vector perpendicular to the 
plane of the two line vectors forming the couple. 

139. Equivalence of couples. We shall now show that a couple is 
completely characterized by its moment — in other words, that in whatever 
way we construct a pair of equal and opposite line vectors having a given 
moment, all such pairs are equivalent 

Theorem : Two couples of equal moments arc equivalent. 

For, if the moments of the couples arc equal, the couples them- 
selves must lie in parallel planes. These planes may be distinct or 
coincident. 

(i) Suppose first that the couples arc in coincident planes. Let the 
couples be (P, P'), (Q, Q'). Either P is parallel to Q or it meets Q. 

\a) Suppose that the line of action of P meets tliat of Q in a point A, 
and that the line of action of P' meets 
that of Q' in A' (Fig. 29). Then since 
the moments of the couples are equal, 

A'AAP =A'AAQ 
or A'AA(P-Q)=o. 

Hence (P— Q) is parallel to A'A. To the 
system (P, P') add the nul-concurrcnt 
vectors (Q— P) at A and (P— Q) or 
(Q'— P') at A', both of which act along 

AA'. The result is the system consisting of Q at A and Q' at A'. 

(Q, Q')^(P, P'). 

(l>) Suppose next that P is parallel to Q, and so all four line vectors 
are parallel (Fig. 30). At least one member of the pair (Q, Q') is such 
that P— Q+o. Let it be Q. Let a transversal meet P, P' ; Q, Q' in 
A, A' ; B, B' respectively! We are given that 

A'AAP =B'BAQ- 



Hence 



no 
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We shall now prove that (P, P') together with the reversal of (Q, Q') are 
equivalent to zero. 

For, since P— Q 4 =o, the parallel line vectors P at A and — Q at B 
possess a parallel resultant R, equal to P— Q, passing through a point O 
in the transversal such that 

OAaP- 1 -OBa(-Q)=o. 

Similarly P' or — P at A' and — Q' 
or +Q at B' possess a parallel resultant 
R'=P'— Q' = — P'rQ = — R, passing 
through a point O' in the transversal 
such that 

0'A'A(-P)-fO'B'A(+Q)=o. 

Combining the three stated equations 
we have 



(OA-1-A^V+A'0')AP-1-(OB4-BB'+B'0')/.(-Q)=o, 
or 00 'A(P-Q)=o. 

Since P— Q=to and since P— Q is not parallel to the transversal, i.e. to 
00', we have 00' = 0 . Hence R and R' are along coincident lines, and 
R-bR'=o. Hence (R,R')^o. Hence (P, P')s(Q, Q'). 

(ii) Suppose secondly that the couples are in parallel non-coincident 
planes. 

It follows from (i) that the line vectors forming a couple may be 
replaced by any pair of equal and opposite line vectors in the same plane, 
of the given moment. Let then the second couple be represented by a 
pair of line vectors (Q, Q') in the plane 
of the second couple, and parallel to 
the pair (P, P'). Let Q be that member 
of the second couple which is such that 
P — Q==o (at least one of the members 
has this property). Let a plane meet 
P, P' in A, A' and Q, Q' in B, B' (Fig. 

31 ). Then we arc given that 

A'AaP=B'BAQ. 

We shall show that (P, P') together with 
the reversal of (Q, Q') are equivalent to 
zero. The parallel line vectors P at A 
and — Q at B have a parallel resultant 
R, equal to P— Q, passing through a point O in AB such that 

OAaP i-OBA(-Q)=o. 

'I’hc parallel line vectors P' or — P at A' and — Q' or -{-Q at B have a 
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resultant R'=P'— Q' = — P 4 -Q = — R passing through a point O' in 
A'B' such that 

0 'A'A(-P)+ 0 'R'A(+Q)-o. 

Combining the three stated equations we have 

(OA+AA'+A' 0 ')AP+(OB+BB'+B' 0 ')A(-Q)=o, 
or 00 'A(P~Q)=o. 

Since P— Q=t=o and 00 ' lies in a plane meeting the four parallel line 
vectors, and so 00 ' cannot be parallel to P— Q, we must have 00 ' =0. 
Hence R and R' are along coincident lines, and so (R, R')=o. Hence 

(P, PXQ, Q')- 

The reader should regard the foregoing theorem with some surprise. 
It is by no means obvious to common sense that couples of the same 
moment in distinct (parallel) planes are equivalent. The result is, of 
course, a consequence of the definition of equivalence adopted. 

140. Addition of couples. 

Theorem : A system consisting of two couples is equivalent to a 
single couple, whose moment is the sum of the moments of the given 
couples. 

First, the combined system is equivalent to another couple. 

For, if the two couples are in one plane, they may be represented by 
pairs of intersecting line vectors, which combine in pairs to form a new 
couple. 

If the two couples are in distinct but parallel planes, one of the couples 
may be replaced by an equivalent couple in the plane of the other couple, 
and the members combined in pairs as above. 

If the two couples are not copianar, let their planes meet in a line 1 . 
Choose points O, O' in 1 , and replace each couple by a pair of line vectors 
at 0 and O', the pairs being in the planes of the respective couples. 'Fhe 
two line vectors (P, Q) at O have a resultant R, equal to P+Q, through O, 
and the two line vectors (P', Q') at O' have a resultant R', equal to P'-)-Q', 
or to —(P+Q), at O'. 'The system (R, R') forms a couple. 

It now follows from the fundamental theorem of § 134, since the 
resultant couple is equivalent to the system consisting of the two given 
couples, that the moment of the resultant is equal to the sum of the 
moments of the given couples. This establishes the theorem. 

It follows from the theorems of §§ 139, 140 that a couple is completely 
characterized by its moment, which is z. free vector. Its contribution to 
any system of line vectors is a pair of antiparallel line vectors that can be 
constructed arbitrarily provided they have the given moment. 

141. Reduction of any system of line vectors. 

Theorem : Any system of line vectors is equivalent to a line vector 
passing through a prescribed point and a couple. 
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Let O be the prescribed point, (P) any member of the system, A any 
point on the line of action of P (Fig. 32). Add to the system the nul- 
concurrent set (P, — P) at O. Repeat for every member (P) of the system. 
Then the system (Pj, ... Pn) is equivalent to the system consisting of a 
set of concurrent line vectors Pj, Pj, ... 

Pn at O, together with a set of couples > 

of the type — P at O, +P at A. The 
concurrent vectors P at O are equivalent 

to a single line vector at O, namely their 4 > 

resultant R=SP. The couples may be ~ 

combined into a single equivalent couple, ‘ 

of moment G equal to the vector sum of the constituent moments, 

namel}' G=SOAaP* Thus 


where 


(Pj, P2, ... Pn)s(R, G) 

R=SP, G=SOAaP 


and R passes through O. 

It should be noted that the value of R is independent of O, but the 
line vector (R) passes through O ; the value of G depends on O, but the 
couple G is a free vector. 

142. Sufficiency of conditions of equivalence. We can now establish 
the converse of the theorem of § 134. 

Theorem : If two systems of line vectors (P), (Q) are such that 

SP= 2 Q, 


2 rAP=SrAQ, 

where r is the position vector, reckoned from a fi.xed point O, of a typical 
point on any line vector, then 

(P)-(Q)- 

For, let (P) be reduced to a line vector R at O and a couple G, (Q) to 
a line vector R' at O and a couple G'. Then, by the theorem of § 141 
and the hypotheses of the present theorem, 

R=R' 


and G=G'. 

Hence by proper choice of line vectors to represent G', (R', G') is identical 
with (R, G). But (P) has been transformed into the equivalent system 
(R, G) by the addition of appropriate nul-concurrent sets, and (Q) has 
been transformed into the equivalent system (R', G') by the addition of 
appropriate nul-concurrent sets. Hence (P) may be transformed into 
(Q) by the addition of appropriate nul-concurrent sets. Hence (P)=(Q). 

Corollary. If SP=o and SrAP=o, then R=o and G=o, and so 
(P)=o, or (P) is in equilibrium. 
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143. Reduction to different bases. When a system of line vectors (P) 
is reduced to a line vector R at O and a couple G, O is said to be the base 
point or base of the reduction. We proceed to examine the form of the 
reduction for different positions of the base point. 

Let O' be another base point, and let the system be reduced to a line 
vector R' at O' and a couple G'. Then 

R=SP, G=SOAAP, 

R'=SP, G'=SO'AaP. 

Hence R' =R, 

and G'= 2 ( 0 ' 0 + 0 A)AP 

= 0 ' 0 aSP+S 0 AAP 

= 0 ' 0 aR+G. 

Thus, as remarked above, the value of the line vector R is independent 
of O, whilst the value of the free vector G depends on O. 

We could have inferred the relation between G' and G directly from 
the equivalence of (R', G') to (R, G). For since the moments about O' 
are equal (Fig. 33), 

G'= 0 ' 0 AR-fG. 

Now consider the behaviour of G' as O' 
varies. PutOO'=ro. Then 

G'=G-roAR. 

Hence G'.R=G.R 

or, more symmetrically G'.R'=G.R. 

This shows that G.R is an invariant of the system of line vectors, possessing 
the same value for all equivalent systems. R* is another (scalar) invariant. 

As To varies, the direction of G' changes. But if G is not perpendicular 
to R, G' can never be perpendicular to R' ; for if G.R 4= o, we have always 
G'.R'4=o. 

144. Let us now inquire whether a base Tq exists such that G' is 
parallel to R. If so, we must have 

G'AR=o, 

and so (G— roAR)AR=o, 

or ToR^— R( ro -R) =RA G. 

The component of Tq along R is clearly not determined by the condition 
specified, since Tq occurs in the form Tq AR* Hence the general solution is 



Pis- 33 


ro 


RAG 

R* 


-f?R, 


where X is arbitrary. 
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The locus of O' is accordingly a straight line parallel to R (Fig. 34). 
The foot of the perpendicular from O to the locus of O' is the point 
(RAG)/R 2 . 

At any point O' on this locus, G is parallel 
to R. Let the value of G at any point O' on 
the locus be T. Then 

r =G-ro aR =G- j AR=R^. 

Thus the value of P is independent of the 
position of O' on the locus. Further r.R=G.R, 
a particular case of the invariance of G.R. 

145. Wrench. Central axis. The locus of 
O' such that G is parallel to R when O' is 
base point is called the central axis of the system. The system consisting 
of a line vector R and a couple of moment P parallel to R is called a 
zcrench. The central axis of the system consisting of a wrench is called 
simply the axis of the wrench. It follows that any system of line vectors 
is equivalent to a wrench. 

146. Pitch. If the couple P, which is parallel to R, is put equal 
to pR, then p is called the pitch of the wrench. From § 144, 



R,/>R 


P= 


G.R 
R2 ■ 


This relation may be found more directly as follows. Suppose that 
(R, G) with base O is equivalent to the wrench (R, pR), whose axis passes 
through a point O'. Then equating moments about O, 

G= 00 'AR+pR. 

Multiplying scalarly by R we have at once 

G.R=pR2, 

which determines p as above. Multiplying vectorially by R, we have 
GaR=( 00 'AR)AR= -R== 00 '+R(R.OO'). 

This gives as before 

00'=^+>R, 

which determines the axis. 

147. Uniqueness of icrench equivalent to a given system. It follows 
from the above that the reduction of a given system of line vectors to a 
wrench can be made in one and only one way. For we have found a 
unique position for the axis of the wrench and a unique pitch p. 

Alternatively, suppose that the w'rench (R, pR), with axis through 0 , 
is equivalent to the wrench (R', p'R') with axis through O'. Then since 
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the two systems are equivalent, R=R' and the moments about O are 
equal. Hence 

pR= 00 'ARH-p'R'. 

Multiplying scalarly by R we have p=p' ; and then it follows that 
00 'AR=o, i-e. 00 ' is parallel to R. Thus 0 ' is another point on the 
axis of the same wrench. - 

148. Particular cases. If the system is such that G.R=o, whilst 
|R| 4= o, then the pitch p of the equivalent wrench vanishes, and the 
system is equivalent to a single line vector R. In this case, R is called 
the resultant of the system. This usage is clearly consistent with our 
previous usage of the word in connection with a set of concurrent line 
vectors. Conversely, if the system reduces to a single line vector, then 
p=o and G.R=o. 

If the system is such that R=o, G + o, its moment about any point 
is G, and the system reduces to a couple of the same moment G whatever 
base point is chosen. Thus if the invariant G.R vanishes, and R+o, the 
system reduces to a single line vector ; if the invariant R® vanishes, it 
reduces to a couple. 

149. The tnoinent of a given system of line vectors about a given line. 
Let (P) be a given system of line vectors, equiva- 
lent to (R, G) when O is base point. Let I be a 
given line, A any point on it (Fig. 35). Then the 
moment of each member of (P) about I has been 
defined (§ 133) as the component along 1, in a 
specified sense, of the moment of the member 
about A ; the moment of the whole system (P) 
about 1 is the sum of these components. 

Let 1 have line co-ordinates (i, a) with regard to 
of (P) about 1 is equal to 

(G+AOaR).!. 

But by the definition of line co-ordinates (§ 124), 

OA=iAa'l-Xi. 

Hence the moment of (P) about 1 is 

G.i-[(iAa-f-Xi)AR].i 
=G.i-|-R.a, 

since i.a=o. 

In particular, the moment about a line (I, a) of a single line vector R 
at 0 is R.a. 

It follows from the above that if (i^, aj), . . . (15, af) are six lines such 
that the six-rowed determinant | |a, i(| obtained by taking the components 
of the a’s and the i’s in any triad does not vanish, and if the moments of 
5 






0 '^G- 


Fig- 35 
0 . Then the moment 
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(P) about these six lines vanish, then (P)=o. For we must have G=o 

il=o. ’ 

150- Vanishing of tl e moment of a given line vector about a given line. 
Since the moment of (R) at O about a line 1 , (i, a) is R.a, if R.a=o it 
follows that either lRl=o or R and a are per- 
pendicular. But a is perpendicular to the plane n 

through O and 1 (Fig. 36). Hence the line of action R ' 

of R lies in this plane through O and 1 . Hence if 

the moment of a line vector (R) about a given line J ' 

is zero, either R=o, or R meets 1 or R is parallel ^ 

to 1. 

151. Systems of three line vectors. 

Theorem : If a system of three line vectors is 
equivalent to zero, the three line vectors must be coplanar and either 
concurrent or parallel. 


For, let (P, Q, R) be the given system. Let AB be any line meeting 
(P) and (Q) in A and B. Since (P, Q, R)so, its moment about any line 
is zero. But the moments of (P) and (Q) about AB are zero. Hence the 
moment of (R) about AB is zero. Hence either R=o or (R) meets AB. 

If R=o, (P, Q)=o, and (P) and (Q) must be collinear and equal and 
opposite. 


If R#=o, (R) must meet similarly any second transversal ABj, where 
Bi is any other point on (Q). Hence (R) lies in the plane defined by A 
and (Q), and so (Q) and (R) are coplanar. It follows similarly that (P) 
lies in the plane defined by C, any point on (R), and (Q), and this plane 
contains both (Q) and (R). Hence (P), (Q) and (R) are coplanar. Let 
then (P) and (Q) meet in O. Then since (P, Q)=(— R), it follov/s that 
(R) is equal and opposite to the resultant of (P) and (Q), and so passes 
through O. But if (P) and (Q) are parallel, then since P-{-Q-rE=o, it 
follows that R is parallel to P and to Q. These are the required results. 

It should be noted that (as for any number of line vectors) the vector 
sum of three line vectors can be zero without the system formed by 


them being equivalent to zero. If P4-Q'fR=o, and (P, Q, R)=o, then 
(P, Q, R) must be equivalent to some couple G, of non-zero moment. 
For example three line vectors lying in the sides of a triangle, and propor- 
tional to the sides in order, clearly have vector sum zero, but are equivalent 
to a couple of moment perpendicular to the plane of the triangle and 
proportional to the area of the triangle. It should be noted further that 
there is a distinction between saying that three (or more) vectors are 
coplanar and saying that the three (or more) line vectors concerned are 
coplanar. Coplanarity means in the former case merely linear dependence. 

152, Reduction of a system to two line vectors. Let (P) be a given 
system of line ■vectors, 1 some given line. We establish the following 


theorem. 
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Theorem : The system (P) may in general be reduced to two line 
vectors, of which one can be ohosen so as to be along the given line 1. 

For, let the system be reduced to a line vector R at O, and a couple G. 
Let (i, a) be the line co-ordinates of the given line I with respect to O, 
and let (i', a') be the line co-ordinates of some other line 1 '. If possible, 
let the system’ be reduced to two line vectors, fi in 1 and f'i' in 1 ', Then 


we must have, by § 124, 


(R, G)H.(fi, f'i') 


fi-hf'i'=R 

fa-hf'a'=G. 

We have in effect six scalar relations, and the unknowns are also six in 
number, namely the unknowns f and f', and the four further unknowns 
comprised in i', a'. 

To solve these equations, w'e recollect that a'.i' =0. Hence 
(R-fi).(G-fa)=o, 

or, since also a.i =0, 

f_ 

“’G.i-fR.a 

This determines the value of f provided Gd-f-’R-a+o, i.e. provided the 
moment of the system about the given line is not zero (§ 149). The value 
of f' then follows from 

f'=!R-fil 

since |i'j = i ; the value of i' follows from 

f-' 

and a' follows from a'= ^ - ^, — . 

These satisfy identically a'.i'=o. Thus the solution is in general deter- 
minate, and clearly it is unique if G.i-}-R.a + o. 

Further, by using a.i=o we have as above 

G.R 


Hence 


G.i'd-R.a'’ 

i , i' R 

G.i-fR.a ■ G.i'-}-R.a'~R.G’ 
a , a' G 


and -I- 

G.i-fR.a^G.i'-fR.a' R.G 

Multiplying the respective sides of these equalities scalarly together 
we find 

i' a-bi ^>_( G>i+R-a)(G.i'-|-R.a') 

’ R.G 
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The left-hand side is the mutual moment of the two lines. Thus, if a 
system (R, G) is reduced to two line vectors, the mutual moment of the 
lines of action of these two line vectors is equal to the product of the 
moments of the system (R, G) about the two lines divided by the invariant 

R.G. 

Clearly, if G.R={=o and if G.i+R.a + o, f is non-zero and f' is non- 
zero. Hence G.i'-fR.a' =}=o. Hence i'.a-fi.a' 4=0, so that the two lines 
do not intersect. 

A pair of lines such that a given system is equivalent to line vectors 
in them is said to be a conjugate pair with respect to the given system. 

153. That the reduction of a given system to two line vectors, of which 
the line of action of one is given, is in general unique, may be proved 
otherwise as follows. If possible let the system be equivalent to "(Pi, Qj) 
and also to (Pj, Qj), of which Pj and P^ are in 1 . Then the system 
(Pi. Qi. — ^2. — Q2) is equivalent to zero. That is, (Pi— Pg, Qi, — Q2)=o. 
Hence either Pi— P2=o and (Qi)=(Q2) or Pi— P2, Qi and — Qj are 
coplanar. In that case Pi and Qi are coplanar, and the system has a single 
resultant or reduces to a couple. 

154. Nul lines. If (j, b) are the line co-ordinates of a line such that 
the moment of the system (R, G) at O about (j, b) is zero, then (j, b) is 
said to be a nul line of the system. In this case 

R.b-fG.j=o. 

If such a nul line intersects a given line (i, a) then 

i.b-l-a.j=o. 

Hence ^ (R-fi).b-l-(G-fa).j =0, 

or, in the notation of § 152, 

i'.b-}-a'.j=o. , 

Hence if a nul line intersects a given line, it intersects also its conjugate 
W’ith respect to the given system. 

This is othenvise obvious. For (R, G) may be replaced by fi in the 
given line (i, a) and f'i' in its conjugate (i', a'). Since the given line 
meets the nul line, the moment of (R, G) about the nul line is equal to 
the moment of f'i' in (i', a') about the nul line, and hence the latter 
moment is zero. Hence (£', a') meets the nul line. Thus the nul line 
meets both members of a conjugate pair. 

Let P be any point, and let the system (R, G) at O be reduced to 
(R, G') at P. If j is a unit vector in the direction of a variable line through 
P, then the moment of the system about this line is G'.j. Hence if j is 
perpendicular to G', the line will be a nul line. Hence the locus of nul 
lines through P is a plane normal to the axis of G'. This is called the 
nul plane through P. 

It follows that if 1 is now any line through P, its conjugate 1 ' must lie 
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in the nul plane of P ; for all lines through P in the plane, being nul 
lines, and meeting 1 , must meet 1 '. 

If two lines intersect, so do their conjugates. For if they intersect in 
a point P, their conjugates lie in the nul plane of P, and so intersect. 

Again, if 1 and 1' are conjugate, the nul plane of any point P on 1 passes 
through 1'. Hence as P moves along 1, the nul plane of P is the plane 
through P and 1' turning round 1'. 

155 . Let to be the position vector, with regard to O, of a point P. 
Let a given system of line vectors be reduced to (R, G) with base point O. 
Take a given unit vector i, and consider the locus of points P such that 
when the given system is reduced to (R, G') with base point P, G' is 
parallel to i. The required condition is 

G'Ai=o. 

Now G', the moment of (R, G) about P, is given by 

G'=G-roAR. 

Hence (G— roAR)Ai=o, 

or GAi+ro{R-t)— R(ro»i)=o. 

Since the component of Tq along R is clearly indeterminate, we have 


R.i 


This locus is a straight line parallel to R, i.e. to the central a.vis of the 
system and reducing to the central axis when i is parallel to R. Call this 
locus L(i). Any line intersecting L(i) and perpendicular to i is clearly 
a nul line of the system, and so the nul planes of points on L(i) are perpen- 
dicular to i. Given any plane whatever, of normal i, it will be met by 
L(i) in one point, and it is the nul plane of this point. This point is called 
the nul point of the plane. An e.xception is given by planes parallel to R ; 
for, for such planes, R.i=o, and the corresponding line is at infinity. 

If the base point O is on the central axis, then G=pR, where p is 
the pitch of the equivalent wrench. Hence the position vector Tq of any 
point on L(i) reckoned from a point on the central axis is given by 




The perpendicular distance from O to L(i) is accordingly 



i.e. this is the perpendicular distance between the central axis and L(i). 
The modulus of this vector is p tan 0, where 0 =Ri 
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The relation of L(i) to the central axis is shown in the accompanying 
diagram (Fig. 37), in which L(i) and the central axis lie in the plane of 



the paper, and i lies in a plane through L perpendicular to the plane of 
the paper, i itself making an angle 6 with L. , 

156. Expressions for the invariants R- and R.G of a system of line 
vectors. Let (Pg) be any line vector of the system, O any origin, the 
position vector with respect to 0 of any point on (Pg). Let the system 
be reduced to (R, G) when O is base point. Then 

R=SPs, 


G=SrgAP3. 

Hence R2=SPs=+2,S Pg.Pt 

s s=t=t 

and G.R-(SPg).{2rtAPt) 

S t 

= i2S(rtAPt.Ps+rsAPs.Pt) 

S t 

= i22P,APs.(rt-r.) 

S t 

= |SS(rstAP t)-Ps 

s t 

where (Fig. 38), rst=rt-rg. 

This is the sum of the mutual moments of the 
lines of action of all pairs of vectors, multiplied 
by |Pt ||Ps|- It is equal to six times the sum of 
the volumes of the tetrahedra subtended by re- 
presentations of each pair of vectors Pg, Pt, with due regard to sign. 
This sum is thus the same for all equivalent systems of line vectors. 
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157 . Joint invariants of two systems of line vectors. Consider two 
systems of line vectors, (P) and (Q), and evaluate the invariants of the 
combined system (P)+(Q). We have 

R=({P)+{Q)) =(sp+2:q).(sp+sq) 

=(SP)2+(SQ)H2(SP).(SQ). 

But (SP)" and (2Q)“ are invariants. Hence (SP).(2Q) is invariant. This 
result is obvious, and not of great interest. Consider, however, the 
invariant I =R.G of the joint system. We have 

I((P)+(Q)) =(2rAP+2rAQ).(SP+2Q) 

=I((P))+I((Q))+SS(r,APt).a+£S(r3AQs).Pt. 

St St 

But I((P)+(Q)), I((P)) and I((Q)) are invariants, the same for all equivalent 
systems. Hence so is the sum of the remaining two terms on the right- 
hand side. This sum is equal to 

2 PtAQs.(rt-rs) 

s + t 

= 2 PtAQs'fst- 

Thus the sum of the mutual tnoments of all vectors of (P) with all vectors 
of (Q) is invariant. 

158 . Two menches. We proceed to find the wrench equivalent to 
(P, pP) with axis through a point a, and (Q, qQ) with axis through a 
point b. Let the equivalent wrench be (R, wR) with axis through some 
point c. Then by the conditions of 
equivalence, 

R=P-t-Q 

and (by moments about 0 ), 

c5R-|-cAlI=pP ■I"3AP "LqQ'f'hA Q« 

Multiplying the last equation scalarly by 
R or (P+Q), we have 

«(P+Q)^=(pP-hqQ).(P-fQ)+aAP.Q 
+bAQ.P 

=pP2+qQ2+(p-[-q)P.Q 
+ [(b-a)AQ].P. 

This gives the pitch of the equivalent wrench. (The last term is the 
mutual moment of Q and P.) 

To determine the position of the axis of the equivalent wrench, -we 
can multiply the equation e.xpressing the equality of the moments 
vectorially by R, or (P+Q), when we get an equation for c. To interpret 
geometrically the resulting formula it is, however, simplest to begin by 
choosing a special origin O. Take MN (Fig. 39 ), the common perpen- 


0 



P<s- 39 
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dicular to the axes of the given wrenches, and choose an arbitrary point O 
on MN for origin. If £ is a unit vector along MN, let M be the point ^i, 
N the point 7)i. Let X (not shown in the diagram) be the foot of the 
perpendicular from O to the axis of the equivalent wrench (R, £ 5 R). 
Then the equation expressing equality of moments about O is 

£iR+OXAR=pP+qQ+?iAP+rMQ- 

But by construction i,P=o, i.Q=o and so i.R=o. Hence, multiplying 
the last equation scalarly by i, we have 

OXAR.i=o. 

Hence OX, R and £ are coplanar (free) vectors, and moreover OX is 
perpendicular to the axis of the equivalent wrench, i.e. to R. But £ is 
perpendicular to R. Hence OX and £ are parallel. Hence X lies in MN. 
Thus the axis of the equivalent wrench intersects MN, and is, of course, 
perpendicular to it. 

If, now, OX=x£, we have on multiplying the equation of moments 
vectorially by R, i.e. by (P-f-Q), 

(xiAR)AR=(pP+qQ)A(P+Q)+(iA(^P+T)Q))A(P+Q), 

or, since i.P=o, i.Q=:o, i.R=o, 


-xR=‘i=(p-q)(PAQ)-i[(P+Q).(y>+7)Q)]. 
Multiplying scalarly by £, 


(P+Q).(gP+r,Q)-(p-q)PAQ.i 

(P + Q)2 


which determines the point X in which the axis of the equivalent wrench 
meets MN. The pitch of the equivalent wrench follows as before by 
scalar multiplication of the equation of moments by R, when we get 

_ _(pP+qQ).(P+Q)+(^-vj)i.PAQ 
“ (P+Q)== 


That the axis of the equivalent wrench meets MN is easily seen 
directly. For MN is a nul line of the system, and it is perpendicular to 
the couple £SR. Hence the line vector (R), having zero moment about it, 
must intersect it. 

If the given wrenches reduce to t%vo given forces, so that p=o, q=o, 
then 


Hence 


(P+Q).(P»+r,Q) 

(P+Q)== ■ 

x-5 (-o-^)Q.(Q+P) Q.(Q+P) 
■/)-x“(-/j-H)P.(Q+P) P.(Q+P)‘ 
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This gives the ratio in which the axis of the wrench equivalent to two 
line vectors divides their common perpendicular (Cambridge, Math. 
Trip. I, 1934). 

Example (1). Find the line co-ordinates (i, a) of the central axis of 
the system (R, G) with base point the origin O. 

We have seen that the central axis has for equation 


RAG 

R=“ 




Hence i==R/|R|. 

The above locus must be the same as the locus 


r=iAa-i-ti, 


(a.i==o). 


Hence values of X, t exist such that 


Rag , RAa 



To eliminate X and t and at the same time solve for a, multiply vectorially 
by R. Since a.R=o we get 


(Rag)ar R® 

R 2 |R 1 ’ 


or 


G ^G.R 
^ IRl |R 1 ^' 


Example (2). Two systems of line vectors are equivalent to (R, G) 
and (R', G') respectively, when O is base point. Show that the condition 
that the axes of the equivalent wrenches intersect is 


G'.R-|-G.R' =:(R.R')(p-t-p'), 


where p, p' are their pitches. 

The equations of the central axes of the systems are 


r 


_RAG 

R2 


r'-R'AG' 

R'2 


X'R'. 


These intersect if values of X, X' can be found so that r and r' coincide, 
i.e. so that 


rag , R'AG' 


This condition is equivalent to three scalar relations, and there are two 
unknowns X and X'. To eliminate X and X' simultaneously, multiply 
scalarly by RAR^ We get 

(GAR).(RAR') (G'AR').(R'AR) 

R2 + R/2 
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Evaluating the triple products %ve have 

(GAR).(R/,R') =G.(RA(RaR')) =-R=(G Jl')-r(R.R')(G-R). 
CG 7 >R').(R'AR) =G'.(R'A(R'AR)) = -R'==(G'.R)+(R.R')(G'JI')- 

The relation obtained then gives 

G.R'-fG'.R=(R.R')j^™-i-^^'j 


=(R.IL')(p-^p'). 

Exaviph (3). (Lamb, H.M.)* Prove that a system of line vectors 
may be in general reduced to two line vectors, one of which passes through 
a given point whilst the other lies in a given plane. 

Let O be the given point, - the given plane. Let the nul plane of the 
system at O meet n in a line 1 . Reduce the sj'stem to a line vector in 1 
and a second line vector, say in 1 '. Then every line through 0 in the 
nul plane is a nul line, and it meets I. Hence it meets the line conjugate 
to 1 , namely V. Hence either V passes through O or it lies in the plane 
of O and 1 . Thus the system has been reduced to Avo line vectors, in 
1 and 1', of which 1 lies in the given plane and 1' either passes through 0 
or lies in the plane of O and I. In the latter case, the given system reduces 
to a single resultant. 

The whole point of the vector calculus is, however, that it affords an 
analytical method of solving problems of the above type, just as co-ordinate 
geometry affords an analytical method of solving problems of pure 
geometry. To construct a vectorial proof, take the given point 0 as 
origin, and let the given plane have for equation 


r=a-rxi+yj 


(a.i=o, a.j=o) 


where r is the position vector of an arbitraiy point in the plane, i and j 
unit vectors parallel to the plane, and x, y parameters. Let the given 
system be equivalent to (R, G) when O is base point. We attempt to 
determine a line vector (P) through O and a line vector (Q) in the plane 
such that (P, Q)==(R, G). Let (x', y') be a point on (Q) ; we shall have, 
since (Q) is in the plane, Q.a=o. The sj’stems will be equivalent if 

R=P-fQ, 


G=(a-fx'i-fy'j)AQ- 

To solve the latter equation for Q, multiply vectorially by a. We get 

GAa=a“Q, 

which determines Q. Then P=R — (GAaj/a-. hlultiplying the equation 
of moments scalarly by a, we find 

G.a = -x''(G.i)-y'(G.j) 

and this linear relation between x' and y' determines the position of (Q) 
in the plane. The equation of moments, being equivalent to three scalar 
* The reference is to Lamb’s Higher Mechanics. 
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relations, has now been fully used, the remaining two relations having 
contributed to the evaluation of Q, which had two unknowns in it since 
Q.a=o. The reduction is therefore accomplished. 

Example (4). {H. M.) If a system consists of three couples of scalar 
moments L, M, N in three (oblique) co-ordinate planes, and a, p, y 
the angles between the axes, show that the plane of the resultant couple 
has for equation 

Lx , My Nz 

+ = 0 - 

Sin a sm p sin y 

For, if i, j, k are unit vectors in the axes of co-ordinates, the couples 
have vector moments 

lJ^, n4^. 

sin a sin p sin y 

The moment of the equivalent couple is the vector sum of these. The 
line joining the origin to the point xi-j-yj-t-zk will accordingly be perpen- 
dicular to the axis of the equivalent couple if 

(xi+yj+zk).(sL 4 A^) =0, 

V sin a/ 

or, since iAj.k+o, if 



sin a 


This is therefore the equation of a plane through the origin in the plane 
of the resultant couple. 

Example (5). (Appel, Mec. Rat. I.) (P) is a system of line vectors 
equivalent to zero, Mj, Mj, ... are the moments of a second system (Q) 
about the lines of action of the 'members (Pj), (Po), ... of (P). Prove that 

S|P,1M3=o. 

For, if r3t is the vector joining given points on the lines of action of 
(PJ and (Qt), then 

lP,lM3=P3.2(r3tAQt). 

t 

Hence S |Ps IM^ =S 2 Ps.(rstAQt) = 2 SQt.(r,sAPs) 

S St t s 

=2Qt.2(rtsAPs)=o. 

t S 

since SttsAPs =0, (P) being equivalent to zero. 

S 

Example (6). (Cambridge, Intercoll., 1923.) A system of line vectors 
is equivalent to a line vector R at a variable point P of a given plane, and 
an associated couple G(P). A line PP' is constructed to represent the 
vector G(P). Prove that the locus of P' is a plane. 

Let the given plane be r=xi-(-yj, referred to an origin O in itself 
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and a pair of unit vectors ijj, and let (R, F) be the system when 0 is base 
point. If r is the position vector of P with respect to O, 


G(P)==r-rAR 

and P' will have position vector r', where 
r'=r+>.G(P) 

=xi4-yj-|-X[r— (xi+yj)AR] 

=>I’+x(i— XiAR)+y0‘— >jAR). 

This is a plane parallel to the fixed vectors i— >iAr> j— >jAR| and passing 
through the fixed point XT. 

Example ( 7 ). (Routh, Statics.) A set of line vectors have representar 
tions AjA'j, AjA'j, ... and G, G' are the centres of mass of equal particles 
at Aj, Aj, ..., A'j, A' 2 , ..., respectively. Prove that the central axis of the 
system is parallel to GG'. Also, if the line vectors meet any plane perpen- 
dicular to GG' in Bj, B 2 , ... prove that the central axis meets this plane 
in D, where D is the centre of mass of particles at Bj, Bj, ... whose masses 
are proportional to the resolved parts of the line vectors parallel to GG'. 

For, let R be the vector sum of the line vectors AjA'j, .... Then if 
O is any origin, 

R =SAA' =S(OA'-OA) =nOG' -nOG 
=nGG', 

where n is the number of line vectors in the system. 

For the second part, take a unit vector i normal to the plane, and 
unit vectors j, k in the plane. Take D as origin, the point of intersection 
of the central axis with the plane, and put 

DBs=Xsj+ysk. 

Then if pi is the couple of the equivalent wrench, 

pi =:Z(Xsj-l-y5k)AAsA's. 


Multiplying vectorially by i, since i.j=o=i.k, we get 

^(xsj+ysk)(AsA's.i) = 0 . 

S 

Hence the origin D is the centre of mass of particles of masses AsA'j.i 
at points Bg. 

Example ( 8 ). Line vectors pass through the vertices of a tetrahedron, 
and are proportional to the opposite faces, with senses outwards. Prove 
that they form a system equivalent to zero. 

Let O, A, B, C be the vertices of the tetrahedron. The line vectors are 

at O, the vector ABAAC ; at A, the vector OCaOB ; 
at B, the vector OAaOC ; at C the vector OBaOA. 
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The vector sum of these has been shown to be identically zero in § 36. 
The moment of the line vectors about O is 

ZOAa(OCaOB). 

Expanding by the continued vector product theorem, we find this to be 
identically zero. Hence the given system is equivalent to zero. 

Example (9). If the line vectors in the preceding example act at the 
centroids of the faces, they again form a system equivalent to zero. 

For, the line vectors are now 


at^(OA+OB+OC) 
at ^(OB+OC), 
at J(OC-f-OA), 
at ■J(OA+OB), 


the vector ABaAC ; 
the vector OCaOB ; 
the vector OAaOC ; 
the vector OBaOA. 


The vector sum is zero as before. The moment about O is 
J(OA+OB+OC)A[(OB-OA)A(OC-OA)]+1 ^S^(OB+OC)A(OCaOB) 

Put X=J(0A+0B+0C). 

Then the moment is 


XA [(OBA OC)+(OAA OB) +(OCa OA)] ^(X- J 0A)A (OCA OB) 

which vanishes identically. 

Example (10). Three straight lines are parallel to a plane. Prove 
that any straight line which meets them is parallel to a fixed plane. 

Since the three given lines are parallel to a plane, any three free vectors 
in them are coplanar, and so linearly dependent, and we can choose line 
vectors (X), (Y), (Z) in them so that X+Y-]-Z=o. Let 1 be any line 
meeting (X), (Y), (Z). Then the moment of (X, Y, Z) about 1 is zero. 
But since X-}-Y+Z=o, (X, Y, Z)=G, where G is a couple. Hence 1 is 
perpendicular to the axis of G, and so parallel to the plane of G, which is 
a fixed plane. 

Example (i i). {H. M.) Line vectors Xi, Yj, Zk act in non-intersecting 
edges of a rectangular parallelepiped, the corresponding edges being of 
lengths a, b, c. Prove that they are equivalent to a single line vector if 


a b c 
X+Y+Z=°' 


The three vectors may be taken to act as follows : 

at bj, the vector Xi ; at ck, the vector Yj ; at ai, the vector Zk ; 

(the position vectors being taken with respect to an origin at a vertex not 
lying on one of the given line vectors). If the system is equivalent to 
(R, G) with the origin as base point, then 

R=Xi-l-Yj-t-Zk, 
G=bX(jAi)+cY{kAj)-faZ(iAk). 
or G = -(bXk+cYi-faZj). 
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We note that R 4=0, G o. Hence the system will reduce to a single line 
vector if G.R=:o, i.e. if 

(Xi+Yj +Zk).(bXk+cYi+aZj) =0, 

i.e. provided cXY+aYZ-fbZX=o. 

This is the required condition. 

Example (12). Prove that the mid-points of the diagonals of a complete 
plane quadrilateral are collinear. 

With the notation of the figure (Fig. ^ 

40), let L be the mid-point of AC, M of 
BD, N of EF. Consider the system of 
line vectors consisting of AB, AD, CB, CD. 

Then 

AB -fAD -f- CB + CD ^2 AM +2CM, 
and so the system is equivalent to a single 

line vector passing through M. Similarly ^ u , h 

it is equivalent to a single line vector pass- pig_ 40 

ing through L. But 

AB+AC-hCB-f-CD=(AE-l-EB)-t-(AF+FD)+(CF-l-FB)+(CE-f-ED) 
s(AE-(-AF)-l-(CE-fCF)+(EB-fFB) 4 -(FD+ED) 
=2AN 4-2CN -I-2NB 4-2ND. 



Hence the system is equivalent to a line vector through N. Hence the 
system is equivalent to a single line vector through L, M, N, which are 
therefore collinear. 

Example (13). Astatic centre. A system of coplanar line vectors is 
given. A fixed point is taken on the line of action of each line vector, 
and the line vectors are turned about these points, in their plane, through 
an angle 6 the same for all the vectors. Show that as 0 varies, the resultant 
passes through a fixed point, and determine its position. 

Let (P) be a typical member of the system, p the position vector of 
the fixed point on (P). Let i be a unit vector normal to the plane. Then 
(P), on rotation through 0 , becomes (P'), where 
P'=P cos 0 -l-(iAP) sin 0 . 


The system, being coplanar, reduces to a single resultant or to a couple. 
Let it reduce to a single resultant (R), which becomes (R') after the 
process described. Then by the conditions of equivalence 

SP'=R', SpAP'=rAR', 

where r is the position vector of any point on (R’). We want to show 
that it is possible to choose r independent of 0 . The stated conditions 
of equivalence give 

cos 0S(pAP)+sin 0SpA(iAP)=cos 0 rAXP -j-sin 0 rA(iAXP). 
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,This will be satisfied identically for all G provided we can find an r satisfying 
the two relations 

rASP=S(pAP), 
rA (i ASP) =SpA (i AP). 

Since i is perpendicular to all the other vectors concerned, the continued 
vector product theorem gives for the latter relation 

t.EP=- 2 (p.P). 

Multiplying the former relation vectorially by SP and using the last 
relation we get 

^_(SP)(Ep.P)+(EP)AS(pAP) 

(SP)2 

This may be written 

^_Ra-l-RAG 

R2 ' 


where G=S(pAP) is the moment of the system about the origin, and 
a =Sp.P is the virial of the system with respect to O. 

If R =SP =0, then SP' =0 and the system reduces to a couple for all 0 . 
If G' is the moment of this couple when the angle of rotation is 0 , then 

G'=SpAP'=cos OSpAP+sin OSpA(iAP) 

=G cos 0 +a sin 0 i. 

There is now one value of G (or tt+O) for which G'=o, i.e. for which the 
system is equivalent to zero. 

Example (14), If four line vectors are equivalent to zero, the invariant 
I (=G.R) of any two of them equals the invariant I of the other two ; 
and the invariant I of any three is zero. 

Example (15). A system of line vectors is replaced by three line 
vectors (P), (Q), (R) acting at three, given points A, B, C, the line of 
action of (P) being given. Show that P is fixed in magnitude, and that 
the lines of action of (Q) and (R) lie in fi.xed planes. 

Let a, b, c be the position vectors of A, B, C respectively. Let i be 
a unit vector in the given line of action of (P), and put P =fi. Since C is 
a fixed point, the moment of the system about C is fixed. Hence 

(b— c)AQ+(a— c)Afi=const. vector. 

Multiply scalarly by (b— c). Then 

f(b — c).(a — c) A i = const. 

Hence f= const. 

Hence (b— c)AQ=const. vector 

or Q=const. vector-}- X(b—c). 

This shows that the line of action of Q lies in a fixed plane. 
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Example (i6). If a system of line vectors has each of the six edges of 
a given tetrahedron for a nul line, the system is equivalent to zero. 

Let OABC be the tetrahedron, ai, bj, dc the position vectors of A, B, C 
with respect to O (i, j, k being unit vectors). Let the sj-stem be equivalent 
to R at O and a couple G. Since the moments about OA, OB, OG are 
zero, we have 

G.i=o, G.j=o, G.k=o, 

and hence, i, j, k being linearly independent, we must have G=o. But 
the moment of the sj'stem about EC is also zero. Hence 

— bjAlL(ck— bj) =o 

or (jAk),R=o, 

Similarly {k/i).R=o, (iAj).R=o. 

But jAk, k/.i, iAj are linearly independent. Hence R=o, 

Example ( 17 ), (Cf, H. M.) Line vectors /.OA, pOE, vOC act in the 
edges OA, OB, OC of a tetrahedron O.AEC ; and line vectors /.'BC, 
p'CA, ‘/AB act in the edges BC, CA, AB, Prove that they reduce to a 
single line vector or to a couple provided that 

) j.' -hpa'-hv/ =0, 

and find the further conditions that they reduce to a couple. 

The invariant I of the system, obtained by taking the sum of the 
%'plumes of the tetrahedra subtended by the diiterent pair of vectors is 
clearly 

i(?./.'4-pa'*l-v/)x6 vol (OASq. 

Hence the given condition implies I=o. The result follows. 

Now suppose that the system reduces to (R, G) with base point O. 
Then 

R=£>.OA^S/.'BC =£{/.4-p' -v')OA, 
G=£OB/,>/{OC-OB) =L//OBaOC. 

Hence necessary' conditions for R=o are 

A-fa'— ■/=o, p-fv'— v-f/.'— p'=o, 

which imply in turn 

/,-ra-7-v=o, /A'-f-up'-f-v/=o, 

The geometrical meaning of is that the vector sum of the 

vectors at O is parallel to the plane .ABC. Hence if the vector sums at 
any three of the four vertices are parallel to the opposite faces, the system 
reduces to a couple ; and conversely. If S/J.' =0 but not all of the three 
additional conditions are satisfied, the system reduces to a single line 
vector. 
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Example (18). Three line vectors (X), (Y), (Z) are given ; a common 
transversal meets their lines of action in A, B, C. Show that if 

SBC(YAZ.i)=:o, 

where i is a unit vector along the transversal and BC, CA, AB are scalars 
with their proper signs, then the system can be reduced to a line vector 
along the common transversal and another line vector. 

Take an origin 0 on the transversal, and let xi, yi, zi be the position 
vectors of A, B, C. The system will be equivalent to a line vector fi in 
the transversal and a line vector gj in a line of line co-ordinates (j, b) 
provided that 

fi-f-gj=x-t-y-fz 

and gb=iA(xX-|-yY 4 -zZ). 

The line co-ordinates (j, b) must satisfy 

j.b=o. 

Substituting for b and j from the conditions of equivalence we get 
(X-l-Y-f Z-fi).(iA(xX+yY-f zZ)) =0, 
or SiA(yY-hzZ).X=o, 

or Si.[z(ZAX)-y(XAY) 3 =o, 

or S(i.YAZ)(y— z)=o. 

If this condition of consistency is satisfied, the six unknowns corresponding 
to j, b and f, g are determinate. 

Example (19). Unit vectors i, j, k form a positive orthogonal triad, 
and lines parallel to i, j, k pass through points of position vectors pj-j-yk, 
yk-j-ai, oi-f-pj respectively. Show that their line co-ordinates are 

(i, — pk-fyj), (j, — yi+cck), (k, — 

Deduce that they intersect in pairs, and illustrate with a figure (a>-o, 
P> 0, y> o). Obtain the line co-ordinates of lines parallel to i, j, k through 
points of position vectors pj— yk, yk— ai, «i— pj, and show that they 
form a non-intersecting set. If line vectors (Xi), (Yj), (Zk) act along 
the members of the non-intersecting set, reduce them to (R, G) with 
base point O, and evaluate G.R and GaR* Determine the line co- 
ordinates of the axis of the equivalent wrench. 

(The above examples have been selected to illustrate the variety of 
problem that may be treated by vector methods, and the power of the 
vector calculus in solving them. The reader is recommended to try 
other problems out of current textbooks and examination papers.) 



CHAPTER VII 


STATICS OF Rigid bodies 

159. Forces as -Lectors. It is possible to introduce the entity know-n 
in mechanics as a force either conceptually or as derh’ed from kinematic 
experiments. "^Mjen tve come to discuss the foundations of djmamics, 
the latter procedure can be adopted. Here, to discuss the equilibrium of 
a body or of systems of bodies, it is sufficient to introduce force as an 
undefined concept, i.e. one understood by the reader. In accordance 
•with this concept, a force is described by its magnitude, direction and 
point of application. Further, it is supposed to ' act on ’ the particle, or 
small element of matter, at its point of application. A force acting on a 
particle P may then be represented by a position vector R assodated wdth 
the point P. 

For the purposes of statics it is then suffident to assume as an experi- 
mental fact that a particle of matter is in equilibrium when the %'cctor 
sum of the vectors representing the forces acting on it is zero, and con- 
versely, that when the vector sum of the force vectors is zero, the particle 
is in equilibrium. 

160. Measorentmt of force. The above statements do not become 
predse, in the positivist sense, until methods are stated for measuring 
forces. For the purposes of statics, force-measurement may be supposed 
to be based on gravitational attraction. 

Let a standard volume of a standard material under standard conditions 
be talien as the unit of mass. Then m such standard spedmens are said 
to have mass m. \^Tien m is an integer, this involves the judgment that 
the spedmens are ‘ equal,’ the judgment being made on the basis of 
length measures, here assumed defined already. It is supposed that 
tests of congruence have been formed, and that by the employment of , 
‘ dividers,’ i.e. superposable rigid length measures, given lengths may be 
subdivided into aliquot parts. This permits the evaluation of mass 
measures of spedmens of the standard substance when m is not an integer. 

Let then a mass m of standard substance be placed in the pan of a 
spring-balance, which is then allowed to come to equilibrium in a given 
gravitational field, for example the earth’s field at a given place at a given 
hdght above the ground. I..et d be the resulting deflection recorded by 
the spring-balance. Then if a certain quantity of some other substance, 
placed in the same pan of the same spring-balance under the same circum- 
stances and allowed to come to equilibrium, gives the same deflection d, 
it is said to have the same mass m. 
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The ‘ external ’ forces acting on the two substances are then said to 
be equal, and each equal to mg, where g is a certain multiplier. From 
Galileo’s experiments on falling bodies, and from countless more accurate 
experimenrs, that two specimens of equal mass m undergo equal downward 
constant accelerations when released at a given place in the earth’s field, 
so as to fall freely, an acceleration which is independent of the value of m. 
The number chosen for g is the value of this constant acceleration. But 
for the purposes of statics the value chosen for g (at any fixed place) is 
immaterial. The quantity mg is called the weight of the body of mass m. 

It is an experimental fact that if two masses are equal, as judged by the 
same spring-balance at a given place, then they are also equal as judged 
by any other spring-balance at any other place, although the values of g 
may be different. The verification ,of this fact involves the immediate 
judgment (comparable to that involved in the congruence of rigid length 
measures under transportation) that the two specimens of matter have 
not undergone any relevant alterations in the course of transport to the 
new place ; for example, that no evaporation has occurred. 

If the same spring-balance, supporting the same quantity of the given 
material, is moved to a different position on the earth, its deflection may 
alter. Let the original deflection be restored by changing the mass of 
material supported, increasing or decreasing it by a known amount 
measured as above. Then, if we make an immediate judgment that no 
relevant change has occurred in the spring-balance, the latter is said to 
be exerting the same force F as before. Let m' be the new mass. Then 
if we put 

F=mg=m'g', 

it is an experimental fact that g' is equal to the acceleration under gravity 
at the new place. It then follows, in accordance with our definition of 
force, that the force exerted by the spring-balance on the original mass 
was F'=mg'. The facts expressed in the equations F=mg, F'=mg' are 
usually stated in the form that inertial and gravitational mass are equal. 
But the use here of the word ‘ inertial ’ indicates that other, dynamical 
considerations have gone towards the framing of the assertion. These 
are irrelevant to statics. 

The ideal experiments above described enable us to assign a numerical 
value to the force exerted by the spring-balance for any deflection d, 
each deflection d corresponding to some mass m and a force F=mg. At 
any other place the spring-balance may be supposed to exert a force 
.given by its reading, so that the spring-balance may be taken to provide 
a transportable scale of force.* 

The direction of the force corresponding to the earth’s pull on a given 
particle of matter is taken to be the direction of a fine string supporting 

* In principle, corrections may ultimately have to be applied to allow for the possibly 
varying action of gravity on the scale-pan itself. 
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the particle. Later dynamical considerations distinguish between the 
gravitational pull of the earth and the resultant pull when the latter is 
corrected for the ‘ centrifugal ’ force associated with the earth’s rotation. . 
But these considerations are irrelevant to the formulation of statics. The 
direction of the force exerted by the spring-balance on the material it 
supports is defined to be the opposite of the downward direction of a 
fine string supporting a particle at the same locality. This direction may 
then be related to a frame of reference fixed with regard to the spring-, 
balance itself, and this allows us to assign a direction to the force exerted by 
the spring-balance when placed in other orientations relative to the earth. 

The orientation and deflection of a spring-balance now provide a 
measure of the direction and magnitude of the force it exerts under any 
circumstances. Such a force may be described by a line vector, which 
‘ acts on ’ the particle exposed to the force. 

It is now found that if a particle of material is maintained in equilibrium 
under the action of a number of spring-balances, differently inclined to 
one another, then the corresponding vectors have a vector sum zero. 
Any sub-set of these vectors has accordingly a vector sum equal and 
opposite to the vector sum of the remainder. Either of these is said to 
measure the resultant force exerted on the particle by the corresponding 
sub-set. 

i6i. Reactions. A particle of matter is usually part of a systena of 
bodies, and it may be acted on by forces other than those arising from the 
action of the earth’s pull or of applied spring-balances. For example, 
forces may arise from contacts with other particles, or from contiguous 
elements of material. Such indeed occur in the very use of a Spring- 
balance itself, as we see when we analyse it into its constituent actions : 
.for example, there are the force exerted by the scale-pan on the material 
particle it supports, and the force exerted by the suspension on the scale- 
pan. The existence of such forces may be recognized by verifying that 
the forces which can be identified as ‘ external ’ do not possess a vector 
sum equal to zero, even though the particle is in equilibrium. These 
other forces are called reactions. It is reasonable to suppose that reactions 
thus detected when combined with the external forces acting on the 
particle amount to vector sum zero. This can be verified experimentally 
in circumstances in which it is possible to replace such an internal action 
by an external, measurable force. It is found, however, that if we introduce 
a force R to represent the forces arising from a set of contacts of other 
bodies on a given particle, then the equilibrium of other portions of the 
system requires the introduction of another set of forces equivalent to a 
resultant — R acting on these other bodies. 

This is the content of Newton’s ‘ Third Law,’ that action and reaction 
are equal and opposite. It is regarded above as a fact capable of experi- 
mental verification. But when statics is regarded as a particular case of 
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dynamics, the third law may be introduced in a different way, as an axiom 
equivalent to a definition of the equality of two forces. This other method 
of introducing the third law, due to Mach, is perhaps logically preferable. 
But if, as here, we wish to treat statics as a separate subject, and thereby 
introduce an independent measure of force like a spring-balance, we are 
compelled to regard the law of equality of action and reaction as a verifiable 
statement. In any analysis of reality in terms of propositions, it is to a 
certain extent arbitrary how many of the propositions are statements 
defining certain entities, and how many of them are statements of properties 
the verification of which in nature permits the recognition in nature of 
objects corresponding to the entities so defined. 

The choice of a direction for a particular action or reaction depends 
on the circumstances. The actions inside a stressed solid are analysed 
in the most general way into forces per unit area of an arbitrary plane. 
The action of a smooth surface on a particle in contact with it is taken to 
be normal to the surface at tlie point concerned. The action of a rough 
surface is analysed into the action the surface would exert if smooth, 
together with a frictional action opposite to the direction of the initial 
motion which would ensue if the surface were replaced by a smooth one. 
The action between contiguous portions of a string is taken to be in the 
direction of the tangent to the string. 

162. The justification of these statements may be supposed to be either 
experimental (as relating to tire actual apparatus concerned) or as part 
of the definition of the apparatus regarded as an abstraction. It perhaps 
hardly needs to be stated that the whole of the applications of theoretical 
mechanics may be regarded as approximations close to what is actually 
realized in nature and the external world, or as exact results referring to 
idealizations or abstractions, representing (or standing for) the actual 
occurrences in nature. In theoretical mechanics we emphasize the 
abstract side ; the problems investigJited usually refer to conventional 
objects, such as ' smooth ’ joints and surfaces, ‘ inextensible,’ ‘ mass-less ’ 
strings, and ‘ rigid ’ bodies. Each successive branch of mechanics — 
elasticity, hydrostatics, hydrodynamics of frictionless fluids, hydro- 
dynamics of viscous fluids — is an attempt to treat with increased 
approximation the facts of nature. 

163. Statics of a system of particles. Let the forces on any particle P 
of the system be divided into internal and external forces, the internal 
ones being reactions between different members of the system. Let F; 
be a typical internal force, Fe a typical external force, on a particle P of 
the system. Then, for each particle, by the principle already enunciated, 

SFi+SFe=o. 

Hence for the sum over all the particles of the system, 

S(SFi+SFe)=o. 
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But the internal forces occur in sets represented by equal and opposite 
vector sums. Hence 

B(SF,-)=o. 

1* 

Hence ^F^)=:0. 

Further, if rp is the position vector of P, 
rpA{5:Fj-h2:Fc)=o. 

Hence, summing over all the particles of the system, 
S(rpA2Fi)-fr(rpA2:Fe)=o. 

But the internal forces Fj form a s}-stcm of line vectors equivalent to 
zero. Hence (§ 134), 

Z(rpAZFj)=o. 

Hence Bfrp/jBFe) =o* 

The latter may now be v, ritten concisely as 

BtAFc =0, 

•where r is the position vector of the point of application of each external 
force Fg. The former of the two conditions may similarly be written 

SFc=o. 

These tv/o conditions are necessary conditions for the equilibrium of 
2 system of particles under external forces. Thej' imply that the system 
of external forces is equivalent to zero. They are not, of course, sufficient 
conditions. 

The same relations hold good for any portion of the system considered 
by itself ; ,but some of the forces previously considered as internal may 
now have to be considered as external. 

164. Statics of a rigid body, A rigid body is defined as a collection 
of particles whose mutual distances are invariable. Ibis definition 
involves, as a prior concept, the concept of the rigid transportable length- 
scale, A force applied to particle of the body is said to be applied to 
the body at that point. By § 161, it is necessary that if a rigid body is in 
equilibrium, the system of external forces be equivalent to zero. This 
condition can be seen also to be sufficient if we introduce as an additional 
property of a rigid body the foUo'^ving axiom. 

Tko equal and opjposite forces, applied to a rigid body in equilibrium, 
do not disturb its eqidlibrium. 

This axiom is sometimes called the Principle of the TransmissibUiiy 
offeree. 

Applying this axiom, we can now suppress or add pairs of forces, 
equal and opposite, without disturbing the equilibrium of the rigid body. 
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We can also suppress or add any nul-concurrent systems of forces in the 
same way. We can therefore move the point of application of any 
external force to any other point in its line of action without affecting 
the equilibrium, for this is accomplished by introducing a suitable pair 
of equal and opposite forces. It follows that only the line of action and 
the magnitude of each force are relevant to the equilibrium of the rigid 
body on which it acts ; its point of application is irrelevant. Hence, as 
far as concerns the equilibrium of a rigid body subject to a system of 
e.xternal forces, the given system may be represented by any system of 
line vectors equivalent to the given system, in the sense of Chapter VI. 

A rigid body is now in equilibrium if the system of line vectors repre- 
senting the forces acting on it is equivalent to zero. For, if so, we may 
introduce such nul-concurrent sets of forces as will ensure that each 
particle of the rigid body is acted on by a nul-concurrent set, and so is in 
equilibrium. The whole body is therefore in equilibrium. 

In the course of suppressing or adding nul-concurrent sets of forces, 
we, of course, alter the internal actions. 

The principle of the transmissibility of force may be considered either 
as an experimental law, approximately obeyed by bodies considered as 
rigid, or as an additional property defined to be possessed by a rigid body. 
In the latter case its verification allows the recognition in nature of the 
occurrence of entities realizing the abstract notion of a rigid body. 

If a system of rigid bodies is in equilibrium, it must be possible to 
introduce such action and reactions bettveen them as will satisfy the 
conditions of equilibrium for each rigid body separately. 

165. Applications, The conditions of equilibrium of each rigid body 
occur in the form of two vector equations, which express the fact that the 
systems of line vectors representing the forces are equivalent to zero. 

In treatises on statics, it is usually recommended that unknown forces 
such as reactions be eliminated by taking moments about suitable lines. 
In practice, whilst it is often clear that a number of forces in which we 
are not interested act through the same point, it is by no means obvious 
about which lines moments should be taken. Further, the mental labour 
of taking moments about chosen lines in three-dimensional situations is 
often serious. It is therefore often preferable to write down the vector 
equation of moments about one or more suitable points, and then derive 
scalar relations from them by suitable choice of scalar multiplication. 
The statical facts are thus written down compactly in two vector state- 
ments, and the subsequent manipulation is only a question of vector 
algebra ; the required operations are suggested by the forms of the 
vector equations. Awkward mental operations are tlius avoided, and no 
a priori decision is required as to what co-ordinate S3'stem is to be adopted, 
as is the case in the traditional method of solution of three-dimensional 
statical problems. In effect, vector methods permit the use of oblique 
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s}'stcTTi2 of axes, if required, tht sarnc ease as-orthogor^I se<i-m.r • 
for Tre can choose primitive vectorB in anv convenient directions. 

'^'ector methods are less apprcnriate for tn-o-dimensional stanca! 
prohlems, though they can altvays he employed in rcch comer:.’; bv 
introducing a unit vector normal to the plane. In three-dimen?iorn! 
problem.;, vector methods often give the solution vdth the minimum o: 
mental strain, with little demand on spatial intuition, and -mthout 
the necessirv of spedzt care in determining the senses of turning 
moments. 

The object of a m.athematicai technique, apart from its anthetfc 
beauty, is to save labour, to avoid the rish of error and t.o minimize 
mental strain. The follon-ing examples vvill illustrate the.se points. 

Excrnple{x). The line of hinges 
of a uniform recta.ngular door mahes 
an angle e rtith the vertical, the 
upper hinge overhanging the lower 
one. If the door is opened an angle 
ft, show that the couple necessary to 
maintain it in this posiuon is Wa 
sin a sin &, where Yi h the weight 
of the door, a the distance of the 
centre of mass from the line of 
hinges. Dis-cuss the couple exerted 
by the rezedoTiS at the hinges about 
tne mid-poLnt of the line of hinges. 

Let O (Fig. 41) be the mid- 
point of the line of hinges, A the 
mass-centre of the opened door. 

Talre a unit vector z vertically 
upwards, a unit vector i in the line of hinges (upwards) and a unit vector 
j perpendicular to i in the plane of the urj-jpened door, drawn from O to- 
wards the undisplaced position of A. Put k=i.' J. 

Let the reactions of the hinges together w:th the zpphed external 
couole be eouivalent to a force R at O together with a couple G. The 
position vector of A with respect to O is a(j cos 5 -rk s:n 6), where 0 .\ =a. 
'fhe moment of the weight — V/z about O is thus a.fj cos O-7-k Gj ' 
(—Viz). Hence the equation of moments about O is 

G-rafj cos G-rit sin &)/,(-— Vrz)=rO. 

But z=i cos X— j sin x. 

Hence G— aVT-i ccs G cos a-j cin G cos z-f i sin G sin 2) =0. 

This gives the components of G along tne directions of i, j, k. 

The reactions of the binges all intersect the line of hinges, 2.nd hence 
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have zero moment component along i. Consequently the external couple 
is G.i, which is 

aW sin 0 sin a. 


The moment of the system of forces exerted by the hinges about the 
line OA is 

G.(j cos 0+k sin 0), 

or aW(i sin 0 sin a+j sin 0 cos a— k cos 0 cos a).(j cos 0+k sin 0), 
which is identically zero. Hence the couple exerted by the hinges is 
normal to OA. (The hinges also exert a total force equal to Wz.) The 
magmtude of the couple exerted by 

the hinges, when O is taken as base yB 

point, is 

aW(j sin 0 cos a— k cos 0 cos a| 

=aW cos a, 

and so is independent of 0. 

Example {2). (Routh, Statics.) 

XYZU is a vertical wall of finite 
height ; O is a point on the ground, 
outside it, and the vertical plane 
through O perpendicular to the wall 
meets the wall in XU, X being in the 
ground. A uniform rod OB has one 
end at O and rests in an oblique posi- 
tion lying against the upper edge of 
the wall at A. If slipping (coefficient 
of friction p.) is on the point of occurring at A, show that sin 0 =p. cot 

p, where 0 =a6u, p=XOU. Determine the normal reaction at A. 

Take unit vectors z vertically upwards, i along OU, j along UZ, k 
making a positive orthogonal triad with i and j (Fig. 42). Let OG=a, 
OA=l. 

Then a unit vector along the rod OA is 

i cos 0+j sin 0, 



and z=i sin p— k cos p. 

The forces acting on the rod, other than those at O, are : 

at a(i cos 0+j sin 0), the force — Wz ; 
at l(i cos 0+j sin 0), the normal reaction — Rk ; 
at l(i cos 0+j sin 0), the limiting friction pR, perpendicular to 
OA in the plane OAU, and accordingly represented by the 
vector — pR(j cos 0 —1 sin 6). 
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(The position vectors have been taken with O as origin.) Hence the 
equation of morrients about O is 

Wa(i cos 0+j sin G)A(— 2)+I(i cos 0+j sin 0)A 
[— Rk— (AR(j cos 0— i sin 0)]=o. 

To obtain a relation independent of W, we must multiply scalarly by 2. 
This gives 

(i cos 0+j sin 0)A(k+(jt. cos 0j— p sin 0i).2=:o. 
or ( — cos 0j+sin 0i+pk).z=o. 

But zJ=o, z.i=sinp, z.k = — cosp. 

Hence sin 0=p cot p. 

To determine R, the equation of moments may be multiplied scalarly 
by i or j. Multiplying scalarly b)^ i, we have 

Wa sin 0( — k.z) — R1 sin 0(jAk.i)=o 
or R=(Wa/l) cos p. 

Notice that the equation of moments is equivalent to only two scalar 
relations ; for it gives zero identically on scalar multiplication by 
(i cos 0+j sin 0). This corresponds to the fact that every force acting 
intersects OAB, and so the force system has necessarily zero moment 
about the line OAB. 

Example (3). (Manchester, 1926.) A smooth uniform rod OP of 
weight W is pivoted freely at a fixed point 0, and rests against a smooth 
horizontal rail not vertically above O. 

The rod is prevented from slipping by 
a force F parallel to the rail applied 
at the end P beyond the rail. Deter- 
mine the magnitude of F. 

Take a unit vector i in the direc- 
tion OP, a unit vector x parallel to the 
rail in the direction of F and a unit 
vector z vertically downwards (Fig. 

•43). The reactions at the point of 
contact A, being normal to the rod 
and to the rail, is of the form X(iAx). 
of moments about O is 

(Ali)AWz+liAFx+riAX(iAx)=o. 

To eliminate X, multiply scalarly by (iAx). We get 
iW(iAz).(iAx)+F(iAx)2=o. 

But (iAz).(iAx) = [(iAx)Ai]-z = -(i.z)(i.x), 

since x.z=o. Plence 



If 0P=1, OA=r, the equation 


,(i.z)(i.x) 
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Thus, if p is the inclination of the rod to the vertical, a the angle between 
rod and rail, i.x = —cos a, i.z = —cos jj, and 

F=JW^HiiL£2!i. 

sin^ a 

(This example illustrates the point that in any problem it is most direct 
to introduce first any number of convenient vectors, and then to ascertain 
what combinations of them are required, rather than to attempt a priori 
to see what angles will finally be required.) 

Example (4). (Manchester, 1927.) A uniform, solid, smooth cone of 
weight W can turn freely about its vertex O, which is fixed. It rests 
against a smooth horizontal rail (not vertically above 0) which it touches 
at a point P of one of its generators. It is prevented from slipping by a 
horizontal force F, perpendicular to the rail, applied at the centre Q of 
the base of the cone. If OP =}, 0 Q, and a, b, x, y are unit vectors parallel 
to OQ, OP, the rail and F, prove that 

(a.b)(b.x)=a.x 
and that the reaction at P is k(bAx), where 


k=3 


W ^ 
X b.y" 


Example (5). A uniform rod OA rests with one end 0 on very rough 
ground, and with the other end A against a rough vertical wall. If N is 
the foot of the perpendicular from O to the wall, if NOA=a and if 0 is 
the inclination of NA to the vertical, prove that when slipping is on the 
point of occurring at A, p=tan a tan 0 , y. being the coefficient of friction 
at A. Discuss the normal reaction at A. 

Example (6). A rectangular box with uniform horizontal lid is tilted 
so that the line of hinges makes an angle a with the horizontal. Show 
that the couple necessary to hold the lid opened by an angle 6 is Wa cos a 
cos 6, where W is the weight of the lid, and a the distance of the centre of 
gravity from the line of hinges. 

Example (7). (Routh, Statics.) A solid heavy cone, with a generating 
line in contact with a rough vertical wall, can turn freely about its vertex, 
which is fixed. It is acted on by a couple whose moment is L and whose 
plane is parallel to the base. Prove that the inclination to the vertical, 6, of 
the contact generator, is given by L— fWh sin 0 tan a, where a. is the semi- 
vertical angle of the cone, h its altitude. If the rim only of the cone is rough, 
prove that the least value of the coefficient of friction is 2 tan 6 cosec 2a.. 

Let O be the vertex, OA the contact generator, G the centre of mass 
(Fig. 44). Take unit vectors z vertically downwards, i in OG, j in OA. 
Then clearly 

. , • jAz 

i=cos aj-fsm a i — 

sin 0 


j.z=cos 0. 


i.j=cos a. 



14^ VECTORIAL MECHANICS § 165 


The forces acting, other than those at 
O, are : 

the applied couple Li ; 
the weight Wz at the point Jhi ; 
the reactions and frictions in OA. 

Hence the equation of moments about 
OA is 

j.[Li+|-hiAWz] =0, 
which gives 

L cos a=— JWh(iAz)-j = — fWhi.(zAj) 

=JWh sin = j-Wh sin a sin 0 . 

sm 6 



When the rim only is rough, the reactions pass through A, whose 
position vector is h sec a j. If R is the magnitude of the normal reaction, 

lAz • • • • 

the vector representing it is R , and the frictional force is pRf j cot 0 

sin 8 


— z cosec 0 ). The equation of moments about O is 

Li+|hiAWz+R-"^jA[(jAz)+i^(j cos 6-z)]=o. 
sm o ’ 

To eliminate L and W, multiply scalarly by iA(lAz)- We get 
jA [(jAz)— (rz].[iA(iAz)] =0. 

On reducing this, and using the value of i in terms of j and z, we find 

tan 0 

(j,= 

sm a cos a. 


Example (8). P is a point vertically above the comer A of a horizontal 
square heavy lamina ABCD hinged to fixed supports along AB. The 
lamina is held in an inclined position ABC'D' by a string PC', C' being 
diagonally opposite A. If W is the weight of the lamina, show that the 
tension in the string is 


rPC 

AP 


CHAPTER VIII 


THE DISPLACEMENT OF A RIGID BODY 

1 66. Definition of the displacement of a set of particles as a rigid body. 
Consider a system of particles Po, P^, Pa of position vectors r^, rj, tj, ... 
with respect to some origin. Let them be displaced to Pq', P/, P/, ..., 
of position vectors rf, rf, rf, ... with respect to the same origin. Then 
the displacement is said to be that of a rigid body provided that for every 
pair of particles Pn,, Pj, 

(^n— rm')“ (n, m=o, I, 2, ...). 

If the displacement of one given point is zero, say that of P^, we may 
choose Pg for origin, and the conditions become 

rn”=rn'“ (n = i, 2, .,.) 

(fn -*•«!)■ (n, m = i, 2, ...). 

The displacement is then said to be a displacement about Pp. 

167. Analysis of the displacemejit. 

Theorem ; Any displacement of a rigid body may be reduced to a 
translation together with a displacement about any chosen particle of 
the system. 

For let Pq be the chosen- particle, and put 

V— ro=d. 

Write also tn— ro=Rn, r„'— r/^Rn'. 

Then rn'—rn=d 4 -Rn'—Rn- 

Hence the displacement Tn-^Tn' is the result of the operations defined by 
the constant displacement d followed by the displacement Rn->Rn'- But 
by the conditions of rigidity 

Rn^=(r„-ro)==(r„'-ro')-=Rn'^ 

and (Rm-Rn)^=(rm-rn)='=(rm'-rn')’‘=(Rm'“Rn')"- 

Hence the displacements Rn ->Rn' are those of a rigid body about Po. The 
constant displacement d, the same for all particles, is called a translation. 

In virtue of this theorem it is sufficient to consider the displacement 
of a set of particles as a rigid body about one of its members. 

168. Transformation of the conditions of rigidity. When Pq is taken 
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as origin, and the particle Pq is unchanged in position, the second form 
of the equations of rigidity (§ i66) msy be written 

(i’ll rn)-(rn 

l^m) (i’ll I'm )l'L(rn rm)'h(j^n 

Put Tn'— rn =On 

2(l‘n*rr^0~Pn' 

Then the conditions of rigidity become 

®n*Pn 

(®ii ®m)*(pn Pm) ~ U> 

which latter reduces to 

*lm*pn -htln-Pm =U- 

Conversely the conditions 

^n’Pn—^t ®m*Pn"i"^n*Pm~U 

imply the conditions of rigiditj*. 

Example. If pj, p^, p,, a^, Cj, Cj are six vectors such that 

P2*®2=0> P3-C3=0> 

Pz’^S— p3‘®2 4=0> Ps'l*!" Pl"^3*U> Pl‘*l2~ — 

then either Cj, Cj, are coplanar or pj, p^, pg are coplanar. 

For, since 

(CjA C2).(piAp2) = [(PlAP 2 )AC 7 J.02 = (pi.02)i ±0, 

it follows that c^, Cz and piAp 2 are linearly independent, forming in fact 
a positive triad. Hence may be expressed in the form 

<73 =Aci-rBo-2-f-C(piAP2)> 

Multiplying in turn scalarly by pj, pg and p 3 we find 

°^2*Pl ~P(‘l2'Pl)i *'3*P2=-M‘1 i*P2)> 

0=A(o-i.p3)-fB(CT2.p3)-fC(piAP2-p3)- 
Substituting for A and B and using the given conditions we have 

C(piAp2*P3)=o- 

Hence either C=o or PiAp 2 *p 3 =o- In tfis former case, is coplanar 
with o-j and Oo 5 in latter case, Oj, p,, Ps are coplanar. 

The interpretation of this example ■wUl become clear to the reader as 
we proceed. 

169 . The rotation of a rigid body. Let the particle P undergo the 
displacement P-^P' about O as a rigid body. Then jOPj = [OP'j. Let 
M (Fig. 45 ) be the mid-point of PP', and let OX be a line through 0 in 
some direction perpendicular to PP'. Let N be the foot of the perpen- 
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dicular from M on OX, and let i be a unit vector in OX. Then PP', 
being perpendicular to ON and to OM, is perpendicular to the plane 

NOM, and so to NM. Hence PNM=MNP'=| 0 , say. 

If OP=r, OP'=r', then 

OM=^(r+r')=p 

PF=r'-r=o. 

Further, PM, being perpendicular to OM and to ON, is parallel to 
iAKf+r'). And the magnitude of PM is NM tan where NM=OM 
sin NOM = |iAi(r-fr')|. Hence 
|(r'— r) = [iAJ(r'.+r)] tan 10 
or r' — r = (21 tan 1 0) A i (r ' +r) 

or a=EAp 

where c=2itan|0. 

It will be seen that P can be dis- 
placed to P' by rotating NP about the t 
line OX through the angle 0 . We now 
define a finite rotation t about O as such 
that it brings any particle r to r', where 

c=eAp O 

and CT=r'— r, p=|(r-fr'). Ft ?- 45 

The direction of the vector € is called the axis of rotation, and the angle 
of rotation 0 is such that 2 tan S 0 = |e|. More generally, we can specify 
an arbitrary sense for the axis of rotation, and if then i is a unit vector 
in this sense, the angle of rotation 0 (positive or negative) is such that 
e=2i tan |0. 

170. A displacement about a point as a rigid body is always a rotation. 
We now prove the following theorem. 

Theorem ; If O, Pj, Pj are three particles of a rigid body, and if the 
body is displaced about O, then the body has undergone a rotation about 
O determined by the displacements of Pj and P2. 

We have to show that w'e can find a vector e such that if 
and if 

Pi=i(iV+ri)» 

p2=J(r2'+rz)» csz=-xf-x^, 

then Oi=eAPi, ®2=eAp2 ; 

and further that if r is any other particle of the rigid body, and if 
p = Kr'-|-r), a=r'-r, 

then the same finite rotation 



c=eAp 
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displaces r to r' in such a way that the displacement r->r' satisfies the 
conditions for a rigid body displacement. 

For, by the conditions of rigidity satisfied by the displacements 
we have 


®2*P2 — ®l*p2“f'®2'Pl=0- 

Now if £ exists, otj and must be perpendicular to e, and therefore e 
must be of the form e=c(ayA(^z)- The required conditions therefore 
require the consistency of the relations 

ai=c(ciAa2)Api, 02=c(oiAo2)Ap2 

Gy = -ccri(a2.pi), CT2 =ca2(p2.ai) 

I . I 

c=- =H . 

®2‘Pl ®1-P2 

These are consistent by the conditions of rigidity, and c is determined 
provided Cj-Pi + o. Assuming this condition to be fulfilled, we have for 
the finite rotation e 

^_ a^AP2 _ P2ACi 
®1*P2 ®2‘Pl 

If now r is any arbitrary particle of the rigid, body, and if, with the above 
value of €, 

p=eAp, 

then a.p—o, 

a.pi=(£Ap).pi=-(eApi).p = -Oi.p, 

a.p2 =(eA p).P2 = — (e A p2)*P = — Po-P- 

The point r is therefore rigidly connected to O, Pj and P2. In the same 
way it can be shown that r is rigidly connected with any other particle R 
of the system undergoing the same finite rotation. 

Example. Verify that the same value is obtained for e whatever pair 
of particles is chosen to determine it, i.e. verify that 


or 

or 


<^lAg 3 _ PlAP 2 
Pl'Ps gl'P2 

Assume that pj, pj, Pg are not coplanar. Then by the example of § 168, 
gn g2! gs must be coplanar, i.e. is a linear function of O2 and 03. Putting 

a 2 =Ac 2 +Bo 3 , 


we have aj.p3=ACT2.p3 

Oi.p2 = Bcf3.p2 

whence multiplying the condition of coplanarity in turn by Og and P3 
vectorially. 


Pi A 02 =^^“(g3Ag2), 

g 3 *p 2 


OjAP3 = ”^(g2Ag3)- 
g 2 ’P 3 
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The desin=d i-eiification now follows fa^m the cxindittons of rigiditv. 
Tne ccse when p.. pj are copbnar may be obwined by a limitinp 
pavess in which a voctor p,'. non-coplanar with p, and pj, tends to p^. 
171. for r' in ler:':s of r. The equation 

o=e' p, 

or r’— r= i ’.(r*— rE tan it). 

may be soh-ed for r' as follows. We can w rite it 

r'- ti \r'i t.tn iO=r- m ,U). (=) 

Multiply vectorially by i. ’Fhen 

i \r'— '-r'-rHErT tan iO:=i '>r— ■-r--i(ij')' t.\u |0. 

But (i) giiTS i.r’ =^i.r. 

Hence (i\r‘)— r’ ran iO=i \r-r nm iO-rH hm iO^i.rh (3) 

Eliminate the term i \r' between (=1 and ^3\ by multiplyin‘= (3) by tan iO 
and adding to (=). We get 

r* sec- |G=i\i— tan- , 10 )—=^^ \r) tan | 0 -f =i ran® 

or r'=r cos 0-f (t \r) sin 0~(ijr)i(t— cos 0). (4! 

Since, by a result of § 60. we have 

i \r=(U \i).r, 

and since (§ 5=) i(j,r)=r(uVr, 

the solution may be written as an inner product of a tensor and r in the form 
r' = rce>s 0 U-rrin 0 cos 0)iij.r. (5) 

Formula (4) gives explicitly the position vector r' to which a gi\'et\ 
partide r is displaced by a rotation through an angle 0 about an axis i. 
Formula (5! expresses r' operationally in terms of r. 

17=. tv of to.nscr cf orders^ These fonuula' can be expressed othcr- 


trise. We can write the relation 

r'— r=E\J(r-rr') 

in the form 

r'— -q \rVr+T5 \r, 

where. 

r,=:Jc=i tan iO. 

Hence 

(U-U\-q).r'=:(H-fUM,).r 

or 

r V(U-UAB)-MU-t-U \’Q)-r 
=T,r, 

say, where 

T-fU--U.\Y})-MU-|-U\Yi). 


Kow the value of r’ may be obtained directly by nuiltiplying the 
second equauon of this section vectorially by •>), using rj.r'—iQ.r, and 
6 
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eliminating 7]Ar' between the two equations so obtained. The work is 
similar to that of § 171, and we obtain 

r' - r(^— ^^)+ 27 ]Ar+ 2 TQ( 7 ].r) 

_(l— 7)2)U-f2UATJ + 2TJT] _ 

Hence (U-UAy])-A(U4-UAY])=(iZ ^")^t^^^^^+^^^ . 

14-752 

This expression for T may also be obtained by evaluating (U— UA^)~* in 
the form 

14-752 

and then. operating on (U-fUA>5). 

173. Combinaiion of itco finite rotations. Let a system of particles 
undergo a finite rotation (or 2751) about O, and then let the system 
undergo a second finite rotation e, (or 275,) about the same particle 0. 
By the theorem of § 170, this succession of operations is equivalent to 
some rotation €3 (or 2753) about O. Hence, if r is a typical particle, r' its 
position vector after the first displacement, r" its position vector after 
the second displacement, Ti, T3, T3 the tensors associated with the dis- 
placements Tji, 752, 753, we shall have 

r'=Ti.r, r"=T2.r', r"=T3.r, 

whence T3=T2.T2. 

The tensor Tg can be found by carrjung out the inner multiplication of 
Ta and Tj. 

174. Small rotations. By direct inner multiplication it is easily 
verified that Ta-Tj ={=Ti.T2. Hence the resultant rotation Cg equivalent 
to two successive, rotations about a particle O depends on the order in 
which the rotations are carried out. If, however, 752 is neglected, we have 
from § 172, approximately, 

T =U -i- 2 UA 7 ] =U 4 -U/\ e, 

whence = (U 4-UA ej)'(U -^U/^ ef} 

=U4-UA(6i4-£-,) 

=T2 .Ti 

on neglecting the product of Cj and €3. The result of two successive 

small rotations is therefore approximately a small rotation 

which is independent of the order in tvhich the rotations are performed. 
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This may be seen more simply direct from formula (4) of § 171. 
Neglecting 6® in this we have approximately 

r'=r-)-eAr, 

where now approximately e=6i. 

Hence for two successive small rotations Cj and c, ■ 

r'=r+eiAr. 

r"=r'+e2Ar', 

whence approximately r"=r4-(€i+C2)AJ‘- 

To the same approximation, if £3 is the resultant small rotation, we have 

r"=r+e3Ar. 

Since these hold good for all r, we have to the same approximation 

It follows that any number of small rotations of angles 0 j, 63, ... about 
axes ij, ij, ..., if applied successively, may be combined by the law of 
vector addition of the rotations 

etc. ; and the order of the operations is then immaterial. 

Finite rotations do not combine according to the law of vector addition : 
although each finite rotation can be fully described by a vector, the 
operation r->-r' requires for its description a tensor which is non-linear 
in the rotation. 

175. The abstract theory of small displacements. Since a small displace- 
ment r->-r-f Ar is approximately given by 

Ar=€Ar, 

it is convenient to introduce the differential dr defined by 

dr=£Ar, 

and to speak of this as the ‘ small displacement ’ dr. A rigorous theory 
of small displacements then becomes formally possible, though it must 
always be remembered that the ‘ small displacements ’ thus discussed 
represent only approximately the corresponding actual displacements. 
However, the formal theory is a sufficient basis for the concept of the 
work of a system of line vectors, and it leads to the continuous motion 
of a rigid body in a natural way, as we shall see later. 

176. Definition of a screw. From the preceding, any small displace- 
ment of a set of rigidly connected particles (which may be spoken of 
collectively as a rigid body) can be reduced to a small uniform translation, 
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u, and a small rotation e about some given particle O. When u and c 
are parallel vectors, the displacement is said to constitute a sctcw. if 
u =pe, p is said to be the pitch of the screw. 

177. Reduction of any small displacement of a rigid body to a screw. 

Theorem ; Any small displacement of a rigid body can be reduced 
to a screw. , 

For, let the displacement be specified as a small uniform translation 
u, and a small rotation e about some particle O. The displacement dr 
of any particle, of position vector r with regard to O, is then given by 


dr=u-re/\r. 


This displacement can alternatively be specified as a small rotation Cj 
about a particle Tj, together with a translation pcj parallel to provided 
a vector can be found so that, for all r, 

dr=pei-feiA(r-ri). 

Equating the two e.^pressions for dr, we have 

u-!-eAr=pei-fe,A(r— rj). 


This is to be true for all r. A necessary condition is 


Ci=e, 

and then u=pe— eArj. 

The component of along e is clearly not determined by this equation, 
and hence we may choose Tj so that 

e.ri=o. 

Multiplying in turn scalarly and vectorially by e we find 


u.e 




The locus of possible points Tj is now' given by 


This is a straight line parallel to the vector e. It is called the axis of the 
screw. 

178. Representation of a set of small displacements as a system of line 
•vectors. Suppose we specify a set of small displacements to which a 
rigid body is successively subjected. Let a typical displacement be the 
uniform translation Un and the small rotation Cn about a point of position 
vector Tn. Then the result of the successive small displacements will be 
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equivalent to a single uniform translation u and a single small rotation e 
about the origin O provided that for all r, 

u +e A r = 2 un +Sen A (r — fn)- 
This requires e=S€n, 

u=i:un+SrnAen- 

It now follows that two sets of successive small displacements, of which 
typical members are Un and €„ about rn, and about Tm', yield the 
same final position of the rigid body provided that 

n m 

S Un d-Ltn A Cn = A Cm' • 

n n mm 

But these relations show that if we represent the rotation e„ about tn as 
a line vector €„ through tn , and if we represent the uniform translation Un 
by a couple of moment Un, then the conditions of equivalence of the two 
sets of displacements are precisely the conditions of equivalence of the 
two sets of corresponding line vectors. It follows that a line vector 
through a particle rn completely represents the small rotation Cn about tn , 
and a couple of moment Un completely represents a uniform translation 
Un- Just as two systems of line vectors are equivalent if the introduction 
of nul-concurrent sets of line vectors allows one to be transformed into 
the other, so two sets of successive small displacements are equivalent if 
one can be transformed into the other by the introduction of sets of 
small rotations about specified points such that the vector sum of each 
such set is zero. 

Every theorem in the theory of systems of line vectors has an im- 
mediate restatement in the theory of the small displacements of a rigid 
body ; the words ‘ small rotation ’ replace the words ‘ line vector ’ (or 
‘ force ’), the word ‘ translation ’ replaces ‘ couple,’ the word ‘ screw ’ 
replaces ‘ wrench,’ and the axis of the screw equivalent to a given set of 
small displacements replaces the central axis of the system of line vectors. 

For example, the theorem (§ 152) that a system of line vectors may be 
replaced by two line vectors, of which the line of action of one may be 
specified beforehand, becomes the theorem that any system of successive 
small displacements is equivalent to two small rotations, of which the 
axis of one may be specified beforehand. 

The student should scrutinize the formulae for £ and u, given above, 
to make clear to himself why, in the calculation of a small displacement 
from a small rotation € in the form eAr, the position vector r comes 
second, whilst in the moment of a line vector F, in the form rAF, the 
, position vector r comes first. 

179. A uniform translation as a couple. From the above correspondence 
between small displacements and line vectors, since a couple is equivalent 
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to two cqtial antipr.rallel line vectors, we ntay anticipate duU 3 nniferr.! 
translation is equivalent to two equal small rotations about parallel a\c-'- 
in opposite directions. This is readily verified, if the small rotatinns 
arc c about the p.articlc r,. and ~c about the particle r., then the Kuccewivc 
small displ.acemcnts of a particle r arc 


dir=ncA(r-rj) 


d;r = -cA{r~-r.) 


whence 


dr=d,rd-d,r=:r:cA(r,~-r,). 


But c/>(r-~ri) is a constant vector indcpendetit of r. Hence the resultant 
displacement is a unifomt translation. Moreover, the vector reprer-entins: 
the uniform translation is equal to the vector representing the moment of 
the couple compo.sed of the two given parallel .and opposite small rotations ; 
for the latter couple is rjA(— c)-f-r,.AC“cA(r,— r,). 

180. To summarize this correspondence, the vector sum of the line 
vectors Tcprcscntivg the given small displacements represents the (qish almt 
small tatation, and the moment of the line vectors about any pta: f-’mi 
represents the associated uniform translation when the equivalent stn,i!i 
rotation is chosen to be about this given point. Tiie equivalent sm.tU 
rotation c is independent of the point chosen ; the associated uniform 
translation depends on the point chosen. T!ic vector c is the analogue 
of the vector R in the theory of line vectors, the displacement vector u( 0 ) 
is the analogue of the couple G( 0 ) giving the moment of the system of 
line vectors about O. It follow.? that c* and c.u arc invari.ints of the 
sy.stem of displacements, independent of O and the same for all equivalent 
systems. 

iSi. Nul lines xdth respect to a pjvm small displacement. Let a sntal! 
displacement be specified as a small translation u and a small rotation c 
about a particle O. Consider the points of the rigid body lying in a given 
line of line co-ordinates i, a with respect to O. Any point on this line 
has, with respect to O, a position vector r of the fonn 

r— iAa-r->i» (i.n-- 0) 


and its small displacement is given by 

dr“U-t-cA(lAn-i'H). 

This small displacement will be perpendicular to the given line if dr.i - o, 


When this condition is .satisfied the line is .said to be a nul line for she 
given small displacement c, u. Clearl}' the moment of the system of isne 
vectors (R, G), where R (at 0 )=-c and G = u, about the line {i, n) is zero. 
Thus nul lines defined in the above tvay are nul lines of any system of 
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line vectors representing the displacement, and their further properties 
follow from the discussion given in Chapter VI. 

Example (i). A rigid body is displaced about a particle O so that 
the particle undergoes the displacement dri, the particle the displace- 
ment drg. Show that the small rotation e about O is given by 


driAdr2_dr2Adri 
drj.rj dTj.ri 


Example (2). Show that the result of successive small rotations about 
and proportional to the three sides of a plane triangle is a uniform 
translation. 



CHAPTER IX 


THE WORK OF A SYSTEM OF LINE VECTORS 

182. Definition of work. Let a particle r on the line of action of a line 
vector P undergo a displacement Ar. Then the work of'P in the displace- 
ment Ar is defined to be the scalar product 

P.Ar. 

183. Work of the resultant of a system of concurrent line vectors. 
Theorem : If (P) is a system of concurrent line vectors passing through 

the point O, (R) their resultant, then the work of the system (P) in any 
displacement of the particle r is equal to the work of their resultant (R). 
For we have 

R=SP, 

whence R.Ar=(EP).Ar=S(P.Ar). 

184. Small displacement as a rigid body. Let Tj, be the position 
vectors of two particles on the line of action of a line vector P. Let the 
two particles undergo small displacements dr^, dr^ as a rigid body. 

Theorem : The work of (P) in the small displacement dr^ is equal to 
the work of (P) in the small displacement drg. (Here drj and drg are to 
be understood in the usual sense of differentials.) 

For, since the displacement is that of a rigid body, we have 

(r^— r2)^=const., 

whence (rj— r2).(drj— dtg) =0. 

But P is parallel to fi— r2- Hence 

P.(dri— dr2)=o 

or P.dr^ =P.dr2. 

185. Work of a system of line .^vectors. Let (P) be a system of line 
vectors, rn a particle on the line of action of a typical member (Pn )• Let 
the particles rn be subject to the displacements Arn . Then the work of 
(P) in this set of displacements is 

SPn-Afn. 

n 

It should be particularly noted that this definition is to be taken strictly 
as it stands. It implies no suggestion that the line vectors (Pn) themselves 
have had their lines of action displaced, or that the line vector (Pn) has 

•54 
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continued to ‘ act ’ on the particle rn during the displacement. Thus 
the ‘ work ’ of (P) in the given set of displacements is a conventional 
construct, obtained by multiplying each member by a Specified dis- 
placement and summing. The displacements may be of any character. 

186. Work of a system of Ime vectors in a small rigid body displacement. 
A particular type of displacement is one in which the set of points rn 
remain rigidly connected during the displacement. Now choose another 
set of points tn' on the lines of action of the line vectors, and let this 
second set of points be displaced as a rigid body itself rigidly connected 
to the first set of points. Then by the theorem of § 184 we, have the 
following theorem. 

Theorem : The work of a given system of line vectors in a given 
small rigid body displacement of a set of points on their lines of action 
is equal to that in any small displacement of any other set of points on 
their lines of action rigidly connected with the first set. 

187. Evaluation of the work of a system of line vectors. Let the system 
of line vectors (P) be equivalent to a line vector R at O and a couple G. 
Then by the conditions of equivalence 

R= 2 P„, 

G=SrnAPn. 

Let the given small rigid body displacement be equivalent to a uniform 
translation u and a small rotation e about 0 . Then 

dfn =u-f-eArn. 

Hence the work of (P) in the displacement (u, e) is 

SPn-(u-feArn) 

n 

=U.SPn-}-€.SrnAPn 

=u.R-f-e.G. 

Thus the work is determinate in terms of R, G, u, e. But all equivalent 
systems have the same R, G when O is base point. Hence we have the 
following theorem : 

Theorem : The work done by a system of line vectors in a given 
small rigid body displacement is equal to that done by any equivalent 
system of line vectors in the same displacement. 

188. Systems equivalent to zero. We can now obtain conditions for 
the equilibrium of a system of line vectors in terms of their work in 
arbitrary small displacements, as follows : 

Theorem : If a system of line vectors is equivalent to zero, the work 
done in any small rigid body displacement of points on their lines of 
action is zero ; and conversely, if the work done in all small rigid body 
displacements is zero, then the system of line vectors is equivalent to zero. 

For the work done in the displacement (u, e) is u.R-i-e.G, and this 
6 * 
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vanishes v.hen Il=o, G=o. Conversel*.-, if u.R-f€.G=o for all (u, c) 
then 11=0, G=:o. 

It will be noticed that the expression for the vrork done, ti-R-^e.G, 
contains no reference to the particular points Tj, on the lines of action of 
the members of (P). All v,e need to knovr is the values of u and e, i.e. 
the rigid body displacement. It would be misleading, of course, to 
suppose that the v/ork is done ‘ on ’ any such rigid body. The rigid 
body serves no other purpose than to illustrate the meaning of u and c, 
just as in statics we can use a rigid body to illustrate the meaning of 
R and G. We can if we like identify the tno rigid bodies mentioned. 
The essential point is that the work done is a function of two st'stems of 
line vectors, namely (R at O, G) and (u, e at O). 

189. The zcork of a co-uple. Since R is a line vector through O, and 
since the displacement of the panicle O itself is just u, the term u.R in 
the expression for the work is the contribution due to the line st'stem 
consisting of R alone, at O. It follows that e.G must be the work of the 
couple G in the small rotation e about O. This is readily verified. 

For the system consisting of P at Tj and — P at r, is equivalent to the 
couple G where 

G=(rj-r,)/P. 

The displacements of the particles Tj and r, in the dbplacement (u, e) being 
drj=U“£/,ri, dr2=u4-e/,r2, 

the work of the couple is 

P.(u-fe/.ri)-f(— P).(u~e/;r2) 

= e.(r j — r,)/ , P = E.G. 

Thus the work of a couple in a small displacement depends only on the 
moment of the couple and the small rotation part of the displacement, 
and is independent of the location of the line vectors constituting the 
couple or the translation part of the displacement. 

190. The •work of a ^ench in a serene. The system (R, G) with base 
point O is equivalent to some WTench. The displacement (u, e) about 0 
is equivalent to some screw*. By the general theoiy, the work of the 
wrench in a small displacement spedfied by the screw is 

uJR-i-e-G* 

Now let the sj-stem (R, G) with base point O be equiv alent to the wTench 
fi, pfi, in the line of line co-ordinates (i, a). Let the displacement (u, e) 
about O be equivalent to the screw (gj, p'gj) with axis in the line of line 
co-ordinates (j, b.) Then by the conditions of equivalence 
R=fi, G=pfi-rfaj 

e=gi, ti=p'gj 4 gh. 

Hence the work done, namefy uiR.-j-e.G, is equal to 

%L(p-rP')i*j-r(a-j-fb-i)]- 
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Now i.j=cos 0 , where 0 is the angle between the axes of the wrench and 
the screw ; and a.j+b.i is the mutual moment m of the two axes, which 
is equal to ±h sin 6, where h is the perpendicular distance ^between the 
two axes. Hence the work of the wrench along the screw may be written 
in the form 

|R| |e|[(p+p') cos 0+m] 

or |R| 1 e1[(p+p') cos Od:h sin 0]. 

The upper or lower sign is to be taken according as the mutual moment 
of the lines, with their proper senses, is positive or negative. 

191. The Principle of Virtual Work. Suppose a given system of rigid 
bodies is in equilibrium under the action of a given system of forces. 
(Particular members of the system of bodies may reduce to particles.) 
Then each rigid body is separately in equilibrium under the action of 
certain of the given forces together with certain reactions. Novi^ let the 
set of rigid bodies undergo small displacements compatible with the 
geometrical conditions of attachment, contact, etc., between the different 
rigid parts of the system. It follows that if (P) is the given system of 
forces, (X) the system of reactions, r„ the point of application of a typical 
applied force pn the point of application of a typical reaction Xn, then 

SPf,,drn“f-i^^a*dpn =0. 

It can now be shown that under certain circumstances 

2X„.dpn=o. 

The proof of this requires the consideration of the different possible 
types of connection between the different members of the system. 
Assuming this to be established, it follows that 

SPn.drn=o. 

n 

This result is known as the Principle of Virtual Work for a statical system. 

The differential scalar SPn.dtn is called the Virtual Work of the system 
n 

in the given displacement. 

By considering displacements in which the given constraints are 
violated, the reactions caused by the constraints may be transferred to 
the sum SPn-dr^. In this way internal reactions may be determined. 

192. To examine the value of SXn-dpn, divide the reactions into two 
classes : 

(1) those exerted by fixed external bodies ; 

(2) those exerted between different parts of the system. 

(i) If X is a reaction due to an external contact, and if the contact 
is smooth, then X is perpendicular to the surfaces in contact. If the contact 
is preserved during the displacement, the displacement dp must be a 
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vector lying in the plane of contact, for the only permissible displacement 
is one lying in the tangent plane. Hence X and dp are perpendicular, or 
X.dp=:o. If the contact is rough, and if only rolling motion is allowed, 
the actual displacement Sp of the point of contact, i.e. of the particle on 
which the reaction is acting, is of the second order in the small quantities 
defining the displacement, and the differential dp itself is zero. Hence 
X.dp again vanishes. 

(2) If X is an internal reaction, it may arise as the tension of a string, 
or as a reaction between a particle and an internal surface, or as a reaction 
between two internal surfaces in contact. 

If it arises as the tension of a string, there will be two particles, Pj and 
Pg, on which the reactions X and —X act. In any displacement which 
conserves the length of the string, P^ and Pj behave as if rigidly connected, 
and so, as in § 184, 

X.dri+( — X).dr2 =0, 

and the contributions of (X, — X) to the virtual work of the small dis- 
placement is zero. 

If X arises as a reaction between a particle P and an internal smooth 
surface with which it is in contact, then in any displacement compatible 
with this constraint, the relative displacement of the particle P and the 
original point of contact Q will be in the tangent plane. The t\vo 
contributions to the virtual work will thus add to 

X.(u-}-d'ri)-h(-X).(u4-d'f2), 

where d'r^—d'r^ is the relative displacement of P with respect to Q. 
This is equal to 

X.[d'x,-d'T,), 

which vanishes since, if the contact is smooth, the relative displacement 
is perpendicular to the reaction. 

If X arises as the reaction beUveen two surfaces in contact, the relative 
displacement of the tw'O original particles in contact will, in a rolling 
displacement, be of the second order of the small quantities describing 
the displacement. The reactions at the point of contact being equal and 
opposite, their contribution to the virtual work is zero. For smooth 
contacts, the contribution of the reaction to the virtual w'ork will be zero 
also for a rolling and slipping relative displacement. 

193. When the external forces on the system are given, together with 
the natures of the constraints, the Principle of Virtual Work suffices, by 
choice of suitable virtual displacements, to determine the configuration 
of the system. The Principle of Virtual Work can also be used, as men- 
tioned above, to determine internal reactions by severing a constraint 
and choosing a displacement in which the forces of reaction do work. 

194. Sufficiency of the Principle of Virtual Work. It can be showm 
that the Principle of Virtual Work is also sufficient to ensure the equilibrium 
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of a system ; i.e. if the virtual work of the applied forces is zero for any 
displacement, then the system is in equilibrium. 

The proof of this requires an appeal to dynamics, and so should really 
occur at a later stage of our exposition. But it is convenient to insert it 
here. We establish it by proving that if the system is not in equilibrium, 
then there exists a displacement for which the virtual work of the forces 
is not zero. 

For, if the system is not in equilibrium, it will begin to set itself in 
motion, and each particle of the system will possess some acceleration, 
in general nofzero. If r is the position vector of a typical particle, Tq its 
initial acceleration, then by the laws of dynamics, 

F=mfo, 

where F is the force acting on the particle, m its mass. Further the 
initial small motion Sr is given by 

Sr=|?ot2. 

The initial small motions form a displacement compatible with the 
constraints. Take then as a virtual displacement the set of displacements 

dr=)jo, 

where X(> o) is small. Then 

SF.dr =>J 3 mf(, 2 > o. 

But the internal reactions form a system of line vectors equivalent to zero. 
Hence their virtual work in the displacement is zero. Hence the virtual 
work of the external forces in this displacement is greater than zero. 

This contradicts the hypothesis that the virtual work of the external 
forces is zero in all displacements. Hence the system must be in 
equilibrium, since all the To’s must be zero. 



Part III. Dynamics 

CHAPTER X 
KINEMATICS 

195. Scope of the chapter. In this chapter we examine the relations 
which must exist between the various quantities describing a particle or 
system of particles in motion. Such systems of particles will include 
rigid bodies. In particular we shall find it convenient to use as systems 
of reference rigid bodies which are themselves in. motion. This is some- 
times referred to as the use of systems of ‘ moving axes,’ though what is 
important is not the motion of the axes themselves, but of the rigid body 
- in which the axes are fixed. Actually most problems of dynamics can 
be solved by the use of moving vectors only, without using a moving rigid 
body as frame of reference for the vectors ; and for a considerable portion 
of this chapter our work will avoid the equivalent of the use of moving 
axes. Nevertheless, the motion of a rigid body is fundamental in what 
follows, and it is therefore convenient to begin with a description of the 
motion of a rigid body. 

ig6. Methods of approach to the motion of a rigid body. A description 
of the motion of a rigid body can be obtained from the theory of the small 
displacements of a rigid body, by proceeding to a limit. This method 
will in fact be used for the sake of illustration, but the method is not 
satisfactory, inasmuch as the theory of the small displacements of a rigid 
body is essentially an approximate theory only. It has a specific signifi- 
cance only when all displacements are understood as differentials. It is 
more satisfactory to derive the fundamental theorems concerning the 
motion of a rigid body ab initio, beginning not with the theory of small 
displacements but with the rigid body in its actual state of motion. 

This alternative development is indeed essential. For whilst a meaning 
can be attached (as we shall see) to saying that a rigid body has simultane- 
ously two or more angular velocities (by which we mean that a body A 
has an angular velocity £2 in a rigid frame of reference S, and that at the 
same time the frame S has an angular velocity £ 2 i relative to some frame Sj, 
and so on), no meaning can be attached to saying that a rigid body under- 
goes simultaneously two or more small displacements ; for the order in 
which the displacements are undergone is material to the final position 
of the rigid body. It is true that we can describe such displacements in 

i6x 
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terms of a small displacement (u, e) relative to a frame of reference S, 
and then a small displacement (Uj, c,) of S relative to a frame Sj ; but 
the final position is then not given exactly by the sum (u-fUj, e+Ci), 
considered as a single displacement relative to S^. On the other hand, 
the rigid body in actual motion has actually the angular velocity 
relative to Sj. There is not therefore a complete analogy between angular 
velocities and small rigid body displacements. In the following section 
w'e use the theory' of small displacements in a purely exploratory w’ay. 

197. Motion of a rigid body about a fixed point. Use of theory of small 
displacements. Consider a rigid body, or set of particles rigidly connected, 
v/hich are in motion about one particle O of the system, which is fixed, 
During an interval of time (t, t-f-dt) the displacements of the members 
of the system of particles will be rigid body displacements as defined in 
Chapter VIII. It follow's that if during (t, t-f-dt) a particle of position 
vector r relative to O is displaced to r', then there exists a vector c, given by 

£=21 tan |0, 

which is such that 

r'-r=eA|(r-br'). 

Let v=*=l»m^' 

dt dt-^o dt 


Dividing both sides of the displacement relation by dt and proceeding to 
the limit, we have 

v=S2Ar, 

where ® 

dt 


This limit vector £2 is called the angular velocity of the rigid body 
about O. It is clear that [£21 or j™ 0 /dt is the rate of turning of the 

dt -o 

rigid body, instantaneously, about the axis i, i.e. about an axis in the 
direction of £2. It is also clear that £2 is not a differential coefficient. For 
there is no variable 0 which is a function of the time, whose differential 
coefficient would be l£2i, for any value of t ; for the value of the angle 0 
turned through by the rigid body in any finite interval (tj, tj.) depends 
on both tj and t,, and is not simply additive for change of tj. 

If rj, are two given particles of the system, and Vg their velocities, 
then £2 can be expressed in terms of Vj, Vj and rj, rg. For, by the formula; 
of § 170, we derive 

^ _ ViAV 2 _ VgA Vi 
v^.r, Vj.Ti ■ 

We proceed to a rigorous derivation of these formula, and of the existence 
of the angular velodty vector, directly from consideration of the angular 
body in motion. 
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jgS. Existence of an angular velocity. Let rj, be the position vectors 
at time t of two given particles of a rigid body in motion about a particle 
O, from which Tj and rj are measured ; and let r„ fj be their velocities. 
Theorem ; There exists a unique vector £i with the properties 

S2Arj=fi, Slf\Ti=T^ 

provided and are not parallel ; and further, if r is any other particle 
of the system, rigidly connected with and r^, then 

SlAr=T, 


For, the conditions of rigidity are 

ri'^=const., r22=const., (ri—r2)^= const. 
Differentiating these with respect to the time t we have 
ri.ri=o, r2.r2=o, 

and (rj— r2).(fi— r2)=o, 

whence rj.r2 +r2-i’i = o- 

These constitute the fclations between position and velocity for the two 
particles considered. 

Now, if there existed two distinct vectors Si and SI’ with the above 
properties, then we should have 

(S2— £2')Ari=o, (Sl—S2')Ar2=o. 

Hence either £ 2 — il' is parallel to both and r2, or S 2 —Si’=o. Since 
Tj and r2 are given not to be parallel, we must have £2 =£ 2 ', and the 
solution is unique, if it exists at all. If one solution £2 exists, £2 must be 
perpendicular to both and fj and therefore of the form 

Si=}.(ri/\rz). 

The required properties then hold provided 

=X(rj Ar2)Ari = ->ii(r2.ri) 

and Ta =X(riAr2)Ar2 = +>i2{ri,r2), 

where we have used the conditions of rigidity ri.ri=o=r2.r2. These 
relations require the relations 



^ 2-^1 ^ 1-^2 


and these are self-consistent by the condition of rigidity ri.f2-l-r2.ri=o. 
The solution is therefore of the form 

Ti.Tz fg-rj ’ 

and this is immediately verified to be an actual solution. 
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The conditions of rigidity between the particles ri, and any third 
particle r are 

r.r=o, r.ri 4 -ri.f=o, r.ro+ra.r =o.- 
Hence if we put X=£ 2 Ar, 

we have, using the conditions of rigidity, 

(X-r).r=o, 

(X— r).ri =(S 2 Ar)*ri— r.ri= — (S 2 Ari).r+ri.r=o, 

(X— r).r2 =(i2Ar).r2— r.r2= — (ftAi*2)-r+r2.r =0. 

Hence, provided r, Tj, and are linearly independent, X— r=o, or 

i2Ar=r. 

If r is coplanar with and r„ then 

r=ari+pr2, 

whence r=afj+(ir2, 

and Si A r =<x(SlA l) +p(fllAr2) =afi +pf „ =r, 

as before. 

It now follows that if is any particle of the system, then rn =£ 2 Arn, 
whence might equally have been derived from any pair of particles, 
ft, and Tin. It is thus independent of the pair originally chosen. 

199. Kinematical meaning of Si. The vector £2 so isolated is called 
the angular velocity of the rigid body about 0 . To justify this phrase, 
consider the particular case of a motion in which £2 is constant in time. 
Then 

^ (£Z,r)=£2.r =£i.(£iAr)=o, 
dt 

whence Sl.t— const. 

Hence, since |r| =const. and [£21 =const., we must 
have Slr=const. Hence the vector r describes a cone 
about £2 as axis, and since jr] =const., the particle of 
position vector r describes a circle lying on this cone. 

Moreover 

f ^ =£2“r2— (£2.r)2 =const., 
and hence the particle r describes the circle with uniform speed. The 
time of a complete revolution is 

circumference of circle_27r|rAS2| _ ^ 
speed |£2| |f| |£2| 

Hence |£ 2 | is the rate of description of the arc of the circle measured in 
angle (Fig. 46). 

When £2 is not constant in time, the direction of, £2 is called the 
instantaneous axis of the rigid body. The motions of all particles of the 
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rigid body are perpendicular to the instantaneous direction of SI, and 
their speeds are proportional to their perpendicular distances from this axis. 

200. Rigid body in motion in any manner. Let 0 be a fixed origin 
(Fig. 47). Let Og be any particle of the body, of vector position Tq with 
respect to O. Let r be the vector position of any particle with respect 
to O, r' its position vector with respect to Og. Then 

r=ro+r', r=rg+r'* 

By the conditions of rigidity, the aggregate of vectors of the type r', r' 
define a rigid body motion relative to Og, and hence there exists a unique 
angular velocity about Og such that for 
all r', 

r'=nAr'. 

Hence r=fo+£ 2 Ar', 

=:fo+5^A(r— rg). 

Hence the most general motion of a rigid 
body can be represented as a rate of translation combined with an angular 
velocity about any arbitrary particle of the body. 

201. Angular velocity independent of origin particle. 

Theorem ; The angular velocity of a rigid body in motion in any 
manner is independent of the particle of reference chosen. 

For, let Og, Oj, be two particles of reference, ftg, £ 2 i the angular 
velocities of the body about these particles. If rg, are their position 
vectors with regard to a fixed origin O, then if r is any particle, 
r=ro+S2gA(r-ro)=ri+£2iA(r-ri). 

Also, since Oi, Og are particles of the body, 

ri=fg+flgA(ri-rg). 

Hence £2oA(r— rj)=£l,A(r— tj). 

This holds for all r. Hence £ 2 i=S 2 o. 

We may accordingly speak of the angular velocity of the rigid body, 
without specifying the origin of reference. The momentary rate of 
translation of the rigid body (fg or in the above) depends on the origin 
of reference chosen. 

202. Reduction of the motion of a rigid body to that of a screw. Let 
the motion of a rigid body be specified by the velocity Ug of a given 
particle, of position vector rg with regard to a fixed origin O, and the 
angular velocity £2. The velocity of any particle r is then given by 



•^='Uo+S^A(r-ro). 


If Ave refer the motion to some other particle Tj, of velocity Uj, then 

^=Ui+SiA(r-rj), 


Ui=Ug+£2A(ri— fo)- 


where 
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Let us attempt to choose so that is parallel to SI. Then, putting 
u^=pS2, we have 

p£2=Uo+S2A(ri-ro). 

Multiplying vectorially by £2 we have 

—Si [(ri — ro).ft] +(ri— ro)£2 ^ 
whence r^-ro =^^“+X£2. 


The value of p is found by multiplying the same equation scalarly ,by Si, 
when we get 

£2.Un 

n — y 


The formula for r^— shows that the locus of the particle is a straight 
line. The motion therefore consists of a rate of displacement pS^ along 
this straight line, and a rate of rotation or angular velocity Si about 
any point in this straight line. The motion .is therefore one along 
a screw. 

It is clear that, just as in the case of the small displacements of a rigid 
body, there is a complete analogy between the angular velocity Si of a 
rigid body and the vector sum R of a system of line vectors, and between 
the rate of displacement Ug of a given point rg and the moment G of the 
system of line vectors about rg. Theorems concerning systems of line 
vectors have counterparts, concerning the motion of a rigid body. 

203. Theorem of relative angular velocities. Let a rigid body A possess' 
an angular velocity £i in a frame of reference Fi. Let the frame of reference 
Fi possess an angular velocity Si^ in a frame of reference Fj. We have 
the following theorem. 

Theorem : The angular velocity of the rigid body A in the frame of 
reference Fj is £2+£2j,. 

This is the first formal occasion on which we have had to consider 
motion of the frame of reference implied in any mention of a vector. In 
saying that a rigid body in motion has an angular velocity Si, we mean that 
£3l is reckoned relative to a tacitly implied frame of reference, itself a rigid 
body with possibly its own angular velocity relative to some second frame 
of reference. In the present theorem these frames of reference become 
explicit. 

Without loss of generality we can consider the various bodies as in 
motion about a fixed point O, which corresponds to a particle possessed 
by them in common. 

The velocity dr/dt of the particle r of the rigid body A, in the frame 
Fo, can be considered as the vector sum of the apparent velocity drjdt 
of the particle r in the frame F^ and the velocity dr'/dt in the frame Fn 
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of the particle t of the frame I*j momentarily coinciding with r. 
Thus 

dr_i)r dr' 
dt dt dt ’ 


=SiAr, 




Hence 


-=(Sl+S2i)Ar. 


This is true for all r. Hence the rigid body A possesses an angular 
velocity ft+Oj in the frame F,. 

204. Theorm of relative angular velocities continued. Further insight 
into this theorem may be obtained by putting in evidence the rigid body 
constituting the frame of reference Fj. Let i, j, k be three unit vectors 
constituting an orthogonal triad rigidly attached to Fj. Then since the 
particles of position vectors i, j, k are rigidly attached to Fj, we have 


=£2iAi, 


=SiiAj, 


=S2jAk. 


Now if r is the position vector of a particle of the rigid body A, 
r = (r.i)i +(r.j)j + (r.k)k, 


and so 


dr d(r.i). d(r.j). , d(r.k) 


and the vector 


jj.k dt ’ 


being the vector sum of the rates of change of the components of r along 
i, j, k when i, j,*k are considered fixed, is simply dtjdt, the apparent rate 
of change of r in the frame F^. Thus 


.? ^)i=?£=aAr. 

dt dt 


Combining, we get 




as in § 203. 
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205. As a further verification, we note that 


2 S 

i.i.fe dt hi.fe 
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=i,?l[(n+ajAr.!+£l,Ai.r]i 
= .|^(aAr.i)i 

r> A ^ 

=£lAr-j-^. 


206, The operator djdt. In applying the operator djdt to any expression 
containing i, j, k or containing any vector rigidly connected to F^, the 
vectors i, j, k or the vector concerned attached to may be treated as 
constants, in spite of the fact that they are varying. For example 



as is seen by setting r=i in § 205. Again, we may evaluate 




which is just dtjdt, in the form 



For the latter is just 

which equals Sl/\r, 

207. Rate of change of any vector in a moving frame of reference. An 
analogous procedure may be applied to any vector whatever which is 
specified with respect to the moving frame F^. Let P be a vector which 
is specified with respect to F^ at every instant t. Let dP/dt denote the 
rate of change of P relative to the frame Fj, relative to which F^ has an 
angular velocity Let SPjdt denote the apparent rate of change of P 
relative to the frame F^, i.e. treating the frame Fj as if fixed. Then we 
have the following theorem. 

Theorem : The rate of change dP/dt of P in the frame Fj is given by 


dP 

dt 


=^+a,AP. 


For, choose an orthogonal triad of unit vectors i, j, k rigidly attached to Fj. 
Then 

P=(P.i)i+(P.j)j+(P.k)k. 


^=.2 d(P.i) i 
dt *>itk dt 


+S(p 4. 


Hence 
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di 

dt 


1 


whence ’ i 

and bv the definition of TP (t. 


rP_ ^ d^^Pai. 

ft 


Hence 

We obsen e that the vector 


dV 

dt'' 


cP 

<t 




p. 


dl 


—a 


P-r.P 
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is essentially a vector independent of the choice of triad 3, j, k- Hence 
fP ft is a rer/or independent of the choice of triad i, j, k. This justifies 
the notation in so far as it contains no explicit reference to i, j, k. It 
follon's further, since f P ft is a vector, that 



which justifies the use of the symbol f ft as passing over i, j, k as if they 
were constants. 

20S. If we apply the theorem of § 207 to the vector 51. itself we get 

d51; f51, 
dt “ ft ‘ 

Thus the rate of change of 51j (the angular velocit)* of in rchtict' 
to the frame Fj. is equal to the rate of change relative to the franre Fj.. 

2cg. Loti of ihe iostar.tit-iccus axis. The physical meaning of the last 
result is of some interest. Suppose n e have a rigid body with one particle 
0 fixed, in motion Viith angular velocity 51. The direction of 51 through 
0 is the instantaneous axis (§ 199) of the body, and particles on this axis 
are instantaneously at rest. Let P be ant' poixt on the instantaneous axis. 
Then the axis OP will possess a definite locus in space, which is the cone 
described by 51. But the .axis OP n-ill also have a locus in the body, and 
this will also be a cone. The motion of the body can therefore be re- 
constructed bv bringing the generators of the body locus in succession 
into coincidence with those of the space locus, and giving the body at 
each instant the appropriate rate of rotation ]51I. 

The meaning of the result 


d51 f£l 
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hT.uw ccnteised in tteststsirent tnst tbe Irro lo-d For if n, Sl-fdo 

are positions of R, tht tangent piare to tite spizce fesT, 

iJ^ing a normal perpencicdar to fi and to i2-f cQ, itas for its tansent 
plane a plane noiraal to 

to 

v/nicc is in tfce direction of tne imk vector 


V dtjJ r Gtf 


Sindlariy, in the frame moting vtith the b-adv, neisdxnirhis positions cf 

the generators of the faodv lt?eus are given bj Q and fl-h- ^^t, and the 

^ * cx, 

tangent plane to this locus has for its normai 




Since dS ct=£il;ct, these vectors coincide, and acccrdinglv at the instant 
to yrhich £l relates, the space loctis and bodv locus have coincident tangent 


planes. 

It foIIoTTs that as the motion of the body successively brings the 
generators of space locus and body locus into coincidence, it also brings 
their tangent planes into coincidence. Since the particles of the body 
in O? are isstantasecnsly at rest- the body locus cannot be slipping over 
the space locus. Accordhigiy the motion of the b-ody can be reprcdnced 
by ToUirg the bodj' locus over the space locus •nith the appropriate 
instantaneous angular velocity. The b-ody locus is called the polhode 
cone, the space locus the heipolhode cone. 

arc. Body camphuly free. V.lren the body is completely feee (vrithout 
some particle being feed) me azis of the instantaneous screvr has similarly 
a locus in space and a locus in the body. These loci vnU novr be in general 
ruled surfaces. It is readSy shovrn that the motion coTisists of a rolling 
of the tVTO ruled surfaces over one another, about the generators, vdth 
sKding along the generators. 

For if a ruled surface is generated by the motion of a line of line 
co-ordinates (i, a), and if n is a unit vector perpendicular to the tangent 
plane, the condition of tangencrr is that n must be perpendicular to 
every chord joining p-oints on the cdghbouring lines 

r =i/. a-r>i, ^=(1^01)/- (a Ada)^/.'(i-hdi}. 

Hence n.{r'— r)=c 

luldi/ a-i-i/.da-f-(/.' — /.ji-f-h'di] =c. 


or 
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for all X, X'. Hence 
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• UI 

na=o, n.^=o, 
at 

and hence n is parallel to iAdi/dt. The condition of tangency is then 
satisfied identically. In our case, the co-ordinate i is parallel to the 
angular velocity, and for the space locus the normal is accordingly parallel to 

d/ft \ 

Ifti^diVts^; 


which is equal to 



We have a similar parallelism for the body locus, with dSljdt replacing 
dft/dt, and hence the two tangent planes are coincident. But, now, 
mutual sliding along the common generator is permissible, because the 
body will in general possess a rate of translation in the direction of the 
axis of the instantaneous screw. 

21 1. Rate of change of a tensor in a moving frame of reference. Let T 
be a tensor of the second rank, given with reference to a frame Fj, and 
let ftj be the angular velocity of Fj with respect to another frame F^. 
Then, just as we considered the relation between dP/dt and 8 P/fit, so we 
may consider the relation between dT/dt and oljBt, where these symbols 
denote respectively the rate of change of T relative to Fj and its apparent 
rate of change relative to Fj. The relation is given by the following 
theorem. 

Theorem ; In the notation of cross-products of vectors and tensors, 
the rate of change dT/dt of T in Fg is connected with its apparent rate of 
change dTjdt in Fj by the relation 

^=^-bftiAT-TA«i. 


For, let i, j, k be an orthogonal triad of unit vectors rigidly connected 
to Fj. Then 


dt 


— ftj At> 


dk 

dt’ 


Now 


^ -}- 2 (T 

dt dt dt 


rftjAk. 


Hence 
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because then we could not be sure that the tensor so defined is independent 
of the particular way in which T is expressed as a dyadic. The above 
analysis does in fact show that g(SAX)/0t is in fact dependent only on 
dT/dt, T and and so is independent of the particular way in which T 
has been expressed as a dyadic. But we are not then sure that this entity 
which we call dTIdt is the tensor formed by the rates of change of the 
separate components. On the whole this second ‘ proof,’ though terse, 
is specious, and avoids grappling with the real difficulties, and the longer 
proof of § 21 1 must be considered necessary ; though the analysis of the 
present section is an instructive verification. 

214. The above are the fundamental theorems relating to the motion 
of a rigid body, or of a rigid frame of reference. Many important results 
can be immediately derived from them. To some of these we now 
proceed. 

215. Accelerations in plane polar co-ordinates. This is usually 
considered as a problem of particle dynamics, but it is instructive to 
derive the acceleration components of a particle 

specified by plane polar co-ordinates from the 
formula for rigid body motion. 

Let O (Fig. 48) be an origin of polar co- 
ordinates, P a particle (r, 0 ). Take a unit vector i 
along OP, a unit vector j perpendicular to OP in the 
direction of G increasing. Take a unit vector k form- 
ing with i, j a positive orthogonal triad. Then the 
triad i, j, k constitutes a rigid frame of reference 
in motion about the k-axis with angular speed 0, and hence possesses 
an angular velocity 52 given by 

S2=k6. 



Fig. 48 


Accordingly, 


di 

dt 


=nAi=0(kAi) = 0j, 


^=S2Aj=b(kAj)=-6i. 

at 

If P denotes the position vector of the particle P with respect to the fixed 
point O, then 

P=ri. 

Hence ^=fi-i-r^=fi-]-r6j, 

dt dt 

and I:?=ri+rij-f(f0-fr6)j+rb^ 

=(f-rb^)i+ii(r=0)j. 



174 


VECTORIAL MECHANICS 


§ 216 


These formulze for dP/dt and d^P/dt^ give the components of velocity 
and acceleration along i and j. 

216. Accelerations in spherical polar co-ordinates. Let O (Fig. 49) be 
an origin of spherical polar co-ordinates, P a particle (r, 0, o). Let Oz 
be the axis from which 0 is measured. Let i be a unit vector in the 
direction OP, j a unit vector per- 
pendicular to OP in the plane zOP 
with sense in the direction of 6 
increasing. Let k=iAj. The 
plane zOP has the angular speed 
9 about Oz, and so the plane 
defined by i and j has the angular 
velocity oz, where z is a unit 
vector along Oz. Relative to the 
rigid body moving with this angular 
velocity, the rigid body defined by 
the triad i, j, k has the angular 
speed 0 about an axis through P 
parallel to k. Hence by the theorem of relative angular velocities, the 
angular velocitj’ of the triad i, j, k relative to the frame Oxyz is given by 

But 2=i cos G— j sin 0. 

Hence Sl=o cos Oi— o sin Oj-}-Ok. 

It follows that, considering i, j, k as position vectors w'ith respect to 0, 
di 


5-. 

k 




0 

^ / ^7 






Pig- 49 


dt 


=£2Ai=0j-f9 sin Ok, 


dj_ 


dt 


=£lAj = — Gi-h? cos Ok, 


— =Q.fs'k — —ip cos Oj— 9 sin Oi. 

The position vector of P with respect to O is given by 

P=ri. 

Hence, by direct differentiation, 

^=fi-}-r6j-fr9 sin Ok, 
dt 

which gives the component velocities of P parallel to i, j, k. Again, 
using the formulae for di/dt, etc., 
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^=n+r{ej+D sin Ok)+^^j+rO(-Oi+9 cos 6k) 

, d(ro sin 0), . . . 

+ — — T ^k-fr9 sin 0 (— 9 cos Oj— 9 sin Oi) 


r6+— (rO)— r:?' sin 0 cos 0 


dt 

=i(r— rO-— r9“ sin- 0)4-j^: 

+k^f9 sin O-frOo cos sin 0 )^ 

=i(f— rO-— r9- sin- O)-hi^^^(r-O)— r9' sin 0 cos 0^ 


+k 


r sin 0 dt 


(r- sin- O9). 


’75 


) 


This gives the component accelerations of the particle P in the directions 
of r increasing (i), 0 increasing (j) and 9 increasing (k). 

217. Accelerations of a particle scith respect to rotatiiw axes in ixvo 


dimensions. Let O (Fig. 50) be 
a fixed origin ; O^, Ot] a pair 
of perpendicular axes of co- 
ordinates rotating instantaneously 
\vitli angular speed to relative to 
a fixed frame of reference xOy 
in their plane. Let a particle P 
have co-ordinates E, t) tvith re- 
spect to the rotating axes, and 
take unit vectors i, j along Oc, 
Or]. Put k=iAj" Then the triad 
i, j, k is a rigid frame of reference 
about O given by 

SI 



in motion tvith an angular velocity 
=tok. 


Hence 


di 


=£2Ai=wj, 


dj_ 


=£2a j = — toi. 


dt dt 

Then, since the position vector P of the particle P is given by 

dP 


we have 


dt 


:(E— rjw)i-f(ri-fEw)j. 


d“P *• - * • 

Again, _ — rico— •r]w)i+(E— 7;co)(oj 

dt- 

=(E — 27]<o — Ew“ — 'r;t'i)i-i-( -|-2Efo — 
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These formula; give the components of velocity and acceleration of P 
along the rotating axes, 

218. Notice that the terms in the acceleration depending on the 
apparent velocity relative to the moving frame (^, vj), namely 

may be vi'ritten 2MkA(^i+-/7j) 

and thus correspond to a component of acceleration perpendicular to the 
apparent velocity (EJ-l-vjj), in a sense making a positive triad with the 
direction of rotation and the apparent velocity. This is a particular case 
of a more general theorem which we prove in the next section. 

219. Notice that the above method of proof uses essentially rotating 
vectors. We may arrive at the same results by using the theorem of 
§ 207 giving rates of change in terms of apparent rates of change relative 
to a rotating frame. For, let P be the position vector of a particle moving 
in a frame which is itself moving with angular velocity SI relative to a 
fixed frame. Then, applying the formula 


dP aP.OAP 
- .-+QAP 


with P replaced by dP/dt, we get 



dt2 dt\8t J 

|+aA(^|+SiAP) 


ST r> A 1 / p 1 0 / /o A 

+£2A(£1AP). 

If now 


£2 

then 

dt 

dSl - . . . • - 

— =C0|1 + Cj)2j+C»>3k 

ot 

and 



In applications it frequently occurs that is constant and [S<5| is 
small. In this case approximately 


d^P 

dt2 


8t 


220. Components of angular velocity toith reference to axes from which 
Eulerian angles are measured. It is sometimes convenient to define the 
position of a moving set of axes by means of the angles they make with a 
fixed set of axes. It is then necessary to express the angular velocity of 
the moving frame in terms of the rates of change of the angles specifying 
the positions of the moving axes. We proceed to determine this angular 
velocity by means of the theorem of relative angular velocities (§ 203), 
Let Oxyz be a fixed positive orthogonal triad (Fig. 51). Let a plane 
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zOz' make an angle tp with the plane zOx, and let Oz' make an angle 0 - 
with Oz ; let Ox' be a perpendicular to Oz' in the plane zOz' making 
an angle |7t-{-0 with Oz. Let Oy' make with Oz' and Ox' a positive triad. 

Again, let Ox", Oy" be the positions to which Ox' and Oy' are dis- 
placed when the triad Ox'y'z' is rotated about Oz' through an angle ij; in 
the positive sense. 

If the rates of change of the angles 0 , 9, ij; are specified, the triads 
Ox'y'z' and Ox"y"z" (where Oz" is along Oz') will possess definite 
angular velocities with respect to the triad Oxyz. Let x, y, z, x', ... 
denote unit vectors along the corre- 
sponding axes. Then the motion of 
the triad Ox'y'z' consists of the 
angular velocity 9Z of the plane 
zOz' relative to Oxyz, together 
with the angular velocity Oy' in 
this plane. Hence the angular 
velocity SI' of Ox'y'z' relative to 
Oxyz is given by 

fl'=9Z-f 0y'. 

The angular velocity of Ox"y"z" 
is the angular velocity SI' of Ox'y'z' 
together with the angular velocity 
relative to Ox'y'z'. Hence 
the angular velocity £2" of Ox"y"z" 
relative to Oxyz is given by 

SI" =9z-f-6y'+'j/z'. 

The angular velocities £ 1 ' and £ 2 " can now be expressed in terms of the 
vectors x', y', z' or x", y", z" respectively. 

Thus we have 

z=z' cos 0— x' sin 0, 

whence £l' = — 9 sin 0x'-l-0y'-f9 cos Oz'. 

The coefficients of x', y', z' are called the spins of the axes Ox'y'z' about 
themselves. 

Again, we have 

x'=x" cos '{<— y" sin (j;. 
y'=x" sin <{'d-y" cos 

Z =2 < 

Hence 

£2"=9[cos Oz"— sin 0 (cos t})x"— sin t!;y")]-t-6[sin i}'x"-f-cos ^y"] -}-ijjz", 
=(0 sin (j;— 9 sin 0 cos ij/)x"-f-(0 cos <|/+9 sin 0 sin (j^)y" 

-}-(9 cos 
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Hence c is positive or negative according as the triad rotates in the positive 
or negative direction about the tangent T. If -sve reverse the direction of 
motion of P along the curve C, we reverse the signs of Sh and of T, and 
the sign of c is unaltered. Thus the sign of c is a characteristic of the 
curve itself. The number i/cr is called the torsion. 

224. By means of Frenet’s formula: the vector distance of a point 
P of C from a neighbouring point Pq can be expanded in powers of s, 
the length of the arc Pj^. For we have 


.dsVo 


‘35WA 


or 


° ° ■ al^dsA ' sildsVo ■ "■ 


— cT -i- 




L' J- 

2! Po ‘3!dsVp/o'"" 

=sT r -J_N - 

° ‘ 2! po ‘ siLcoUo ?o/ ‘ 

Collecting terms according to the vectors concerned we have 

6 

This formula shows that Bq is the direction in which P— Pq has its smallest 
component for small s, namely a component 0 (s®). The plane normal 
to Bfl, i.e. the plane of Tq and 
Nq is accordingly called the 
osadatiTig plane of the curve C 
at Pj). Further, the plane curv^e 
which is the projection of C on 
the osculating plane at P,, clearly 
has T(, and Ng for its tangent 
and normal at Pg, and pg for its 
radius of curvature there. 

Again, for smaU s> o, the Bg 
component of P — Pg is positive 
or negative according as Og^o. 

The cun'e C thus lises through 
the plane of Tg and Ng (the osculating plane) from the negative to the 
positive side in the direction of the vector Bg, which it must be re- 
membered makes a positive triad with Tg and Ng, provided G'g> o ; and 
conversely if Co<o (Fig. 52). 

225. Values of curvature and torsion. Differentiating the formula 

^_N 
ds p 
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with respect to s, we have 

d^T 

ds- 


Multiply these two together vectorially. We get 
dT d^ _ I /T B\ 

ds'^ds2"p2Vff%/‘ 

Taking the modulus of the first formula of this section, 


I 

dX 

d^P 

p“ 

ds 

ds2 


and multiplying the third scalarly by T, 


I _,_dT d^T 
Op2 ds^dsS’ 


or 


Again 

whence 


I ds'dss'^ds* 


/c^V 

\dsy 


\ds'ds- dsV' 


ta^. 5 , 

ds p 
dP 

ds ds^ 


These formulte determine p and a when P is given as a function of the 
arc s. 

226. P given in terms of a parameter. If P is given as a function not 
of the arc s but of some parameter X, the above formula; need modification. 
Using primes to denote differential coefficients with respect to the 
parameter X, we have 


- 

P'=^s'=Ts', 

ds 

P"=^s'2+Ts", 

ds 

Hence 

P'AP"=s' 3 (ta^). 

Also 

P'" =^s' 3 +^s's"+Ts"', 

whence 

P' A P".P"' TA 

\ ds ds^y 
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It follows from § 225 that 

i_iP'AP"| 

p S'3 

and -=^P'AP".P"'. 

a s ® 

227. Oscillating sphere to a twisted curve. The foregoing formulse 
suffice to determine many of the properties of a twisted curve by vector 
methods. As an example, we propose to determine the osculating sphere 
to a twisted curve. 

We have seen that a tangent line, meeting the curve in a point P, is 
a line such that if P' is a neighbouring point on the curve, N the foot of 
the perpendicular from P' to the tangent, then P'N is of order PP'®, i.e. 
P'N/PP '2 has a finite limit as P'->P. Similarly an osculating plane, meeting 
the curve in a point P, is a plane such that if N is the foot of the perpen- 
dicular from P', then P'N is of the order PP'®. We may define similarly 
higher orders of contact. 

A sphere may be described to satisfy four conditions ; a plane, three. 
We may therefore expect it to be possible to construct a sphere having 
an order of contact with a twisted curve one higher than that of an osculat- 
ing plane. Such a sphere is called an osculating sphere. Let Q be the 
centre of such a sphere, and let P' be a neighbouring point on the curve. 
Then the length QP' must differ from the length QP by a length of the 
highest possible order in PP'. 

The position vector of Q may be specified as 

Q=P-b^T-f-7)N+i;B, 

where vj, ^ are functions of the position of P. Then 


lP'-Q|=l(P'-P)-f(P-Q)l 

= |-(5T+,N+!;B)+T(s-^,)+N(|+'5^^(i))+B^i+... 
The values of rj, ^ must be accordingly chosen so that 


has an expansion in powers of s of the form 

^H-/)“+^2+Asn, 

where n is as large an integer as possible. This allows us to choose t), K 
so that the coefficients of s, s^, s® are all zero. We find : 


Coefficient of s : ^=0 ; 


Coefficient of s- : 
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CoefScient of s® : 
Hence c=o. 



1S3 


The centre of the osculating sphere is thus 

Q=Pi-pN^cp'B, 

and its radius is o--r(ep')'j'- 

22S. As a further example we will determine the sphere touching 
four neighbouring osculating planes to a given twisted cuix'e (more 
strictlr, the limit of such a sphere). If R is the radius of the sphere, 
the distance of its centre from the osculating plane at P must be a vector 
RB, and the position Q of its centre may aecordingly be ^^•ritten 

Q=P-fET^TJSr-fRB. 


The sphere corresponding to a neighbouring position P’ of P must then 
possess the same centre Q and the same radius R. Consequent^ we 
obtain condidons to determine c and t, by differentiating the foregoing 
relation keeping Q and R constant. We get 


0= 


ds ‘ds 


:<iT . dr„ . dN , dB 


or, using Frenet’s formula. 




The right-hand side is a linear function of the three linearl}' independent 
vectors T, N, B, and the coeSdent of each must thus be zero. 


Hence 


T : 

N : 


’ ds p 
p ds c 


o 


o 


B : 


- =0. 
a 


These give in turn 

T=o, 


H=R^, 

G 


d 

ds 




But in the differentiation wth respect to s, R is to be treated as constant. 
Hence 

I d/?^ 
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An alternative derivation of the above result is of some interest, md 
mzy be ^sidered as possessing greater rigour. Fix a point on the 
given tvristed curve, and choose a point ^ function of P^. Let P be 
a current point on the curve. Put 

Qo-P=cT-^T^-fKB, 

where in the first eqtiation refer to Pq and in the second equation 

T, N, B refer to P. Then (£, 7;, R) are the co-ordinates of the fixed point 
do vrith r^ard to the variable triad defined by the principal directions at 
P. If Sj., s denote the arcs to P^^ and P, E, R are functions of s and s. 
reducing to Eg, when s raiuces to Sq. We now seek to choose the 

function R=R(s, Sq) so that it is as ‘ stationarj- ’ as possible at s=Sj,, Le. 
so that as many as possible of the derivatives (dR-ds)^^^, (d-R/ds®)—^ , — 
vanish. Since 

R=(Q3-P).b, 

this requires that the successive derivatives 

l[(Qo-P).Bl. ^r(Q^_P).B], ... 


shall vanish as far as possible. Difierentiating out (keeping constant), 
and omitting the suSx o after differentiation, we have 


(Q-P). 


dB dP 
ds ds 


£—0 


„,d 2 B dPdB dT^ 


and thirdly 


(Q-B)- 


dss' 


ds‘^ 


dT'dB d 3 P_ 
^ds^ 'ds ds 3 ’®“°' 


These three eqiiations determine the three components of Q — P along 
the three vectors dB/ds, dEB/ds-, d^/dsA Substitution of the expressions 
for the derivalives of P and B as functions of T, N, B in these equations 
determines E, 7; and R. The results will be found to coindde with the 
earlier solution. It is remarkable that the earlier, more purely vector 
solution determines S, r„ R by a single differentiation, whilst, the second 
method requires three successive differentiations. 

The student should attempt to work out by vector methods the 
standard examples given in treatises on elementary differential geometry. 

As a still further example, we explore by %'ector methods the properties 
of the helix. We choose this because the definition of the helix is essentially 
a kinematic one, describing the motion of a particle in time. 

229. Helix. Definition. Let a point N describe a circle of radius a 
with uniform angular speed a. Let P be a point in the normal at N to 
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the plane of the circle, and let it move along the moving normal with 
constant velocity u. Then P is said to describe a helix. 

The normal to the plane through the centre 0 of the given circle is 
called the axis of the helix, and the ratio of the velocity component of P 
parallel to the axis to the speed of N, namely the ratio u/aco is called the 
pitch of the helix and is denoted by tan a ; a is called the angle of the helix. 

Position vector of P. Let z be a unit vector along the axis, i a unit 
vector along ON- Then if r is the position vector of P, 


dr di , 

dr“'d;+“’ 


(z.i».o) 


where, by the fundamental angular velocity formula, 

— =mzAi. 
dt 

Hence r=ai+utz, 

tvith a suitable choice of origins of t and r, t being the time. Thus 

r=ai-j-atij tanx tz. 

Arc length. We have 

^=a^4-aw tan a^z=[afo(zAi)4-aw tan azl^^ 
ds ds ds ds 


But 

Hence 

whence 


Idr/ds| — I. 


ds 


— =aw(i+tan* «)t=a« sec a, 
dt 


s=ao) seca t. 
Hence the equation of the helix may be written 

r =ai-f-s sina. z, 


where 


di dt , , .. cos a, , 

_=_co(zAx)=-— (ZAO. 


(1) 

(2) 


Equations (i) and ( 2 ) describe the helix fully in terms of the arc s as 
parameter. The various properties of the helix now follow from Frenet’s 
formulas. For the unit vector along the tangent we have 

T=^=cos a(zAi)+sinz z 
ds 


and, for the unit vector along the normal, 


N_ 

P 


whence, since p>o. 


ds 
N = 


COS.^ Cf. 


■zA(zAi) = - 


cos^ a. 


-h 


p=a sec.^ «. 
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For the binormal 


For the torsion 


B=TAN =cos a(zAi)A(— i)— sin a(zAi) 
=cosa z— sina (zAi). 


N 


ds 


sm a cos a 


■zA(zAi): 


sin a cos a. 
: 1 


whence 


o = +a sec a cosec a. 

It follows that for given a>o we can construct two essentially distinct 
helices with torsions of opposite signs, corresponding to a>o and a<o. 

The student should note the ease with which vector methods fix the 
signs of quantities and the directions of lines, without appeals to diagrams. 

230. The acceleration of a particle in motion along a twisted curve. If 
t denotes the time, P the vector position of the particle, we have 

-T 

dt ds dt ’ 


where v is the speed of the particle, T a unit vector along the tangent. 
Hence 

— =^T-4- — - 
dt® dt '^ds dt 



by the first of Frenet’s formulae. 

It follows that the acceleration of a particle in motion in three dimen- 
sions in any manner may be resolved into a component dv/dt along the 
tangent to the path and a component v®/p along the principal normal, 
i/p being the curvature of the path. The component of acceleration 
along the binormal is zero, and the acceleration lies wholly in the osculating 
plane of the path. 

Example. Evaluate d®P/dt®. 

231. Angular velocity of a moving triad in terms of the motion of one of 
its members. If a unit vector i is a function of t, the representation of i 
with respect to an origin O will move in a definite way. We cannot, 
however, speak unambiguously about its angular velocity, for an origin 
O and a radius vector i do not specify a rigid body. The motion of the 
representative point i can in fact be specified by any one of a class of 
angular velocities about appropriate axes. Amongst these different axes, 
one is of pre-eminent interest, namely that which is perpendicular to i. 

Let us therefore attempt to find an angular velocity £2 with the Uvo 
properties : (i) that £2 is perpendicular to i ; (ii) that if i is supposed 
embedded in a rigid body moving with angular velocity £2, then the 
motion of the rigid body reproduces the actual motion of i. 
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di 


=£2/\i. 


Hence 


lA 


dt 


dt 

iA(£<tAi)=ft. 


This determines in terms of i and its prescribed motion. 

The motion of i is now also reproduced by the motion of any rigid 
body possessed of an angular velocity SI' defined by 

£2'=m+iA^\ 

at 

where n is an arbitrary scalar. This is the most general form of angular 
velocity of a rigid body of which i can form a part. The scalar n is called 
the spin of the rigid body about the axis i. This formula is very useful 
in dealing with the motion of a top, namely a solid of revolution whose 
axis is specified by a unit vector i. 

The motion of i being given, of all the lines perpendicular to i there 
is one w’hich is parallel to di/dt. If we construct a unit vector j parallel 
to di/dt, then the triad i, j, iA j defines a positive unit orthogonal triad, 

and so specifies a rigid body ; for, since i- = i, we have of 

The question arises ; what is the angular velocity of this rigid body ? 
i.e. what is the value of the spin n of this body about i? 

Since j is parallel to di/dt, we have 

whence, differentiating, 

dt dt dt^ 


But 


and so 


Hence 


f'i o,* 
— =i2Ai, 
dt 


|=nAj, 


dj di 


jA 


S2 = 


d^i 

dt= 


. di 


di 


or, since j is parallel to — , 


Sl= 


'dt 


dt^dt^ 



This is the expression of SI in terms of the specified motion of i. 

7 * 
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The spin n of the triad about i is then given by 

V dt 'dty/ Vdty 

Example. Shov; that the foregoing formula for Si is equivalent to 


§232 


i-A — 
- dl , dt ‘dt^ 
Si=iA— 4-1- 


dt 


(a-:)’ 


The relation of this formula to the analysis of the motion of the triad 
formed by the tangent, normal and binormal to a twisted curve, should 
be investigated by the reader. 

Example. A moving plane has a unit vector i for its normal, i being 
a given function of t. Show that the plane may be considered to be 
turning instantaneously about an axis in itself in the direction of the 
unit vector 


( 


,, di\ /jdij 

' jO/ isr 


Example. Two unit vertors i, j (not necessarily perpendicular) define 
the direction of the normal to a variable plane, i and j being given functions 
of t. Show that the angular velocity of this plane, apart from an arbitrary 
spin about its normal, may be written 

{Note. The expression ^ dyadic.) 

232. Hooke’s joint. This is a mechanism for transmitting a rotation 
about a given axis to a second given axis which intersects the first at an 
angle. 

Let PQ, RS (Fig. 53) be the given axes, intersecting in O, AB is a 
rod perpendicular to PQ, rigidly p 
attached to PQ, and CD is another 
rod rigidly attached to RS. The 
rods AB, CD are rigidly attached 
to one another, at their point of 
intersection O, so as to be per- 
pendicular. The rod AB is capable 
of turning about itself as axis, and 
similarly CD. 

Let i, i' be unit vectors along the given fixed directions of the axes 
PQ, RS, and let j, j' be unit vectors along AB and CD. Fret w be the 
spin of the axis PQ, that of RS, and let St be the angular velocity of 
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the rigid body formed by AB and CD. We note that there are three rigid 
bodies concerned : the points A, B are members of two of them, the 
points C, D of a different two of them. Then the motions of the points 
of position vectors j and j' with respect to O are given by 


-=riAj=&dAj, 


-=£2/Vj'=o>'i'Aj'. 


whence 


dt •' dt 

Hence ft— £oi=/j, ft — 

Hence, subtracting, to'i'— cdi=?j— 

Multiplying scalarly in turn by j and j' we have 

since w’e have i-j=Oj 

Hence ft =6)i-f 

This gives us the desired relation between to and to'. For multiplying 
scalarly in turn by i and i' we have 

to 1.x jiAjh 

The value of i.i' is fixed. AsJ' moves, it describes a plane perpendicular 
to i'. This plane intersects the plane perpendicular to i in a straight line. 
Thus twice during a complete revolution, j' is perpendicular to i, and 
here liAj'l takes its maximum value, unity. Hence the maximum value 
of co'/co is By a similar argument, the minimum value of co'/co 

is (It is assumed for simplicity that i.i'>o.) Thus to'/co oscillates 
between i.i' and i/i.i', and actually attains these limits. If i and i' are 
inclined at a small angle, i.i' differs from unity by a small quantity of 
the second order, and if co is constant, so also approrimatety is <a'. (It 
is readily verified that (iAj')-(i'Aj)=i'i', which guarantees the consistency 
of the two formulae for co'/to.) 

It may be noted that since j.j'=o, we must have 
(ft-ai).(ft-(o'i')=o. 

But ft,i=o), ft.i'=w'. 

Hence ft^=co®-i-ci)'^ — coco'(i.i'). 

An alternative expression for w'/o can be obtained by noting that 
since j.j' =o, tve must have 

dj . dj' 

J., +,.^=o. 

or • M(iAj).j'+w'(i'Aj').j=o 

or 

« JAJ .1 
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"When j' 5 s perpendicular to i, j/.j' is along i, and tlie value of a'fa is 
i/( 5 .i') ; v.hen j is perpendicular to i', j/ij' is along i', and the %-alue of 
eo'/ci) is i-i'. That these are extreme values of c^'/oi can be seen by noticing 
that at a maximum or minimum of {jAjO-i must have 


at 


Hence in these positions either} is perpendicular to i' or j' is perpendicular 
to i- By the sj'mmetiy of the result, these give also the stationary’ values 
of j/'j'A', and it is easily seen that a maximum of j/J'-i coincides vnth a 
minimum of j/ 

Z33. Examples on the motion of a rigid body. Ivlany of the follovnng 
examples are talten from a standard textbook (Lamb’s Higher Mechanics). 
The solutions are V.orked out in detail here in the hope of persuading the 
reader that vector methods are 
usually just as powerful in deal- 
ing vnth coiamples as in proving 
standard theorems. 

Example (i). A rough sphere 
is pressed bettveen two parallel 
plane boards rotating with angular 
velocities 01^, eij about non-coinci- 
dent axes normal to themselves. 54 

Prove that the path of the centre of 

the sphere is a circle, and determine its centre and the angular veloci^ 
round it. 

Take a fixed origin O in the plane of one of the boards. Let be Ae 
position vector of the intersection with this board of the axis of rotation 
of the board. Let 1 be a unit vector normal to the boards. Take an 
origin O' in the plane of the second boairi at the projection of O on this 
board, and let r- be the position vector, with respect to O', of the inter- 
section of this board with its axis of rotation. Let A, B (Fig. 54 ) 
points of contact of the rolling sphere, i their position vector with respect 
to O or O' respectively. Let £2 be the angular velocity of the moving 

^^Th'en the condition of rolling at A is that the velocity of A considered 
as a particle of the sphere is equal to the velocity of A considered as a 
particle of the board. Considered as a particle of the sphere, the velocity 

of A is 



dr 

dt 


^iA(-ai), 


where a is the radius of the sphere ; considered as a particle of the plane, 
the velocity of A is 
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_ — aSiAi=MjiA(r— ti). 
at 

Conditions at B ^ve similarly 

^+a5lAi =co2iA(r— rg). 


Adding, 


dt 


= iiA [o)j(r— rj) +coj(r— rj)] 


= i(wi-i-M2)iA^r 


Mifi+Mgra Y 

-TtOg / 


This formula asserts that the centre of the sphere is in motion with an 
angular velocity about the point 


this point divides the line joining tj to in the ratio toj : Since this 

point is fixed, and since Kcoid-Wj)* is a fixed vector normal to the planes, 
the path must be a circle. 

To obtain the angular velocity Si of the sphere itself, we subtract 
the equations expressing the conditions of rolling contact, obtaining 

aSiAi =iiA [<02(r— tj)— C0i(r— rj)]. 

Multiplying vectorially by i, we have 

a[-Si-}-(S2.i)i]=:.i(«2— w,)f— 

This evaluates SI as far as the conditions of rolling contact fix it, for Sl.i, 
the spin of the sphere about the diameter AB, is clearly arbitrary. 

Example (2). A rough sphere, of diameter (b— a), is pressed between 
two concentric spheres of radii a, b (b>a) which are compeiied to rotate 
about their centres with given angular velocities £ 2 j, Sl^. Show that the 
path of the first sphere is a circle ; and ascertain the motion. 

Let SI be the angular velocity of the moving rough sphere, i a unit 
vector along the common radii to the points of contact. Then the velocity 
V of the centre of the free sphere is given by 

v=»(a+b)i\ 


The conditions of rolling contact arc 

v+SiAi(b— a)i=£22Abi, 


Adding 


v-f flA [Kb— a)(— i)] =£2iAai. 


V = KbS^2+a52j) Ai 

v=^ ?i± g ?J A.\(a+b)x. 

a+b 


or 



192 VECTORIAL MECHANICS § 233 

Now -|(a+b)i is the position vector of the centre of the free sphere. Hence 
the last result asserts that the centre of the free sphere is being compelled 
to move with uniform angular velocity given by 

a£ij-|-bS22 

a-j-b 

Its path is therefore in a plane normal to Si' and consists of a circle 
described with uniform speed. The value of SI is readily determined as 
in Example (i). 

Example (3). A rough right-circular cone of semi-vertical angle a 
is rolling on a rough horizontal table, the contact generator revolving 
round the vertical through the vertex with angular velocity co^. Find 
the angular velocity of the cone, and discuss the motion of the cone 
relative to the moving vertical plane containing the contact generator. 

Let i be a unit vector along the contact generator. This line of particles, 
considered as forming part of the cone, is momentarily at rest. Hence it 
is the instantaneous axis of the cone, and 
the angular velocity of the cone is accord- 
ingly of the form toi. 

Let r be the position vector of a point 
P (Fig. 55) in the axis of the cone with 
respect to the vertex 0 of the cone. The 
line of particles OP, considered as belong- 
ing to the rigid body constituted by the 
cone, has the angular velocity coi about O ; 
but considered as a member of the rigid body defined by the vertical 
through O and the revolving contact generator, OP has the angular 
velocity to^z, where z is a unit vector vertically upwards. Hence, 
equating the velocities thus calculated for any point on OP, we get 

MiAi'=WiZAr* 

Hence coi— ce^z is parallel to r. But r is parallel to 

i cos a-l-z sin a. 
to _ — to^ 
cos a sin cc 
to = — 00^ cot a. 

The angular velocity of the rotating vertical plane through the contact 
generator being to^z, the angular velocity of the cone relative to this plane is 

— tOi cota i— to^z. 

Hence the time for the complete revolution of a generator of the rolling 
cone from contact to contact is 

271 2tc sin a 

“1 


Hence 

or 



cojli cot a-l-z| 


KINEMATICS 


§233 


193 


This may be checked by noticihg that if 1 is the slant length of the cone, 
the circumference of the base is 27tl sin a, and hence the time taken to 
describe, with angular speed toj, an arc of length ard sin « extending 
round an azimuthal circle of radius 1 is [ztz sin a)/wj. An observer 
attached to the revolving vertical plane and provided with a revolution- 
counter would measure the modulus not of the angular velocity of 
the cone but of the relative angular velocity wi— co^z, of modulus 
cosec a. 

Example ( 4 ). The plane Ax-{-By-}-Cz = i is fixed in space, but the 
rectangular axes to which it is referred are rotating with an angular 
velocity (p, q, r). Prove that 


dA 

dt 


= Br— Cq, etc. 


The triplet of numbers (A, B, C) form a vector N normal to the plane 
and therefore fixed in space ; for, if (x, y, z)=R, the given equation is 
N.R=i, and hence by the quotient theorem N is a vector. Accordingly, 
dN/dt=o. But 


dN_^ 

dt ~ at 


-}-£2AN, 


where £2 =(p, q, r). Hence 


at 


= -£2AN. 


But the components of aN/at are the apparent rates of change of A, B, C 
in the moving frame defined by the co-ordinate system. Hence the 
required result. 

An alternative procedure is to note that the given plane N.R=i has 
an angular velocity — SI with respect to the axes. Hence 


aN „ , , y aR 
— .R-bN — =0. 
at at 


But 


at 


= — £2AR. 


Hence 

This is true for all R. 


(f-NAn).R-o, 

Hence 


Example ( 5 ). 
any instant 


aN/at =N a'S2 = -S2AN. 

A quadric whose equation relative to fixed axes is a 
ax^-bby 2 fyz-f 2 gzx-b 2 hxy = I 
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is of invariable form, but is rotating round the origin with angular velocity 
(p, q, r). Prove that 

^=2(gq-hr), ^=(b-c)p+gr-hq, 

’etc. 

The equation of the quadric at any instant is T:rr=i, where T is the 
self-conjugate tensor 

a h g 

h b f 

g f c. 

In the rotating frame defined by the rigid body associated Mth the 

invariable quadric, T has constant components. Thus dT/dt—o. Hence, 
applying the theorem of § an, 

^ =S2AT— Ta£ 2 =fliAT+S2AT=£2AT-f «aT. 

dt 

The (i, i) component of dT/dt is da/dt ; that of Sl/^T! is by its definition 

■ 4 'Ai 32 ^ 3 '^ 21 

or qg— rh. 

That of S 2 aT is the same, and so we have the first result stated. The 
(2, 3) component of dT/dt is df/dt ; that of Sl/\T! is 

or rg— pc ; 

that of SJaT is the (3, 2) component of Slf\T which is 

A3i2^ijT22-t"A3oifl2^12 
or pb— qh. 

Hence the second result stated. 

From the foregoing we can deduce the conditions for the quadric to 
be a surface of revolution. For if the quadric is one of revolution, there 
exists an angular velocity (p, q, r) which leaves the equation of the quadric 
unaltered. For such values of p, q, r we have accordingly 

gq-hr=o, (b— c)p+gr— hq=o, 

hr— fp=o, (c-a)q+hp~fr==o, 

fp_gq=o, (a-b)r+fq -gp=o. 

fp=gq=hr, 


Hence 
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provided none of f, g, h are zero. The second set of equations then gives 


etc., or 


b— c , g h 

— =0, 
f h g 

Jh 

g 




■f ■ 


If, on the other hand, one of f, g, h is zero, say g=o, then fp=hr=o. 
If both p and r are zero, the second group of equations gives hq=o, 
(c— a)q=o, fq=o, requiring f=h=o, c=a, and the quadric reduces to 
ax-4-by“+az- = i. If p=o, r + o, q+o, then h=o, g=o, and the second 
group of equations gives (c— a)q=fr, (a— b)r=:— fq, whence 
(a — b)(a — c) =f-. The latter set of conditions includes the case f =g=h=o. 

Example (6). A solid is rolling in contact with a fixed plane with 
angular velocity 12 . Find the accelera- 
tion of the particle of contact in terms 
of the principal radii of curvature of the 
surface of the solid and the components 
of 12 along the lines of cun'ature. 

Let A (Fig. 56) be the particle 
of the solid in contact wth the plane 
at a point O of the plane at some 
instant t=o. Let P be the point of 
contact at time t. Let OA=r. Then, since the particle P of the body is 
instantaneously at rest, 

^-l-S 2 AAP=o. 



Fig. 56 


(In writing down this relation we have used the facts that dr/dt is the 
velocity of the particle A relative to O and 12 aAP is the velocity of the - 
particle P relative to the particle A.) Differentiating this relation (which 
holds good for all t) with respect to the time t, we have 


d^r , dl2 
dt^"*" dt 


AAP-f-12A~ 


=0. 


When t=o, AP=o. Hence 


d^\ 

dt Jo 


Take now a frame of reference fixed in the body. Then in the standard 
notation. 
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Referred to a frame of reference fixed in the body, the plane of contact 
has an angular velocity — SI. Take a unit vector n normal to the tangent 
plane at P, and let i, j, k be a triad of unit vectors along the principal 
lines of curvature and along the normal at A, 

Referred to A as origin, P will have co-ordinates ( 5 ', v]', so that 


AP=^'i-{-Yl'j+Ck, 


and the approximate equation of the surface is 


Pi P 2 

where pg are the principal radii of curvature at A. The tangent plane 
at P h^ for its equation 

Pi P2 . 

whence the normal n to this plane is the vector 

0 L Pi Pz J 

•where 0^=i+(^7pi)®+(-97p2)^- 

This vector n can be considered to have an angular velocity —SI referred 
to the frame of reference fixed in the body, so that 

8 

Substituting loj-f togk, 

putting t=o and noting that at t=o, 6=1 and a0/gt=o, we have, omitting 
primes, 

_i2i_^j = -(co,i-faij-f< 03 k)A r -li-l-j-hk] 

Pi P2 L Pi P2 -«t=0 


tL6l Pi Pz JJ 01 Pi p2 / 


Hence 


= «lJ— COjI. 


7)o— eiiPg. 


Hence =?oi+'’Qoj=Pi“2* Pa^ij* 

L at Jt=o 

= — (o)ii-{-e>2j-f'p>3k)A(pit^2i p2<^ij) 

= — PztOiWai— PiC02M3j-{-(PiM2^+P2“l^)k- 

In this formula the coefficients of i, j, k give the components of accelera- 
tion of the particle of contact along the directions of the lines of curvature 
and along the normal. 
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234. Motion in a plane curve. This is readily dealt with in an elementary 
way, but it is desirable to exhibit its relation to our general analysis of the 
motion in a twisted curve. A plane curve may be regarded as a twisted 
curve for which the torsion i/a is zero. The binormal is then a constant 
vector. It is more instructive, however, to derive the fundamental 
formula ab initio. 

Let T be a unit vector in the direction of the tangent to a plane curve, 
with some convention as to sense. The normal N is defined as a unit 
vector parallel to dT/ds, where s is the arc. Take z, a unit vector normal 
to the plane of the curve. It would be possible to choose the'sense of z 
so that T, N, z form a positive triad, in which case the curvature (to be 
defined later) is always positive. It is more convenient, however, to 
select a definite sense for z (e.g. the upward sense when the curve lies in 
a horizontal plane) and then to define the sense of N so that T, N, z form 
a positive triad. The curvature may be then either positive or negative. 

Adopting this procedure, we now define the curvature i/p at a point 
P of the curve as such that the triad T, N, z has the angular velocity z/p 
at this point when P moves with unit speed along the curve. We then have 


dT z_ N 
~=-AT=-, 
as p p 


ds 



It follows that p^o according as the curve near P is on the same side of 
the tangent as N or on the opposite side (sec diagram, Fig. 57). 



Fig. 57a Fig. sib 


p-p, 


, /dPN 

“ \ds/o 




The form of the curve near P is given by 

s2/^\ ,^f^\ 
'zlVds^A'^SlVdssA 
f _£/N\ 

6 dsVpA 


=sTo+- 

2 p 0 
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The numerical value of the curvature is given by 

Id^i 


1 =-!- 


ds2 !’ 


§235 


the upper sign being taken if dT/ds is in the same sense as N, the lower 
if in the opposite sense. 

If P is given, not as a function of s but in terms of a parameter, and 
if primes denote differentiation with respect to this parameter, then 


P'=Ts' 


P"=^s'2-fTs' 

ds 


and P'AP"=s' 2 TA dT/ds =(s' 3 /p)z. 

The acceleration of a particle following a plane curve is now obtained 
simply from 

dt ds dt ’ 


dT_dvT . dT 

dt2~dt ‘ ds dt~dt ‘ p ’ 


where v is the speed. 

The centre of curvature has a position vector pN with respect to P, 
where p has its proper sign. 

235. Kinematics of the motion of a lamina in a plane. Let a lamina be 
in motion in its own plane in such a way as to pass continuously through 
a ‘ linear series ’ of configurations. Without loss of generality it may be 
made to traverse the same series of configurations at constant angular 
speed to. Let u be the velocity of a particle O of the lamina whose position 
vector is with respect to some ffxed origin in the plane. Let r be the 
position vector of an arbitrary particle P of the lamina with respect to 
the same fixed origin. Let z be a unit vector normal to the plane of the 
lamina. 

Instantaneous centre. Then since the lamina has angular velocity 
<oz, we have 

^=uH-MzA(r— ro), 
dt 


v;here 


dTp 

dt 


=u. 


There will be a particle of the lamina which will be momentarily 
at rest provided a solution can be found of the equation 

o =u-|-oizA(r'i ^0)" 
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S-C>3 


To solve this equation, multiply vectorially by z. We find 

2/\u 


r,— rn=- 


We then have 


dr 

dt' 


=&)ZA(r— ri). 


Hence every particle of the lamina has the same velocity as if the lamina 
were instantaneously rotating round the particle r=ri Vtith angular 
velocity coz. For this reason, the point r=ty is called the instantaneous 
centre, I. 

Accelerations. The acceleration of the particle r of the lamina is 
given by 


Now 

Hence 



dvo 

Ldt 

dt 


=«zA(r-ro). 
du ^ . 


There will be a particle r =:r. of the lamina which tvill have zero acceleration 
provided a solution r. can be found of the equation 

. o=^-ei^rs-ro). 


This particle r. clearly exists, namelj* 


, I du 
ri=ro-r- 

<■)- dt 


so that 


I du zAu 
dt to 


The acceleration of the arbitrary particle r can now be whtten 


dt= 




Thtis the accelerations of all the particles of the lamina are directed 
towards the point J given bv r=r£, and are proportional to their distances 
from J. The point J is called the centre of accelerations. 

We have seen, from the formula dr/dt=tozA(r-^^‘i) th^^ velocity 
of any particle P is perpendicular to the line joining it to the instantaneous 
centre, Le. to PI. Hence when P is such that PJ is perpendicular to PI, 
the velodty and acceleration of P lie in the same straight line, and, at 
such a position for P, the acceleration being along the path, the curvature 
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of the path is zero, and at the point concerned, the locus of P in space 
has a point of inflexion. It follows that the locus of particles passing 
through points of inflexion in their space loci is the circle on IJ.as diameter. 
This circle is called the circle of inflexions. In the diagram (Fig. 58), N 
is the position of a particle P 

passing through a point of in- V {flf' 

flexion ; the angle INJ is a \£lt 

right angle. 

Since the position of I is 
given by 


r,=r. 


zAu 


0 I 




the velocity of the point I in 
space, i.e. the velocity of the 
instantaneous centre, is given 
by 

dt 



, I , du 
0) dt 


If we choose for the reference particle Xq the particle of the lamina in the 
instantaneous position of I, then u=o, and moreover 


du 

dt 


=— oj2{ri— ts). 


Hence, for this choice, we have 


dt 


— o)zA(ri— rg). 


It follows that the point I is instantaneously rotating round J with angular 
velocity — £oz. This gives a very convenient w'ay of determining J in 
cases where the velocity of I is known by inspection. 

The curvature of the path of any particle P of the lamina is now readily 
obtained. For if, as usual, T denotes a unit vector along the tangent to 
its path, N a unit vector along the normal, then 




r-r. 


|r— r. 


and the acceleration of P, which we have already seen to be — ci3^(r— T j), 
is also equal to 

^T+-N. 

dt p 

.TT 0/ \ dv , r—Xj , 0j2(r— r— I 


P 
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Multiplying scalarly by r— we have at once 

|r-r^p _ PP 
{r-r3).(r-rj.) PN.PJ' 

This again shows that the curvature passes through zero and changes sign 
if P passes through N. 

236. Example (r). Obtain the positions of the instantaneous centres 
and centres of acceleration («) for a disc rolling along a straight line, 
(b) for a disc rolling along the inside of a fixed circle, (e) for a disc rolling 
on the outside of a fixed circle. 

Example (2). A lamina is in motion with given uniform velocity u (a 
vector). A point P describes a given curve in the lamina with uniform 
Speed s (a scalar) relative to the lamina. Find the curvature of the space 
path of P in terms of the curvature of the given curv'e on the lamina. 

Let R be the position vector of the moving point relative to an origin 
fixed in space, r its position vector relative to an origin fixed in the lamina. 
Let T, N, z be the triad formed by the tangent, normal and vertical for 
the space locus, t, n, z the corresponding triad for the locus in the lamina. 
If dots denote differentiations with respect to the time, we have 

R=st-j-u, 


whence, if S is the speed over the space locus, 


S = lst+u|. 


Next, since s and u arc constants, 


R=sf 




where i/p is the curvature of the locus in the lamina. But, by the standard 
formula for the acceleration of a particle moving in a curve (§§ 230, 234) 


r=sthA"n, 

P 

where i/p' is the curvature of the space locus. Equating the two expressions 
and multiplying scalarly by N, 

Sg_ s%.N. 

P' P 


But 

Hence 


__ st+u 
ist+u|’ 
(st+u)- 
p' 

nAz.t = i, 


N=zAT= 


zA(st+u ) 

|st+ul 


s- n.[zA(st+ti)] 

■ p Ist+u) 
n.{zAu) =:(nAz).u ==t.u. 


But 



502 


VECTORIAL MECHANICS 


Hence 


1 _s^ s+t.u 
P'~P Ist+U|3' 


§ 236 


This evaluates p' in terms of the given quantities together with the angle 
0 between the direction of motion u and the tangent to the curve in the 
lamina. In terms of 0 , the result is 


1 _s2 s-f lu| cos 0 
p' P [s2-{-u2-}-2s|u| cos 0]5 

Example (3). A lamina is in motion with uniform angular velocity 
about an axis normal to its plane as in § 235. Determine a particle K of 
the lamina such that the rate of change of its acceleration is momentarily 
zero, and discuss its properties. 

Example (4). A rough disc of radius ^(b— a) fits closely between two 
concentric rings of radii a and b (b>a) ; the rings are made to rotate with 
angular speeds Mi,. W2 respectively about the normal to their common 
plane through their centre. Show that the angular velocity of the disc is 

(bwj— a(Oi)/(b— a) 

and that the angular velocity of its centre about the common centre of 
the two concentric rings is 

(bt02+awj)/(b-l-a). 

Example (5). A ring in the form of a circle of radius a is made to 
rotate with angular velocity about an axis through a point O in its 
circumference normal to its plane. A second 
coplanar ring, in the form of a circle of 
radius b(b<a), has its centre fixed to the 
moving centre A of the first circle, but is 
made to rotate relative to it with angular 
velocity Wj. A rough circular disc of 
diameter (a— b) fits between the rings. 

Determine its motion. 

Let C (Fig. 59) be the centre of the disc, 

X and Y the points of contact. Let i be a 
unit vector along OA, j a unit vector along 
AXCY. The rigid body constituted by the 
circle of radius a has an angular velocity WjZ about the fixed point 0, 
z being a unit vector normal to the plane. The rigid body constituted 
by the circle of radius b has its particle A moving with velocity adi/dt, 
together with an angular velocity (uj+W2)z about A. The disc has 
the velocity 
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of its centre C together with an angular velocity, say wz about C. The 
conditions of contact at Y and X give respectively 

J (a + + wz A |(a -b)j = CO jZ A a(i +j), 
ajJ+Ka+b)^|-wzAi(a-b)j==ai‘+(co, + (o,)zAbj. 


But 


di . 

— = WjZAi. 

dt 


The conditions accordingly reduce to 


l(a-l-b)^-| 4 (a-b)cozAj =acoiZAj 
i(a+b)Ji— J(a— b)cozAj = b(wi+co2)zAj. 


These are independent of i. Adding, we have 

which determines the rate of rotation of j as 

b 


w, 


aT*b 


C02. 


Subtracting the same two relations tve have 

(a— b)cozAj = [(a— b)wi— b(02]zAj> 
b 


whence 


• COo. 


The motion of C is now determined as that of the vector ai-f'J(ad-b)j, 
where i and j are uniformly rotating vectors whose rotational speeds are 
now known. The velocity of C, namely 


tOjzA ai + ^ coi + zA I. (a 4 -h)j, 


may be written in the form 

cojZA [ai+?>(a+b)j 3 +i WgZAbj, 

which exhibits it as the sum of a vector velocity normal to OC, of amount 
6)i|OC|, together with a component varying in direction but of constant 
magnitude Ibcog. 

237. Isotropic tensors of the second rank.* An isotropic tensor is defined 
to be one whose components take the -same numerical values in all triads 
of reference. Examples of such tensors are U and A, of ranks 2 and 3 
respectively. 

* H. Jeffreys, Cartesian Tensors, Chap. VII. 
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It is readily proved by the methods of this chapter that there is no 
isotropic tensor of rank i, i.e. no isotropic vector, and that the only 
isotropic tensors of rank 2 are multiples of U. 

Consider a tensor T, assumed to be isotropic. If the rigid body 
constituted by the frame of reference is moved in any way, then by 
definition the components of T with respect to a triad of reference moving 
with the rigid body are unaltered, and so 

aT_ 

But T being a tensor, and so independent of the triad of reference employed, 
we must also have 


dT 



These two conditions must be satisfied for all possible motions of the 
triad of reference, in particular for all angular velocities £2. 

Now take the case where T is a tensor of rank 1 , i.e. a vector, say P. 
Then by § 207, we must have 

o=p+£2aP> 

for all £2. Hence P=o. 

Take next the case where T is of rank 2. Then by § 209 
o=o+£2aT— 

or £2 aT=TaS2 

for all vectors £2. By § 70, the only solution T of this equation satisfying 
it for all £2 is 

T=XU. 

This is the desired result. 

238. To examine isotropic tensors of rank 3 or higher, the suffix 
notation is required. It is convenient and instructive to give first the 
following alternative discussion of isotropic tensors of rank 2. 

Let the members loep (not the components of a tensor) denote the set 
of direction cosines of the triad of unit vectors i'* with respect to the triad 
ip, as in § 38, so that 

laP“^ a*tp- 

Let us determine the values of l^p when the i'a triad is the result of the 
infinitesimal displacement 0 of the given triad ia about the origin 0, 
0 being a vector. Then, if P is any vector rigidly attached to the given 
triad, P-f-SP its value when the triad has undergone the small displacement 
0, then 


Hence 


8P=0AP. 

i'a=ia+0Aia- 
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§238 

Hence 

But 

Hence 

Now 

ifa=p. And 


la?=(ia+6Alit).ip. 

lap=Sap+joAip-6. 

iaAip=o 


iaAV=ia« 


if a, a', a" are in cyclic order, whilst 

A la' ” la" 


if a, a" are in non-cyclic order. If therefore, as in § 57, e^p.^ denote 
the twenty-seven members such that Eapy=o if any two of a, p, y are 
equal, and such that Sapy = ± r if all of oc, {}, y are unequal, the upper or 
lower sign being taken according as the order of a, p, y is cyclic or non- 
cyclic, we can write 

iaAip=eYaplY 

where summation with respect to y is implied. Hence 

lap=Sap+(0-iy)£vaP- 

Now 0 .iy is the y-component of 0 , which we can write as Gy. Thus 

lap=SaP+OY^Y“P- 

This formula, due to D. R. Hartree,* is a two-suffix form of the well- 
known relations giving the direction cosines of a slightly displaced triad 
with regard to the undisplaced triad. Written out, it gives the scheme 


i 

1 

p=i 

(I 

i 

i! 

a = i 

I 

Oa 

-0, 

11 

-O3 

I 

Oi 

11 

O2 

-Oj 

I 


This set of numbers is easily obtained from a diagram, but the present 
method gives the algebraic signs unambiguously, without appeal to 
geometrical intuition. 

Now let T be an isotropic tensor of rank 2, T' its description in the 
displaced triad ; then by the rule of transformation 

T ap— ^a(ilpvT(xv' 

But since T is isotropic, 

T ap==Tocp- 

Also lajilpv =(8a(i"bGy^Ya(t)(8pv ■f'Oy'^y'Pv) 

~8a|i8pv "t" Oy(eyati® Pv ■4'^y Pv^ajt)) 

* Privately communicated. 
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■where we have altered a dummj' suffix. 


§=59 

Combining these relations, we get 


T-s =T5^-f-0y(ap..j^Tj.sd-av'-,T-v). 

Since this must hold for all 0 ^, we must have 

^/■s^TpC -r- C-j-g,T 5-^=0. 

Multiply by and cany' out the implied summations. Then since 

~ dojis', 


we hav^e zTco-fTg^— oo..T*s=o. 

Interchanging the suffi.ves <7 and S we get 

zT^-fTcc — o^Ti- =0. 

Subtracting, TeC— T^=o, 

so that T is seif-conjugate. Hence 

T^=jT„o>, 

so that T is a multiple of U. 

239. We can now apply the same method to determine the isotropic 
tensors of rank 3. If Tjc-j. is such a tensor, we have in the notation of the 
preceding section 

T'a5-j-=1a^le-,lv<jTfiv'; 

whence on substituting the expressions found above for the I’s we get 


Opiapa^T^fSy I apfvTav.j' . SpysTacJ— O. 

This must be true for all Op, consequently (changing the surviving dummy 
suffix in each term to p) we have 


This relation contains four independent suffixes, c, a, p, v. and involves 
summation w'ith respect to p. 

Taking ?=i, a=i, P=i, Y=2 we get 


S£j2;iTi,ji— o 

y- 

or Tj-r=o. 

Hence a component of T for •which .wo suffixes are equal is zero. 
Taking p=3, a=i, ^=i, v=3, wCget 

iij3+^iaTi.^3~£j5a Eji^) =0, 

It t 

'r 213 '»'Tj 23 =^b. 


or 
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Hence the interchange of a pair of adjacent suffixes changes the sign of 
the component. By a similar process, 

'^123'T~Ti32 =0 

whence 

and, by repetition of the argument 

T2i3=T32i. 


Hence components of T with three unequal suffixes take only two values 
which are equal and opposite. Hence T^^y so that T = ?A. 

It should be possible to derive this result synthetically, without recourse 
to the substitution of special values for the suffixes, by operating suitably 
on the relation concerned. The search for this operator may be left to 
the reader. 

The determination of isotropic tensors of higher ranks may be carried 
out similarly. 



CHAPTER XI 


PARTICLE DYNAMICS 

240. Kinematics and dynamics. Kinematics is the study of types of 
motion. Dynamics is the study of the motions which will actually occur 
in nature under given circumstances. To discuss these, at least on the 
level on which this book is written, an appeal to the results of observation 
is necessary. We arrange these appeals in the following way. 

241. Concept of the particle. K particle is a quantity of matter whose 
spatio-temporal behaviour is sufficiently fully described by a position 
vector r varying with the time. It is often convenient to represent a 
particle to the imagination as a small quantity of matter, that is to say 
small in its linear dimensions ; so small, in fact, that its configuration 
at any instant t may be identified with the position of a geometrical point. 
But just as there is no logical necessity to associate with a geometrical 
point the notion of being ‘ without parts or magnitude,’ so there is no 
logical necessity to consider a particle as small, 

242. Definition of zero force. If a free particle is moving so that the 
rate of change of its position vector r with regard to the time t is constant, 
i.e. dr/dt= const, vector, the particle is said to be under the action of no 
forces. If the particle is constrained and dr/dt=const., the particle is 
said to be under the action of forces of resultant zero. These statements 
define zero force. 

2431. Mass. If the velocity dr/dt is not constant, there will be at any 
instantV a definite acceleration d 4 /dt^. Let us suppose that, in a portion 
of the ufaiverse which may legitimately be considered as isolated, we have 
two pardcles P,, and Pj which are connected to one another in some way 
or whicn influence one another’s motion. The connexion may be of the 
nature of an elastic string or spiral spring, or the influence may be what 
we ordinarily call gravitation. 

We introduce now the undefined concept of an maccelerated frame 
of reference. It is difficult in an elementary treatment to say exactly what 
is meant by an unaccelerated frame of reference : it is any one of a class 
moving with uniform relative velocities with respect to one another, but 
further than this an unaccelerated frame is just one for which the following 
empirical propositions are true. 

Let fo, "1 be the accelerations of the particles Pg and Pj in an un- 
accelerated frame of reference, at any instant. Then it is consistent with 

208 
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the results of observation to say that fg, 'fi are vectors lying in the line 
PgPj joining the particles, and are opposite in sense, and that the ratio 
|r il/lifol is the same for different distances apart of the particles, different 
modes of connexion between the particles and for different relative velo- 
cities of the particles provided these relative velocities are not too large.* 
Choose a number mg and associate it with Pg. Associate with P^ a 
number m^ determined by the relation 



Then miri = — mgro- 

The vector miti is said to be the force For exerted by Pg on P^ ; (or, 
alternatively, by the elastic string, etc., on Pj) ; and the vector mpTg is 
said to be the force Fjg exerted by Pj on Pg (etc.). Then 

Foi=miri, Fio=moro, 

and Fgi-fFio=o. 

Now let a new particle Pj be substituted for Pj. By a similar procedure, 
it is possible to determine a number mg associated with Pg. 

Next let the two particles Pj and Pg (otherwise isolated), influence 
one another, or be connected in any way. Then it is consistent with 

observ’ation to say that if Rj, Rg are their accelerations at any instant in 
an unaccelerated frame, then 

m^Rj “ ——mgRg* 

It follows that the number mj is characteristic of the particle Pj, in- 
dependent of the comparison particle used. (If we had first compared 
Pg and Pg, and then P^ and Pg, we should have reached the same number 
mg for Pg.) This number mj is called the mass of the particle Pj. Clearly 
every particle P has a characteristic mass m. The mass of any one particle 
can be fixed arbitrarily ; the masses of the rest are then determinate. In 
general we now have that the acceleration r of a particle P ‘ under the 
influence ’ of, or acted on by, a force F, is given by 

F=mr. 

This is called the equation of motion of P. 

244. Equality of action and reaction. When more than two particles 
are moving in one another’s presence, or influencing one another, or 
connected with one another in certain ways, we assume as a rational 
generalization of the above that if is the acceleration of a particle of 
mass m„, and if we define the force Fn acting on by the vector equation 

Fn =mnrn, 

• New effects come into play when the velocities of the particles become appreciable 
compared with the velocity of light. 
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then Fn is the vector sum of a number of line vectors Fj,„ 
passing through and siicli that 


This statement implies that the force acting on the sth particle can he 
dissceted into forces Fj*, F.^, Fn,. ... acting along the lines joining 
the particles i and s, 2 and s, etc. The constituents F^n arc not necessarily 
uniquely defined hy these relations, but the dissection is supposed to be 
possible and 10 satisfy these conditions subject to any other Ciiipin’ca! 
rules determining the F's. 

245. The above contains the substance of Ncuton’s three laws of 
motion. The first law is just a statement of the situation in which a particle 
can be recognized as moving under zero force. Tlie second law introduces 
the two concepts of force and of quaiiftlv of motion, here to be defined .as 
mf, but states e.xplicitly no a priori way of measuring either force or mass, 
that is, no means of recognizing when forces or masses are equal. The 
third law, avhilst presenting situations in which equal and opposite forces 
can be recognized, still affords no means of measuring forcc.s ; but 
permits the recognition in nature of just one force equal in magnitude 
to a given force, and so permits the investigation of the action of equal 
forces on different particles. In conjunction with the second law, this 
then permits the attribution of unique mass numbers to the members 
of a pair of particles, given one particle as standard. It asserts tacitly 
the conservation of the ratio of the mass numbers for a given pair of 
particles exerting on different occasions different (though still equal and 
opposite) forces on one another. This then leads to the possibility of 
attaching measures to forces in general. 

• The above dynamical definition of force is linked with the statical 
definition of force giveft in Chapter VH by choosing the same mass number 
inp for the standard particle. 

The mass numbers we have defined through ratios of accelerations 
are called ‘ inertial ’ masses ; ‘ inertial ’ because they afford a rnc?.sure 
of the acceleration response of the particle concerned to a given force. 
\Yc proceed to connect the ' inertial ’ mass of a particle with its 
‘ gravitational ’ mass. 

246. Gravitational mass. Let m, he the inertia! mass of a particle 
P, in the presence of a particle Pj of inertial mass nij. Let f,« he the 
scalar acceleration of Pj when at a distance fj. from Pj, rcl.ativc to an 
unaccclcratcd frame of reference. When Pj and IL may he considered 
ns isolated from the rest of the universe, we have the experimental result 
that 

f|2 " hTj./, 

for the two given particles P, and P,. Put then 

«* • rt 

*12 — 



PARTICLE DYNAMICS 


2II 


§247 

Then the scalar value of the force exerted by Pj on Pg, say Fjg, by the 
above definition of force is given by 


F 


12 



, Now let P3 be any third particle capable of being observed when isolated 
in the presence of Pj above. By an extension of the notation, 


It is now an experimental result that for different particles Pg, P3, ... in 
the presence of Pj, the coefficients of proportionality Xjg, determining 
the accelerations are all equal. Thus 


X12— X ^3 Xj . , 

The common value of these X’s is denoted by Mj, and is called the 
gravitational mass of Pj ; for it depends only on Pj. 

Now consider the motions of Pj itself in the presence respectively of 
Pj, P3, .... The scalar force Fjj exerted by Pj on P^ is of the same absolute 
magnitude as the force Fjj exerted by P^ on Pj, i.e. 

^ 21 =^ 52 . 

Hence, using the same notation 

Tkjjmj Xvjjm^ 

2 f* ^ 

M2 Ml 

when r2i=rj2. But Xi3=Mi, X2i=M2. Hence 

mi mj' 

That is, gravitational mass is proportional to inertial mass. 

This proportionality between gravitational and inertial mass is seen 
to be an immediate consequence of the experimental law that the accelera- 
tion in a gravitational field is independent of the particle being accelerated, 
together with the law of equality of action and reaction. In the present 
context, the latter is a definition enabling us to define inertial mass. 
(Compare the treatment in Mach’s Science of Mechanics.) 

247. Momentum. If m is the mass of a particle P, r its velocity at 
time t, then the line vector mr through P is called the momentum of P. 
The moment of this line vector about any point O is said to be the moment 
of momentum, or the angular momentum, of P about O. The momentum 
of a system of particles is the system of line vectors constituted by the 
momenta of the separate particles. In this chapter and in Chapter XII 
we continue to confine attention to the dynamics of a single particle. 

. 8 
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248. Equation of motion. The relation 

F=mr 

which Ave have obtained as a result of ideal experiments with particles is 
called the equation of motion of the particle P, of mass m and position vector 
r, under the force F. Since m is constant, it may be written in the form 

p d^ d, 

or, in words,' ‘ force equals rate of change of momentum.’ By a rational 
generalization of the preceding laws, in this form it may be taken as 
describing the motion of a particle of varying mass m under the force F. 
The notion of a varying mass is, however, not easy to define unless the 
mass can at any instant be isolated and experimented on as constant ; 
nor is the notion of ‘ force ’ in this case free from difficulty. Cases are, 
however, best discussed as encountered. 

249. Equation of rate of change of the angular momentum of a particle. 
If we multiply the equation of motion 

F=mr 

vectorially by r, the result may be written in the form 

rAF=^(rAmr). 

dt 

But rAmf is the angular momentum of the particle about the origin 0 , 
say H ; and tAF is the moment about the origin of the applied force F, 
say G. Thus we have 



or, in words, ‘ moment of applied force equals rate of change of angular 
momentum.’ 

When the line of action of F always passes through O, r and F arc in 
the same line, and G=rAF=o. Hence integrating, 

H=const., 

or rAmf= const. 

250. Areal velocity. The vector JrAr is a measure of the areal velocity 
of the particle about the origin. For the area of an elementary triangle 
subtended at O by the path during an interval dt is represented by the 
vector ^rAdr, or |(rAr)dt. Accordingly, when the applied force passes 
through a fixed point, the areal velocity about this point is constant. 

Further, if we call the constant areal velocity |A, then multiplying 
the integral 

rAr=A 

scalarly by r, we have r.A =0 
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Hence r is constantly perpendicular to the fixed vector A, and so the 
path of the particle P lies in a plane perpendicular to A. Likewise r.A=o, 
or the velocity of P is also perpendicular to A. 

A force which passes through a fixed point is called a central force. 
Thus any trajectory under a central force lies in a plane through the 
centre of force, and is described with constant areal velocity about the 
centre of force. 

Conversely, if the areal velocity i(rAr) is constant, then differentiating 

l-Af =0 

whence rAF =0. 


Hence F is parallel to r, and so passes through a fixed point, namely the 
origin about which the areal velocity is measured. 

251. Equation of rate of change of the energy of a particle. 

The work of a force F when its point of action undergoes a displace- 
ment dr is F.dr. Accordingly the rate of performance of work is F.f. 
Multiplying the equation of motion scalarly by f we get 

F.r=mr.f’=^amr2). 


If W denotes the total work performed by the force, then F.r=dW/dt, 
and so 

W=^mi^-}-const. 

The scalar E given by 

E=^mr2 

is called the kinetic energy of the particle. Thus, in any interval of time, 
the work performed by the resultant force on a particle is equal to the 
increase of its kinetic energy. The relation between W and E is called 
the energy integral of the motion. 

252. Motion in a conservative field of force. Suppose now that the 
force F acting on the particle at P is a function of the vector r. Then 
the -work done by the force as the particle passes from P^ to Pg is 



r« 

F.dr. 




Now suppose that F is the negative gradient of a scalar function 
V of r. Then the relation 

F=-dV/dr 




gives 


W=- 


dr 


.dr=-[V(r,)-V(ri)], 


and so the work performed by the force depends only on the initial and 
final positions, and is independent of the intervening path traversed. 
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In such a case, the field of force F is said to be comen:atir. 4 v ' ''' 
to be Its potential. If a particle of mass m !<= Jr, • ' ^ 

force, we have ^ in this field of 

dV. ... 

-_,r=nir.r, 

whence, integrating, 

“tnr2-t-V= const. 

1 his is the form which the energy inteeral takes fnr 
Bve field of force Vis now said'.o be the/,o,e»/,V,;™ 

The sum of the kinetic and potential energies of a 

consen etive field of force is Lcording“ c?rtsM. ’ 
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253. Resisted motion under gravity. Resistance proportional to velocity. 
Let a particle be projected from the origin with velocity Vo, under the 
action of gravity and of a resistance proportional to the velocity. If r is 
the position vector at time t, V the velocity, — kV the deceleration due to 
resistance, and if z is a unit vector vertically upwards, the equation of 
motion gives 


dt 


— gz— kV. 


If we put dV/dt=f, differentiation of the last equation gives 



or ^(fe*“)=o, 

dt 

Hence f=foC~kt, 

where f,, is a constant vector. Hence the deceleration is always parallel 
to a fixed vector and decreases exponentially with the time. As t->oo 
f-M), i.e. dV/dt->o and so V->— gz/k. This is accordingly the limiting 
velocity. 

The equation of motion may be integrated once as it stands, since 
V =dr/dt, giving 

V=-gtz— kr+Vp. 

If X is a unit horizontal vector, the horizontal displacement is given by 


whence, letting t-»-oo and V-^— gz/k, we have 

lim t.x^x.yjk. 

t-’-OO 


There is accordingly a limiting horizontal range. 

The ma.ximum height occurs when V.z=o. Hence maximum height 
is attained when 


r.z 


_Vo.z-gt 

k~’ 
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but this does not of itself determine the maximum height, since here t 
the time of flight, is unknown. To determine this we need a second 
integral. 

The integral of the equation of motion already obtained may be written 
after multiplication by e*^*, in the form 

■^(re*‘t) = — gtc'^‘z+ Vocl^t. 
dt 

This integrates as it stands in the form 


re' 


kt = i)-j. S kte'^*'— i)z. 
Ic ic 


where we have added constants to make r=o at t=o. This gives 


r=-^(i— c'-ltt)-|-£(i_-kt— e-><t)z. 
K K** 


Hence at any time t, 

V = J =Voe-kt-i(i -e-kt)z. 
dt k 

This gives V explicitly as a function of t. The time of flight to maximum 
height, to, is a root of the equation obtained by putting V.z=o, namely 


c-kto(Vo,z) =|(i — e-J'fo). 
K 


Hence 


or 


[k(Vo*z)+g]=ge’‘*o, 

log [i+Vo-z)]. 


From the equation giving r 
explicitly as a function of t, it 
appears that the natural co-ordi- Qj 
nates to use for defining the 
position of the moving particle P ^ 
are ^=OQ and -fj—QP (Fig. 6o), 
where Q is the point on the initial 
tangent vertically above P. The equation then gives 

i^ol 

where ^(t) = - - ^ ----lVo| 



Fig, 6o 


^i(t)=g- 


-i+kt+e”^‘ 


1,2 
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It will be observed that ^(t) and vj(t) are functions of t only, and are in- 
dependent of the direcfion of projection ; the drop from the tangent, 
7j(t) is in fact independent of the magnitude of |Vo|. We notice that 

It follows that for given IV^l and constant t, if the. angle of projection 
(i.e. the direction of Vq) is varied, the locus of P is a circle centred at a 
point C distant 7i(t) from O and vertically below O, and of radius 5 (t). 

Let P, Pq (Fig. 61) be two points reached in the same time of flight t, 
Pq being on the horizontal through O. Let a be the angle of projection 


a 



for P, i.e. the angle QOPq, S the ‘ angle of sight ’ of P, i.e. the angle. 
POPo, E the ‘ tangent elevation,’ for P, i.e. the angle QOP. For Pq, the 
value of S is zero, and the angle of projection is the tangent elevation Eq. 
We now establish an interesting relation beUveen E, Ej and S. 

We have 


sin Eq: 


and 


'OQo. ^(t)’ 

QP 


sin E QP 
sin (Ik— tt) OP OQ cos oc sec S ^(t) cos a 


■nit) 


•cos S. 


Hence 


sin E=sin Eg cos S. 


This formula enables E to be calculated for any angle of sight S in terms 
of its value for the same time of flight to the horizontal. The gunners’ 
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‘ cosine rule ’ is an approximate formula of this type, save that it specifies 
constant range instead of constant time of flight. The interest of the type 
of formula we have obtained lies in the absence of any explicit mention 
of resistance (k) or muzzle velocity (jVol), so that it is the type of formula 
to be expected to hold good approximately for other laws of resistance. 

Example. Prove that with the same notation, for constant time of 
flight, 

OP =OPo r f 2 i^-sin S tan Eol . 

Lcos Eq J 


Another interesting property which is also a consequence of the 
possibility of expressing the motion by means of two functions ^(t) and 


a’ 



Fig. 62 


rj(t) is that if P is the point of fall on a given inclined plane for the maximum 
value of the range OP on that plane (for given jVol, then the tangents to 
the trajectory at O and P are perpendicular. 

For, let the tangent at O meet the vertical through P in Q (Fig. 62). 
Then, if t is the time of flight to P, OQ=^(t) and QP=ry(t). Take a 
point Q', near Q, such that OQ'=OQ, and take P', vertically below Q', 
and such that Q'P'=QP. Then if the particle is projected from O along 
OQ' with the given velocity of projection jVoI, then it will reach P' in 
the same time of flight t. Since OP is a maximum, this neighbouring 
trajectory must have to the first order the same range OP along OPX as 
the trajectory for projection along OQ. Hence the particle projected 
along OQ' and passing through P' must pass approximately through P, 
so that PP' is parallel to the tangent at P to the original trajectory. But 
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since QT'=QP, P'P is parallel to Q'Q, which is perpendicular to OQ 
since OQ=OQ'= 5 (t). Hence, when OP is a maximum for the inclined 
plane OX, the tangents at P and O are perpendicular. 

The actual angle of descent of a trajectory to the ground is readily 
found. If X is as before a unit hori2ontal vector, we have at any point 

V.x=(Vo.x)e-kt 


and V.z=(Vo.z)e-'^‘— ?(i— e-I^t). 

iC 

whilst at the point of fall we have 

o=r.z=^i^(i — e-*'‘)+^(i— lit). 
K K*" 


Eliminating g by means of the last equation, we find, if w is the angle 
of descent 


tan (o — 


V.x Vq-x c'l't— (i— kt) c -*'f— (i— kc 


Example. Prove that w>a. 

The above are merely to be taken as illustrations of the use of vector 
methods in solving problems of resisted motion under a linear law of 
resistance. 

254. Motion of a particle in a circle. Let a particle P of mass m be 
in uniform motion with speed v in a circle of radius a. If i is a unit 
vector normal to the plane of the circle, in an appropriate sense, we have 
for the motion 


* 

dt 


v. , 

=-iAr, 

a 


{i.r=o), 


where r is the position vector of P with the centre of the circle as origin. 
Hence the acceleration of P is given by 


d"-r 

dt2 


v. . dr 


a** 


o 

V- 



Since lrj=a, the acceleration is of absolute value v“/a, and is directed 
inwards to the centre of the circle. This is, of course, merely a particular 
case of the result of § 230, that the acceleration of any particle in motion 
along a curve of cur\'ature i/p with speed v is dv/dt along the tangent and 
v-/p along the principal normal. 

Simple as this example is, the equivalence of the equation 

dr/dt = co(iAr), (i.r -o), 

to the equation d-r/dt® = — to^ 

is the principle underlying the solutions of a host of problems by vector 
methods. 

8 * 
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255. Simple harmonic motion. The motion of a particle under a force 
to a fixed point proportional to its distance. Let m be the mass of the 
particle, — mpr the external force. Then the equation of motion reduces to 



(l^>o). (i) 


Multiplying scalarly by dr/dt and integrating we have 


\dt/ 


Ipr^^const., 


which is the energy integral. Multiplying vectorially by r we have 

A 

■•Aap-o 


or, integrating, 


dr .A 
r/\— =const. =A, 
dt 


(2) 


say. Then r.A=o, so that the vector OP=r always lies in the plane 
through O nohnal to A, and the motion lies wholly in one plane. Similarly, 
(dr/dt). A =0. The vector A is proportional to the angular momentum 

cir » 

of P about O, namely r/\m— , which is accordingly constant. As we have 

dt 


already seen ( § 2 50), these are general properties of the motion of a particle 
under a force to a fixed centre. 

The constant vector A is fixed in direction by the directions of r and 
dr/dt at some given ’initial instant t =tp. We now require to determine 
the motion in the plane normal to A. 

Let i be a unit vector parallel to A, so that 

i.r=:o. 


Consider the motion defined by 


dr 

— = o)JAr, 
dt 


where w is some constant. This gives 

coiA(<oiAr) = — 

and accordingly will satisfy the equation of motion (i) provided that 

C02 = (i, W=±[A'- 

Now consider two vectors r^ and of arbitrary constant modulus and 
arbitrary initial position, satisfying i.ri=o, i.r2=o, and rotating with 
constant angular speeds according to the equations 

r-ri+rg. 


Put 
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Then r satisfies (r). Moreover this is the most general solution of (i). 
For the most general solution of (i) will originate when P is projected, 
at a given time t=to, through an arbitrary position vector Tq with an 
arbitrary velocity (dr/dt),,. Each of the latter vectors is equivalent to 
three scalar numbers, so that the general solution of (i) will contain the 
equivalent of six arbitrary constants. But the solution (3) contains the 
equivalent of six arbitrary constants, for the unit vector i is equivalent 
to the choice of two constants, and once i has-been chosen the initial 
vectors tj, and normal to i are equivalent to the choice of four more 
constants, making six in all. 

The most general solution r of (1) may thus be constructed as the 
vector sum of two vectors of constant modulus, rotating in opposite 
senses with angular velocities The loci so obtained are particular 

cases of Lissajous’s figures. The period is 

It will be noted that we have effected a kinematic description of the 
most general motion of P when subject to the second order differential 
equation (i) by means of two first integrals given by (3) together with 
the information contained in (2). 

It is true that we have not expressed r as an explicit function of t. 
We have, however, obtained a picture of the structure of the motion, and 
this is actually more useful and more insight-giving than an explicit 
expression for r as a function of t. 

The solution of a second order vector differential equation by means 
of uniformly rotating vectors is as fundamental in vector calculus as the 
solution of a scalar differential equation by means of exponentials. It is, 
_ however, in principle simpler. The integration of an equation of motion 
is effectively complete when we have obtained a description of the motion, 
and we secure this by one integration, not two. The vector method 
yields the moving picture of the motion one stage earlier than the complete 
integration of the corresponding three scalar equations and subsequent 
combination of the three solutions. 

That the solution (3) is consistent with the integral (2) follows since 

rA ^=(ri+r2)A (^+^) [[^^(iArij-pHiAra)] 

and the right-hand side here is constant since and tg have constant 
moduli. It follows that the angular momentum about O is 

As a corollary, the angular momentum vanishes if |rj,| = lr2|. In that 
case, the direction of the velocity must pass through O, and the particle 
must describe a straight line through 0 . Thus the combination of two 
circular motions of equal radius and opposite angular velocities results 
in rectilinear motion through the origin. 



222 


ATECTORIAI. ISIECHANICS 


§ ^55 

The velocity of P is given by 

Thus if OM =ri, iVIP =r 2 (Fig. 63), so that P is the position of the particle, 
and if tve produce PM to P' so that MP' =PM, then P has always the 
velocity of P', namely a rotation about O with angular velocity jiU (see 
Fig. 63). "WTen lrj| == dr/dt must be constant in direction, as we have 
seen, and therefore — r, mtist be constant in direction. This is obvious 
geometrically (see Fig. 64). 

Motion governed by an equation of type (i) is called simple harmonic 
motion. It is clear that simple harmonic motion is essentially a iuo- 



Fig. 63 Fig. 64 


dimensional motion, reducing as a particular case to rectilinear motion. 
The term simple harmonic motion is often confined to the case of recti- 
linear motion. The vector method, however, insists on the consideration 
of the two-dimensional case first. 

Another particular case is when one of the rotating vectors has modulus 
zero. In that case the particle P describes a circle. 

The most general form of the algebrmc locus of P is obtained by 
writing down the Cartesian equations corresponding to the sum of tnu 
oppositely rotating vectors of the form 

rj^a^U cos (p*t-l-ei)-}-k sin ([i^t-fs^)], 

Tz-ZzfJ cos (— {iH-fE 2 )+k sin (— pH-fEj)]. 

namely x =(ri-f r2).j, y=(ri-hr2).k 

and eliminating t. The resulting equation is that of an ellipse, centre 
the origin. But for any required properties of the ellipse, it is best to 
return to the kinematic definition of the locus as the vector sum of two 
arbitrary, oppositely rotating vectors. For example, the e.xtremities of 
the principal axes of the ellipse occur when 
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i.e. }jL^(rjL+r,).iA(ri— rj) =0 

or (riAr2).i=o. 

This requires riAr2=o, or to be parallel to tj (or antiparallel). These 
give the directions of the major and minor axes respectively. 

256. Repulsive force proportional to distance. The equation of motion 
is in this case 

d^r . , 


.=+pr. 


(p>o). 


As usual we have an energy integral, 


, / dr\2 , 

KdJ 


^-pconst., 


and an angular momentum integral 

dr , 

rA T- =const. = A. 
dt 

As before, since r.A =0, r lies in a fixed plane. 

To solve the equation of motion, let us seek a solution of the form 


where 


dr . . 

- = t<)iAr— kr, 
at 


: 6)iA(wiAr— kr)— k(wiAr— kr) 


=(k^— w“)r— 2k<o(iAr). 

This solution will accordingly satisfy the equation of motion only if 
2k«=o, k*— co*=[i. 

Hence either k=o, or u=o. If k=o, we get p, so that p must 

be negative if co is real, and we recover the case of attraction. If « =0, 
then k=i[A^- A solution is accordingly 

r=ri+r2, 

where Tj, are vectors satisfying 


dt 

These can be written in the forms 


J = +pir2 


-(r^ei^'O^o, 

which integrate in the forms 

ri=e“t''tB, 


->2e-!"'‘)=o. 


rj^e+f^'tC. 
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This solution, containing two arbitrary vectors B and C satisfying A.B=o 
A.C=o, involving four arbitrary constants, is thus the most general 
solution. We see that r is the sum of two vectors lying in iked directions 
of which one decreases exponentially with the time, the other increases. 
For t large, the' path tends to become parallel to C. The limiting length 
of the perpendicular from the origin to a line through P parallel to C is 
clearly 


lim 


KACI 

iq - 


which is zero. The path of the particle thus has an asymptote through 
the origin parallel to C, and there is clearly a second asymptote in the 
direction of B as t-^— 00. Moreover 


kii 11*21= 1 ®! lC|=const., 

so that the path is a hyperbola with asymptotes through the origin. 

If the particle is projected at time t=o from the position Tq with 
velocity Vo, then 

ro=B+C, Vo=-pKB-C), 

whence the asymptotes, namely lines parallel to B and C, lie along the 
vectors ro±p.“*V(,, 

257, The equiangular spiral. We have now considered the two distinct 
types of motion defined by 

dr . 

_=c.Ar 


and 



This suggests examination of the motion defined by the single vector 
equation 

coiAr— kf" 


We notice first that this can be written 

^(rekt) = coiArel'i. 
rekt=p, 

|=»iAp, 

SO that p is a vector of constant modulus rotating about i with angular 
velocity w. Hence r=pe“kt js a vector rotating about i and shrinking 
exponentially with the time, if k>o. The point r therefore always lies 
on the surface of a cone. 


Putting 
we have 
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Let a be the semi-vertical angle of this cone so that p.i=;|p| cos ct. 
Then the position and velocity of the particle are specified by 

r=pe-K ^=(MiAp— kp)e-k‘. 


The locus of r cuts the generators of the cone at an angle (j' whose tangent 
is given by 


tan = 


rA 


dti 


dr 


to|pA(iAp) | 

kp2 


w liApi w > 

-T-r=r “• 

k IpI k 


When r.i=o, a=^7t:, the locus of r lies in a plane through O perpendicular 
to i, and the locus meets all radii from O at a constant angle (j;. The locus 
is therefore an equiangular spiral. In this case, k = 10 cot Accordingly, 
an equiangular spiral of angle is defined by the equation 

^ = 05 (iAr— cot ^ ir), (r.I =0), 


The spiral is described by the particle with uniform angular velocity to. 
Writing the equation in the form 


_d 

dt 


cot = 6>iAre“t cot 


-i- 


wp see that if o<ij;<|7t, the vector re“tcoti{/ rotates with constant angular 
velocity w, and so r shrinks exponentially with the" time. 

258. Damped motion under an attractive or repelling force varying as 
the distance. The equation of motion is 


d^r 

dt2 


— pr— 2 k 


dr 

dt’ 


(k>o-), 


where we have represented the damping by a deceleration proportional 
to but opposite to the velocity. The natural way of seeking an integral 
of this vector differential equation is to attempt to determine an integrating 
factor e^t and a scalar constant, a, such that the equation can be put in the 
form 

Since this reduces to 


d^r 

dt2 




the given equation can be put in the required form if we can find numbers 
?v and a such that 


•X— a— 2k,. 


)a = — p. 
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Eliminating a, we have 

2kX+g.=o, 

whence ?'=Xi, (jl)^ 

a=ai, a2, = — k±{k2— lip. 
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The values of X and a are accordingly real if k®>[i. 

Case (i). k^> [i. In this case a first integral of the motion is obtained 
in either of the forms 


dt 


=air+Aie ’ih 


~=a2r+A2e ’■it, 


where Aj, Aj are vector constants. A first integral can, however, at 
most contain one vector constant, and so these two first integrals must be 
identical. Hence r must be of the form 

r = Ae"’it-}-Be~5-jt, 


and as this involves two vector constants it must be the most general 
form of the second integral of the original differential equation. 

This can be seen otherwise by writing either of the first integrals in 
the form 

y (re-i'*) =Ae"(’-'*'a)*, 
dt 


which integrates to give 

r = ^_e-’-t+Be+at 

X+a 


(?v-fa+o). 


Whichever value we choose for X, w’ith the corresponding constant a, this 
expression for r reduces to 


r = Aie-l*^+(*‘*-(^)’h+Be[-i'' 


in agreement with the earlier method. 

We observe that if k‘>}i.>o, the indices of both the exponentials are 
negative. Thus if k2>ii>o, r->o as t->co, and the motion is fully 
damped and aperiodic. If k^>o>(ji, r-^co as t-?-co. 

Case (ii). k“=p.. Then X-La==o, and the first integral becomes 


l(rckt)==A, 


of which the second integral is 

r =Ate~*^‘-i-Be~!'t. 
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The motion is again damped and aperiodic. The damping is said to be 
critical. In all cases, the motion lies in one plane, namely the plane of 
the vectors A and B. 

Case (iii). k“<(jt.. In this case X is complex. The solution for r can 
be made real by choosing for A and B complex vector constants. This is 
a rapid and convenient way of obtaining formal algebraic results, but 
to attach a rational meaning to the steps involved we should have to 
define complex vectors. This would require reconstruction of our vector 
algebra. It is in principle simpler and more interesting to obtain real 
solutions as follows. 

Let us seek a first integral of the form 

— = wiAr— Xr, (r.i =o). 

dt 

Then ~ = wlA(«iAr— Xr)— X(wiAi'— Xr) 

dt' 

‘ =(X“— co-)r— 2X«iAr. 

This will be a solution of the given vector differential equation provided 
that 

(X-— w®)r— 2X<.)iAr=— [it— 2k[co(iAr)— Xr]. 

This identity requires X=k, 

X^— W- = 2 kX— (JL. 

Hence <o“=p— k", 6) = ±((i,— k^)h 

Since in the present case (iii), k^<p., <o is real. 

By § 257, the motion of r, for either value of w, is along an equiangular 
spiral. The most general solution is therefore of the form 

r=ri+r2, 

where Tj, are two uniformly but oppositely rotating exponentially 
shrinking vectors of arbitrary initial values. This solution, involving 
two arbitrary vector constants, has the desired degree of generality. The 
motion is damped periodic. 

The reader will have recognized that the methods we have been using 
are equivalent to the methods customarily used for solving scalar linear 
differential equations. But instead of using exponentials wth complex 
indices, we have gained more insight by obtaining kinematic first integrals 
containing the motion of rotation. 

259. The penduhmi. Let a particle P of mass m be suspended by a 
string of length 1 from a fixed point O. Let i be a unit vector along OP, 
z a unit vector vertically downwards. Then the equation of motion of P is 

ml~=— Ti+mgz, 
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where T is the tension of the string. To eliminate T, multiply vectorially 
by i. We get 

fi) 

This is the fundamental equation giving the motion of the pendulum. 

To obtain a first integral, multiply vectorially by Since i-=:i. 


i.di/dt=o, the continued vector products give 

,./d2i di\ ./ di\ 

'\dPT.j=PrdtJ’ 


dt 


or 


,d^i di di 


(This follows also from the equation of motion directly.) Integrating we 
have 


f-Y 

\dt/ 


-g(z.i)= const. 


(2) 


This is the energy integral ; the kinetic energy, — mg(z.li) is 

the potential energy of the particle in the earth’s gravitational field. 

To obtain a second first integral, multiply (i) scalarlyby z a'nd integrate. 
We find 


di 

uA-wZ=const. 

dt 


(3) 


This is the integral of constancy of angular momentum about the vertical 
line through O.. It arises because all the forces acting either pass through 
O or are parallel to the vertical through O, and hence the component, 
along this vertical, of the angular momentum about O is constant. 

The last relation, written in the form 

di. 

— .(zAi)=const., 
dt 

determines the component of di/dt along z/\i ; its component along i 
is also known, namely zero ; and (2) determines the absolute magnitude 
of di/dt. Hence, for any given position i, the vector di/dt is completely 
determined by (2) and (3). The kinematic behaviour of i is thus fully 
know’n from (2) and (3). 

However, any' problem of interest concerning pendulum motion is 
better treated de novo, without use of the integrals of the motion. One 
of the differences between the methods we are here e.xpqsing and the 
more conventional methods in use in current te.\tbooks is the reduced 
importance here attached to scalar integrals of the motion and the enhanced 
importance here attached to a vector description of the motion. 
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Example. From the scalar first integrals of the motion in the forms 

^\(zAi)=h. 


obtain the vector first integral for di/dt. 

The fundamental equation (i) is not linear in i. It is due to this 
circumstance that no simple vector first integral of the motion is obtainable 
in general. But various special cases of the motion possess simple vector 
integrals. Amongst these are : (i) motion near the vertical ; (2) motion 
as a conical pendulum (steady precession) ; (3) disturbed motion near 
steady precession. These we proceed to consider in turn. 

We note first one further point. The equation of motion in the form 
(i) holds good whether the bob of the pendulum is free to move in three 
dimensions or is confined to a plane through the vertical. Vector methods 
of their own accord deal naturally with the more general, more natural 
case of motion in three dimensions ; restriction to plane motion is 
essentially an arbitraiy restriction. 

260. Motion near the •vertical. Put i=z-{-6, where (ej is small. Then 
since i and z are both unit vectors, we have on squaring 


I =:i4-2Z.e+c2, 

or, neglecting z.€=o. 

The equation of motion (i) (§ 259) then reduces to 

1 A A 

lzA^,=geAz 


on neglecting products of terms involving c. 
z, since z.d^e/dt®=o, we get 


ll!! 

dt®' 


= -ge. 


Multiplying vectorially by 


This equation is the same in form as that of a particle under an attractive 
force proportional to the distance, discussed in § 255. The motion is 
accordingly simple harmonic, and the solution is 


€=€1+63, 



and Cj and 63 have arbitrary amplitudes and phases. The vector e is thus 
the sum of two oppositely rotating vectors of constant moduli, rotating 
with period 27 r(l/g)^ The period is independent of the (arbitrary) 
amplitudes of the two rotating vectors, provided they are sufficiently 
small. These amplitudes are in the present case pure numbers, and 
‘ small ’ means ‘ small compared with unity.’ If the motion is arbitrarily 
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disturbed and then left to itself, the particle simply begins to execi 
new Lissajous’s figure with different rotating vectors. 

261. Conical pendulum. Steady precession. Let us seek an 1 
particular solution of the non-linear equation (i) of § 259 such t 
rotates uniformly round the vertical. If such a motion be possible, 
must exist a number 6J such that 

di 


In that case, z. — =0 

dt 


or z.i=const. =cos a, 

say. Then 

d^i 

~ = MZA(<<)zAi) = ca^[— i-{-z cos a], 
dt^ 


Substituting in equation (i), § 257, we require that 

(o-l(iAz) cos a=g(iAz). 

This is satisfied identically for all values of i occurring during the m 
if we choose w so that 

w2=(g sec a)/l. 

When <i) and a are connected by this relation, a motion is possib 
which i rotates round z with uniform angular velocity oi and makir 
angle a with z. The system is then described as a conical pendulum 
the motion is said to be one of steady precession. 

The idea of seeking a special solution described by means of a rot 
vector is fundamental in a variety of problems, especially gyrosi 
problems. 

262. Disturbed motion about a state of steady precession. Suif 
that the pendulum is describing a motion of steady precession, and 
it is then slightly disturbed. We wish to analyse the resulting me 
In particular, we are interested in a kinematic description of the m 
of the particle relative to the configuration of steady precession, i. 
the motion in a frame rotating with the undisturbed motion. This exa 
will illustrate the genuine use of rotating frames of reference, as opf 
to the mere use of moving vectors. In customary presentations of dyna; 
moving frames of reference (so called ‘ moving axes ’) are often usi 
determine a motion relative to a stationary frame, but the use of m( 
vectors often obviates this unnecessary employment of ‘ moving : 
Here, however, we encounter a case where a moving frame of refei 
is genuinely required. 

The equation of motion of the pendulum being of the form 


liA 


d^i 

dt2 


=g(iAz), 
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the state of steady precession is defined by a moving unit vector Iq satisfy 

=g(ioAz). 


We have seen that this motion is specified by 


di, 


dt 


5=wzAio 


dt2 


0 _ 


6)®[— io+2 cos a], 


provided lw^cosa=g. 

Now put i =!(,+£, 

where jej is small. Then since i, Iq are unit vectors, we have ifl.e 
on neglect of e". Substitution in the equation of motion (i) gives, ag 
neglecting terms of the second order in e, 

cl^€ 

lioA-^+leAt>)®(— io+z cos a)=gEAz. 


Using the relation Iw® cos a=g, we get 

. . d^e 

ioA^2+t«>%Ae=o. 

This simple equation determines the disturbance e as a function 
the time. If i,, were constant in time, it would, of course, possess 
integral de/dt = 6)io A €• But i^ is itself a function of the time. A possi 
mode of progress would be to write de/dt = coioAc+X, and ascert 
the behaviour of X. But this would give us little insight into the moti 
A better plan is to attempt to ascertain the behaviour of e relative to 
moving frame defined by the rotation of i(,. We therefore use our forr 
notation (§§ 203 ff.), 

de Se , ^ 


where the operator djdt refers to motion relative to the moving frai 
Under the operator ?/9t, ig and all other vectors rigidly attached to 
moving frame behave as constants. We have then 


d% 

dt^ 




8e o A / A \ 

=^+2«zA-+<o“zA(zAc), 
ot** at 




-2to cos V— +c<)^iQA[— e+zfe.z)], 
8t 


since io.0e/St=(0/8t)(i(,.e)=:o. Hence the equation for e, namely | 
becomes 


• . 8^a 8£ . 0/ ... . 

‘oA^~26) cos K— +6)2(£.z)(1oAz)=0. 
St^ <7t 
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and the first then gives 

)2_ 4 cos® a 
I +3 cos® a’ 

whence, taking X>o, 

, , , o /g\*/'i4-3 cos® a\* 

to = — co(i+3 cos-a)* = -(f ) (— ) , 

\ 1 / \ cos a / 
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(We can take X>o without loss of generality, since changing the sign of 
X simply changes the sign of a', and so leads merely to a diflrerent descrip- 
tion of the same motion.) We note that X<i, and accordingly the locus 
defined by (5), (6) is an ellipse, from the known properties of the auxiliary 
circle of an ellipse. The equation of the ellipse, putting x=e.k, y=6.j is, 
since x=p.k, y =X(p.j), just 

X® y^ __ 

The major axis |pj is arbitrary but the ratio of the axes is determinate. 
The ellipse lies in the plane normal to ip, and relative to the moving 
frame rotating with ip is described with period 

ajnY— -VY. 

\g/ Vi + 3 cos® a/ 

the associated auxiliary circle being described with the constant retrograde 
angular velocity — oj'ip. 

It follows from our analysis that the motion of steady precession is 
stable. 

263. Note on a vector differential equation. The reader should observe 
that we have in effect obtained the solution of the vector differential 
equation 

d®X , . riX , , 

-^+aiA-^+b(X.k)k=o, 

where X.i=o, k.i=o. 


i, k being given unit vectors and a, b given constants. The solution is 


X=(p.k)k+X(p.j)j, 


where 

and X and w are given by 


dt 


= wiAp, 


« = -(a®+b) 5 . 


(a®+b)P 


The solution thus corresponds to a real motion provided b>— a®. The 
discussion of the case b< —a® is left to the reader. 
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264. Example on relative motion in two dimensions connected with 
pendulum motion (Besant and Ramsay, p, 207, M.T. 1908). A string 
OPQ has one point O fixed. The point P of the string is constrained to 
move with uniform angular velocity to in a circle of radius OP=a and 
centre O. A massive particle is attached at Q, and is free to move in the 
plane of motion of OP. Prove that the motion of PQ relative to OP is 
the same as that of a simple pendulum of length gb/aoj^, where PQ=b ; 
and that for the string to remain taut we must have a>4b. 

Take unit vectors i and j in OP and PQ respectively (Fig. 66). If 
T is the tension in PQ, the equation of motion 
of the particle is 

‘^5(aI+bj) = -Tj. 


m- 


dt2' 

The motion of i is determined bj' the relations 


dt 


= <dzAi, 


d^i 

dt2 


= — oiH, 



Fig. 66 


where z is a unit vector normal to the plane. If ^jct denotes the apparent 
motion of j in the frame rotating with i, then 


dj gj . 


dt» St* ■ 8t ■’ 


Hence, substituting in the equation of motion, 


-6j2ai-rb 




T. 


(0 


The equation of motion of a simple pendulum, of length 1 , whose 
direction at any instant is along a vector j is 


0 = 
et2 m-' 




where T' is the tension, and i defines the downward vertical. This is of 

*' ci 

the form of the preceding equation, for the vector z/\—> being perpendicular 

ot 

to z and to — , must be along j. The coefficients of i and S^/St* in the 
8t 

two equations are now proportional to one another provided 

(i)%_b 

Y'V 

which is the desired result. 

The details of the second part will be left to the reader. It may be 
pointed out, however, that if 0 is the angle between i and j, then 


3 =8zA j, 
ct 




gt' 


= -02j-f0zAj, 
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zA^ = -0j. 

ft 

The tension T is given by multiplying the equation (i) scalarly by j, 
when we get 

T/m=aw- cos 6— b(6)-+0--r2td6). 

The behaviour of 0 is given by multiplying (r) scalarly by 

— to-ai.-^ 4-b— e.Ji =0. 
ft ft^ gt 

Since i is constant under g/rt, this integrates at once in the form 
— Ib^^^ =const. 

or — w^a cos 6+IbO-=const. 

Combination of this with the formula for the tension in terms of 6 and 6 
will yield the desired result. 

265. Centra! orbits. The preceding set of kinematical and dynamical 
situations arise out of consideration of stmp/e harmonic motion, damped 
or undamped, in its most general sense, that is to say motion in which 
the force is proportional to the distance of the particle from a fixed point. 
Problems arising from motions under more complicated types of central 
forces can often be handled by similar methods. It is not proposed to 
give here a general account of orbits under central forces, but the following 
sections will derive the fundamental properties of central orbits, and in 
particular of orbits under an inverse square law. 

266. Constancy of angular momentum. The acceleration in any central 
orbit is directed along the radius vector, inwards or outwards. The 
equation of motion may therefore be written in the form 


d*r 

dt^ 


= -f(|r|)r, 


0) 


where lrjf{jrl) is the scalar value of the acceleration at distance jr|, 
reckoned positive inwards. As previously, on multiplying (i) vectoriallv 
by r we have 

d^r 


or integrating 


dr , 

rA— =const.=h, 
dt 


(2) 


say. This integral expresses the constancy of angular momentum about 
the origin. It gives at once 

h,r=o, h.— =0, 
dt 



236 VECTORIAL MECHANICS § 269 

of which the former shows that r is always perpendicular to the constant 
vector h, and hence that the orbit lies in a plane normal to h, passing 
through the centre of force. The scalar areal velocity about the origin 
is ^|h|. 

267. Energy integral. Multiplying (i) scalarly by dr/dt, we have 

drd^f „ . dr 
dtdt^ ''' dt 

Since r®=|rp, r.dr=|r|dlrl, whence integrating 

=-j**^'f(lr|)|r|d|r|+const. 

It is customary to write this integral in the form 

5(1) -£f{l»l)l«-|d|r|-W, (3) 

and to call W the energy of the orbit. 

268. Hamilton's transformation. From the equation of motion (i) 
and the angular momentum integral (2), we have on vector multiplication 
of appropriate sides, 


But 


Hence 


(,A^)Ar— r(4')+rA 


(4) 


This transformation is due to Hamilton. 

The physical meaning of the equation preceding (4) is immediate: 

dr 

putting r/|r| =i, a unit vector, and writing h for we have 

di h 

dt“lr|2^*’ 

which shows that the unit vector i rotates with angular velocity h/|r|^. 
This is the familiar integral r^6=lh| of the usual theory. 

269. Inverse square attraction. Hamilton's integral. When the force 
is attractive and varying as the inverse square of the distance, the inward 
acceleration may be written (i/Ir]®, and the function f(lr)) is defined by 

f(lr|)=p/lrl^ (i) 
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We have as usual the integral of angular momentum 

.dr , 

rAjj-h, 

and the integral of energy takes the form 
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(2) 


( 3 ) 


Of these integrals, the former determines the component of velocity 
perpendicular to r at any point of the orbit, and the latter determines the 
absolute value of the velocity. Hence, given one point on the orbit, the 
constants |hi| and W completely determine the orbit. But considerable 
simplification in the determination of orbital properties results if we follow 
a brilliant artifice due to Hamilton, which consists in noticing that equation 
{4) § 268, integrates as it stands when f(lrl) is of the form (i) above. The 
integral is in fact 




( 4 ) 


where B is a vector constant. This new vector integral of the motion is 
equivalent to the determination of the orbit, as we shall now see. 

270. Equation of the orbit. Multiplying (4), § 269, scalarly by h, 
we have 

B.h=p^=o. 

kl 

Hence B, being perpendicular to h, lies in the plane of the orbit. 

Now multiply (4) scalarly by r. We find 


or, using (2), 
Hence 


h.(^Ar^=— Plri+B.r, 

-h2=-plr|+B.r. 

hVp_ _B^ 

!r| ^ fi'lrl' 


( 5 ) 


Since r/|r[ is a unit vector, this may be written in polar co-ordinates (r, 6) 


I o 

-=i— e cos 0, 
r 


( 6 ) 


where 


l=h*/p, e=iBl/p. (7) 

This is the equation of a conic, of eccentricity e and semi-latus rectum 1 , 
whose major axis lies in the direction of the vector B ; the angle 0 is the 
angle between r and B, and the centre 0 is a focus ; B points away from 
the direction corresponding to O. 
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271. The physical meaning of (4) can now be seen. The vector 
hAdr/dt is a vector of magnitude [h] |vi along the inward normal PG ; 
the vector (i.r/lr| is a vector of magnitude y. along the radius vector OP 
(Fig. 67). Equation (4) now asserts that the sum of these vectors is along 
OG (the direction of B) and of amount |B|. Hence the magnitudes of 
the vectors concerned must be proportional to the sides of the triangle 
OPG, i.e. 

|B|_lh| lv|_iz 
OG PG OP‘ 

The first and third of these 
then give, by (7), 

OG=eOP, 

and the second and third 
give, again using (7), 



Fig. 67 


V = 


p PG 


■ 1 OP‘ 


Ihl OP 

272. A further interpretation of (4) is of interest, 
vcctorially by h, we have since h.dr/dt=o 

i-adr -0.1. rAh 


Multiplying it 


or 


dr BAh p 


dt h- 




This exhibits the velocity dr/dt as the sum of two vectors in the plane of 
the orbit : of these the first is a constant, and the second is of constant 
modulus. The hodograph of the motion is accordingly a circle, centre 
at BAh/h- and radius p/jhj. 

273. Energy in terms of the geometry of the orbit. If we take the 
modulus of each side of equation (4), § 269, we get 

or, using (5) and (7), 


I.e. 


I 


/dr\ 

\dt/ 


^ p , p^(i-e^) 


in - 

This relation must be identical with (3). Hence 


W = = = (o<e<t), (8) 

2h2 2I 2a 
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where a=l/(i— e®) is the semi-axis major of the ellipse when o<e<i. 
Introducing this in (3) we have for the velocity in an elliptic orbit 



When e>i, we have a=l/(e®— 1), and so 


W = + 


F 

1 

2a 


and then v2=ii(— -f-iY 

\W a/ 

The student may find it worth while to remember that the two funda- 
mental formula giving the dynamics of an inverse square orbit in terms 
of the geometry are 

iWi=ii, Ii=>=pl. 

2a 


274, Asymptotes for e> i, W>o. Near a linear asymptote, the velocity 
of the particle dr/dt is ultimately parallel to r (Fig. 68). If for this limiting 
direction we put r/|r|=i, v=Vcoi, then 
Hamilton’s integral (4) gives 

Vco{hAi)=— [xi-fB. 

Hence 

and BAi=Vco(BAi)Ai = — Vooh. 

Hence if 0 is the angle between the 
direction of B and the asymptote, 

tan0=l?^Ul^. 
lB.i| p 

But |h| =pvro, 

where p is the perpendicular from the centre of force O on to the 
asymptote, since each is equal to the angular momentum about O. Hence 

tan 0=PX^l 
H- 

This is a fundamental formula in the theory of atomic collisions. 

We notice also that the relation B.i=p gives at once [B] cos 0 =p, or, 
By (7), sec 9 =e, another important result. 

275. Mean values. Hamilton’s integral (4) of § 269 can be used to 
evaluate certain time-means connected with the orbit. If we multiply 
both sides vectorially by r, we have 

^hA^^Ar--=BAr, 
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or, since h.r=:o, BAr=— h^r.— Y 

\ dt/ 

Integrating with respect to t along any arc of the orbit, 

BAfYdt.= -^h[r2]Y 

Jto ^ 

At two points Pq, on the orbit for which r takes the same values, the 
right-hand side is zero, and hence, for such a pair 


BAi rdt=o. 

Jto 

Thus I *rdt is parallel to B, i.e. to the axis-major. In particular, for a 

periodic orbit (e<i), the time-mean of the radius vector is parallel to the 
axis-major. 

Again, if we integrate Hamilton’s integral with regard to the time as 
it stands, we get 

hA = -P ‘|^dt-l-B(A-t 
J to 


Multiply this scalarly by B. Then 

(BAh).[rjS-P 


VB 


dt-fB2(ti^to). 


Next, integrate (5), § 270, with respect to t and use the last result to 
eliminate the integral in r.B. We find 


P 




w:-. 


rt 


or 




‘ I J* I— e2 , BAhri— rp 
I , e . r^-ro 


where j is a unit vector perpendicular to the major axis. For a complete 
orbit, for which ri=ro, tj— to=T, we have 

rr 


J 

f 


Adt=-. 


We get still another relation on multiplying (5), § 270, by Ir], and 
integrating, when we get 


h^=P/^ 


n 


I'T 


|rldt-B.;i 


rdt. 
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276. It is not here suggested that all properties of inverse square 
orbits are most readily obtained by vector methods. It is sufficient to 
have illustrated the power of Hamilton's integral, which avoids many 
otlienvise tedious integrations. 

277. Motio/i under an inverse cube acceleration. As a further example, 
consider the inverse cube attractive acceleration — (i/|rl®. The equation 
of motion is 


r 



the integral of angular momentum is 

rAf =h, 

and the integral of energy’ is 



(0 

(2) 

( 3 ) 


where W now denotes twice tlie orbital energy, 
of (i) by r gives 


r.r 

by adding wltich to (3) we obtain 



r.r+f8=W. 


Scalar multiplication 


This integrates at once in the form 

r.r=Wt, (4; 

on reckoning t from the apse (f =0). This again integrates in the form 

r2=WtHC. (5) 


Squaring (2) we get 
and from (3) 


r-f--(r.f)2=h= 

r-f-=p+Wr” 


=p+W(Wt®+C). 

Hence (i.+W(\Vt®+C)- 0 ^^t) 2 =h= 

or p+CW=h= (6) 

The orbit is now determined. For (5) fixes r as a function of t, and (3) 
determines the rate of rotation of the radius vector at any r. 


MOTION IN THE VICINITY OF THE ROTATING EARTH 

278. Calculation of relative acceleration. We propose in the next 
few sections to examine certain motions in the neighbourhood of a given 
point O of the earth’s surface, taking into account the earth’s rotation. 
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Let C (Fig. 6g) be the earth’s centre. Take an origin O on the eai 
surface, of position vector Tq with respect to C. Take a frame of refer 
rigidly attached to the earth at O, and let r 
be the position vector of a particle P, relative 
to O. The earth is supposed to have an 
angular velocity w, a constant, about an axis 
in the direction of a unit vector z, We shall 
use d/dt to denote a rate of change relative 
to a frame in which the earth has the angular 
velocity wz, and 8 jSt to denote a rate of 
change relative to a frame fixed to the earth 
at O. 

The velocity of P is given by 



dP d, . (k 

^=j^(ro+r) = a)zAro-f- + wzAr, 


Fig. 69 


and the acceleration of P is given by 
dt2 


.(|+-a)( 


dr 


6)zAro4'— + wzAr 
dt 


) 


= w V\(zAro)+^+2cozA - + u"zMzAr). 

(/I 

279. Relative gravity at O. The value at 0 of the ‘ apparent accel 
tion due to gravity ’ is defined to be the acceleration, relative to a fi 
fixed to the earth, of a free particle at O at rest relative to the earth, 
this acceleration be g (a vector). Then g is defined by 




8 -t 

et~ 


for r=o. 


8 r 

— =0. 
8 t 


It follows that if g' is the actual acceleration due to gravity at O (in 
frame in which the earth is rotating), of the same particle, then pul 
r=o and Brjdt—o in (2), 

g'=g+w2zA(zAro). 

Subtracting (2) and (4), we have 

dt=‘ 

But if R is the external force acting on P in addition to gravity, the equa 
of motion of the particle P is 


■g' =1^+2 w^zA (zAr) -g. 

dt^ at 


dt2 


m 


ra being its mass. Hence by (5), 

+g wzA w-zA (zA r). 


m 


gt2 
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This equation determines the motion relative to the rotating earth in 
terms of the externally applied force R and apparent gravity g- 

For the earth, the term in <0® can in general be neglected relative to 
that in co, and (7) becomes approximately 


R , ^ a®r , , ar 

-+g=^,+2«zA^. 

m at* at 


( 8 ) 


280, We pause to note the physical meaning of (4). It states that 

g=g'+«2[ro-2(z.ro)3 

=g'+ca2NO, 

where N is the foot of the perpendicular from O on to the polar axis. 
Thus apparent gravity g is the vector sum of true gravity g' and a vector 
proportional to w® and to the cosine of the latitude, approximately. The 
direction of g is, of course, the direction of a plumb-bob at O. 

281. Free trajectory under gravity. For a free trajectory the applied 
force R additional to gravity is zero. The equation of motion (8) 
accordingly becomes 

— -+-2tozA— (t) 

at* at ® 

This has a first integral 

^-f-2cozAr=gt-f-Vo, (2) 

at 

where Vq, a constant vector, is the apparent velocity, relative to the earth, 
at t=o, r=o, namely the velocity of projection {drjdt)^. 

To obtain a second integral,* substitute for Brjdt from (2) in (i). 
We get 

a*r 

— -f-2 wzA [gt-bVp— 2cozAr] =g. 

As we are neglecting terms in «*, this becomes 

— +2a.zA(gt-t-Vo)=g, (3) 

which integrates in the form 

|-f2cozAagt*-i-Vot)=gt+V„, (4) 


and then integrates a second time in the form 


r-f- wzA Kgt^+Vot*] =igt*+Vot. 


( 5 ) 


9 


* This device is due to a pupil of S. C. 
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282, Use of local gcoj^raphkal axes. To sec the meaning of (5), take 
local axes at O (Fig. 70) moving -with the earth as follows : 

vertically upwards, i.c. in the direc- 
tion opposite to apparent gravity g ; 

Otj perpendicular to 01 ^, to the North ; 
to tl(C East. 

Take associated unit vectors rj, % forming 
an orthogonal positive triad. Then 

Z '.-rvj cos A-1'^ sin /., 

where ?. is the apparent latitude measured 

by the plumb-br)i>, i.c. ir:—/. is the angle 

between the apparent zenith and the earth's 

axis. We can now put 

' Fii;. 70 

whsic g is the scalar apparent gravity. Equation (5) then becomes 
r-b{.)(y) cos sin X)A(-~}gt^?-i-Vot=)=:: — Igt=^-fVot, 
or Ttr-l wgt’ cos ).^~rijt"(ir) cos .sin ?.)/iVo-i-V£,l-~ Jgt^, (6) 
It follows that the correction to the position vector r after time t, due 
to the earth's rotation, is given by 

or~Jwgl’ cos >.5--(ot'(7j cos >. sin X)AVo. (7) 

Now let the vertical plane of projection make an .angle 9 to the North 
of East, and let i be a unit horizontal vector in this plane,] a unit horizontal 
vector perpendicular to i. Then i, j, ^ form 
a positive triad, and 

% ~ i cos 9 —j sin 9, 
sin 9-hj cos ?, 

V(,-=-U{,i-fWt,^, 

where Up, Wp are the initial horizontal and 
vertical components of the velocity of pro- 
jection (Fig. 71). lienee 

Sr — ? wgt^ co.s >,(i co.s 9— j sin 9) 

— wt-(^ .“lin ?.'ri sin 9 co.s ?.-i j cos 9 cos ?.),A(uoi-i-WpQ 




— tfJ 6)gt^ COS ?. cos 9— (.itWVp cos 9 cos X] 

cos X sin 9~ wluip sin X+wtwVp sin 9 cos X] 
ri-^l'wl-Up cos 9 cos X}. (^) 

In this expression the cocfiicicnls of i, j and % give respectively the 
dcfle.xions along the horizontal in the plane of projection, to the left of the 
plane of projection, and vcrtiatlly upwards, after a given time of flight t. 
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If Wq is small compared with u,,, i.e. for nearly horizontal projection, 
the left deflexion for small t has the sign of —sin X, i.e. is to the right 
in the Northern hemisphere. This is obvious physically, since the earth 
is turning round underneath the flying projectile with component angular 
velocity a sin X^. 

283. Examples on motion over the rotating earth. 

Example (i). To calculate the total deflexion of the point of fall for 
a complete (unresisted) trajectory. We note that the time of flight is 
approximately 2Wo/g, and hence the deflexion to the right of the plane 
of projection is approximately 

— °J [uq sin X— Wo sin <p cos X]+J cos X sin 9 

= -^^^^-^[Uo sin X— ^-Wp sin 9 cos X]. 
g- 

For Wq/uq small, this is approximately 

(4Wo2caUo sin Xj/g® 

to the right, which may be checked by noting that the deflexion is 
necessarily equal to ' 

(time of flight) X(w sin X) X (horizontal range) 


=5^«X«sinXx2^1X. 

g g 

Example (2), Vertical projection. Here Vp =Wo^, and inserting this 
in (7) we get 

8 r=?[^wgt 3 — “t^ol cos X, 


so that the deflexion is in the E.-W. direction ; when t is <3Wo/g, the 
deflexion is negative, i.e. to the W. For the complete up-and-down 
trajectory t=2Wo/g, and 

Sr = — - -A - cos X^, 

3 g- 

The deflexion is thus to the W. in both hemispheres. 

284. Particle in inotion on a smooth horizontal plane. For motion on 
a smooth horizontal plane, drjdt is horizontal and the external force R is 
vertical. Putting R=R?, g = — g?, we have from (7), § 279, on neglect 
of CO®, 

cos X-h? sin X)A|=Q-g^^. (i) 

To eliminate R, multiply vectorially by We get, since 

(>,a|)aC— ,(-^. c)+^M).o, 


(r.?=o) 
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the equation of motion in the form 

Shr 


.Sr 


sin 

-Multiply again * vectorially by K. We get 

8hr . . Sr 

—4-26) sm >ZA— =0. 
dt^ ^ St 

Equation (2) integrates in the form 

^4-26) sin X?Ar=Vo, 

Cl 


(2) 


( 3 ) 


where V,, is the velocity at r =0. To interpret (3), express the horizontal 
vector Vq in the form 

Vo=26) sin X(^Aa), (^.a=o) 

where, by vectorial multiplication by a is a vector given by 

VoA? 


26) sin X 


Then (3) may be written 

Sr 


—=—2 6) sin X CA(r— a) 
St ^ ^ ^ 


( 4 ) 


This states that the motion is in a circle, centre a, with angular velocity 
— 26) sin X^, The path on the horizontal plane relative to the earth is 
accordingly a circle (Fig. 72). At any time t, the 
angular arc described is of magnitude 0, where Vb 

6=(2 6) sin X)t, i__P 

and the deflexion to the right of the direction of 
projection is 

|a|(i— cos 0), 

iv„i - O' 


or, for 0 small, 


402 



26) sm X'^ 

= lVo| 6 )t 2 sin X, 

approximately. 

Equation (3) can, of course, be integrated further by the device 
previously used. Substituting in (2) from (3) for Sr/St, and neglecting o)^, 
we get 

S^r 

—4-26) sin X(?AVo)=o, 

* The result of this multiplication could have been )vritten down directly from (i), 
by equating non-vertical vectors. But it is usually adrdsable to follow a routine, and 
eliminate an unknown like R by means of vectorial multiplication. 
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which integrates twice to give 

r = — w sin X(^AVo)t®4-Vot. 

Reaction of the plane. The vertical component of (i) gives 

Substituting from (3) for drjdt, we have 

g^!;=2o) cos X[y)A(Vo— 2C0 sin X^Ar)]. 

Neglecting the term in and writing 

Vo=Uo|+Voif), 

% and Y) being unit vectors to E. and N., we have 

= — 2M cos XUo^. 

The reaction is therefore reduced by the rotation, for Uo>o, by the amount 
20 cos X Uq. 

285. Motion on a smooth horizontal plane under an applied force. Let 
P be the applied horizontal force. In the notation of § 284, the equation 
of motion is 

^ I y • -.N.Sr /R \y , P (r.^=o) 

Multiplying vectorially by 

3“r . V, , . P , v 


or, again. 


a-r „ . dr P y. 

— A^+2<osm X-=-A^, 
8 t‘‘ ot m 

02r , . P 

— +2cosmX?A- = — 
St^ dt m 


Comparing with § 219, we see that this is of the same form as the equation 
of motion relative to axes rotating in their own plane with angular velocity 
w sin X about the normal to the plane. In scalar components, the 
equations are 

X— 2oiy sin X=Px/m, 
y+ 2 oix sin X=Py/m. 

286. Geostrophic wind. We can seek to determine the horizontal 
force P required in order to secure that the particle shall move in a straight 
line relative to axes fixed in the rotating frame. In this case, 8 ‘^rjdt'^ is 
parallel to dijdt, qnd hence has no component perpendicular to drjdt. 
Hence, by § 285, the required force component must be just 

2m <0^ sin 
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which is a force peipendicular to the velocity of the particle and of modulus 
2in CO sin >. v. This has a fundamental application in meteorolog}', which 
it is interesting to consider here. 

Consider air in motion over the surface of the rotating earth. In order 
that the motion may be rectilinear, there must be a force normal to the 
direction of motion, and this must be provided by the pressure gradient. 
A possible motion is thus one in v/hich the direction of motion is perpen- 
dicular to the pressure gradient. The velocity v occasioned in this way 
by a pressure gradient dp/dr is given by 




I ijdp; 

zeo sin /. p'drl’ 


and its direction in the northern hemisphere is such that to an observer 
facing in the direction of the air-motion the high-pressure region is to the 

.... 

This air-velocity is called the geostrophic tetnd. Any pressure gradient 
in excess of that corresponding to the actual wind velocity will be accom- 
panied by curvature of the air-track. The radius of cuiv'ature R is given by 



=2£ov sin 


To see the order of magnitude of the geostrophic wind, consider 
a pressure difference of 5 millibars in 500 kms,, and take p =0.0013 
gram, cm."^, ?.=45°. Then since « =2^/(24X60X60) we have 


24X60X60 ^ I 
2X0.707X27: '0.0013 


X - A - ^— ---cm. sec.'k 
500X10^ 


=760 cm. £ec.“*=25 ft. sec. = 17 m.p.h. 

In practice the geostrophic wind is only realized at some height (say 
i~2 kms.) above the surface, as the friction of the ground contributes a 
force tending to reduce the geostrophic deflexion. 

287. FottcaidCs pendulum. We have seen by numerous examples 
that motion near a given point O of the earth, relative to the earth, is 
equivalent to motion above a plane set of horizontal a.xes rotating with 
angular velocity 01 sin ?. (the normal component of the earth’s angular 
velocity) about the normal at O. The ground is in fact rotating in its 
otvn plane at this rale. It is plausible to infer from this that if a pendulum 
freely pivoted about its upper end is set in motion in a vertical plane, 
this vertical plane will appear to rotate (relative to the ground) with 
angular velocity —to sin This phenomenon was predicted by Foucault, 
and used to demonstrate the reality of the earth’s rotation : a long pendulum 
was suspended inside one of the towers of Notre Dame at Paris, and the 
rotation of its plane observ'cd. 
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The above description of the phenomenon suggests the following 
detailed analysis. 

Let i be a unit vector along the string OP (see diagram, Fig. 73), ^ a 
unit vector vertically upwards, 1 the length of the string. Putting li for 
the position vector of P with respect to O, we have for the equation of 
motion of the particle P, approximately 

, 8 H j di y T. / s 

dt‘‘ 8 t m 

by (8), § 279, T being the tension and g as usual apparent gravity. 
Eliminating T by vectorial multiplication by i, we have 

= ■ (2) 

In this equation put i = — ?+p, . (3) 

where |p| is small compared with unity. Then neglecting p®, we have 

p.?=o, 0 

and (2) becomes, to the same approximation, y 

But z.!J=sinX, ^ \ 

where X is the latitude. Hence t 


8 ^P ,y . • 

— Aq+2cd sin X— : 

St 

or, on vector multiplication by 


-fpA?, 


P’S- 73 


^+26) sin X— A^ = fp. 
St^^ St ^ F 


This is the equation governing p, p being a measure of the small displace- 
ment of the bob from the equilibrium position. 

We see at once that this equation describes the motion of a simple 
pendulum relative to axes rotating with angular velocity 20 sin X about 
the vertical ; for the equation of a simple pendulum for motion near the 
vertical was seen in § 260 to be 

d^p g 

“dF=P’ 


and here 


3®p . . ,-.Sp 

d?-8e+"“ "" 


This immediately suggests the solution of {4). Seek a solution. 

|=S?Ap 
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where w is to be determined. Then 


g =+S2^A(?Ap) = -a^P, |A?=0ip 

so that the satisfaction of (4) requires 

sin X=g/1, 

whence wj, t02 = — w sin Xi 

on neglect again of w®. It follows that the path p of the bob of the 
pendulum is given by 

P=Pi+p2. 

where p^, pj are vectors of constant modulus rotating with the angular 
velocities (5) respectively. The loci are thus Lissajous’s figures and in a 
frame rotating with angular velocity — to sin X are just the ellipses cor- 
responding to the equal and opposite angular velocities ±(g/l)^ Conse- 
quently the motion of the bob, projected on to the ground, may be 
described as a rotating ellipse, rotating with period ap/co sin X in the 
retrograde direction. In particular cases the ellipse reduces to a rotating 
straight line, traced and re-traced. 

288. Motion of a particle relative to a rotating frame of reference. The 
‘ modified potential' Consider a particle of mass m, in motion relative 
to a frame of reference rotating with constant angular velocity wz about 
an axis in the direction of the imit vector z. Let r be its position vector 
with respect to a point on the axis of rotation, F the force acting on it. 
The equation of motion of the particle is 

^_F 

dt^ m’ 

or, relative to the frame rotating with angular velocity <oz (§ 219), 
d'h: dr \ f 

ot^ dt m 



Now let the position of P be specified by a co-ordinate ^ measured 
along the z-axis, together with a vector p normal to the z-axis, so that 

r=Cz-fp. (p.z=o). 


Then co 2 zA(zAi') = oj"zA(zAp)=— ““pj 

and the equation of motion becomes 


02 r , . F 


(■) 


Multiply this scalarly by dT/dt. Then since 

8r _ 8p 
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Now suppose that F arises from an external field of force, of potential 
V per unit mass, symmetrical with respect to the axis of rotation, together 
with any external reactions arising from surfaces, etc., moving with the 
rotating frame of reference. Then 


F = -m— +R, 


where we have 



=0, 


since the relative motion 0r/3t is necessarily perpendicular to the reactions, 
being over the surfaces giving rise to the reactions. Hence equation (2) 
above becomes 


3% 3r 3V 3r , 8p 

— — — — (0 p* — 

3t2 3t 3r‘3t 3t 


=0. 


This integrates as it stands in the form 

+V-iM2p2==const. (3) 

This is the same in form as the energy integral of a particle moving in 
a field of potential 

V-ito==p2, 

p being the perpendicular distance of the particle from the axis of rotation. 
The expression V— ^w®p^ in this context is called the modified potential. 

It follows that if the moving particle has only one degree of freedom, 
for example if it is constrained to move on a smooth curve fixed relative 
to the rotating system, then its motion is fully determined by the integral 
(3). The actual motion is the same as if the rotation is ignored, and the 
potential replaced by the modified potential. This result holds good 
whether the smooth curve on which the particle is constrained to move is 
eitlier (a) wholly in a plane normal to the axis of rotation ; or {b) wholly 
in a plane passing through the axis of rotation ; or (c) a skew curve. 

289, Driving couple. It follows from the ‘ modified ’ energy integral 
(3) that the true energy 

is not constant. For 

dr 3r , ^ 3r , 


9 * 


and so 





2?2 


■^^CTORML ilECHAKECS 
Hence the eneTg5' W is given by 

W=m[|(|)Vc.zAp.|+ico2p2-fv], 


or, using (3) W =corLSt--fniciZAp.— 

ct 
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The change of energy occurring during the morion is provided throu!?h 
the worh done on the parride by the reaction R of the moving surface is 

contact vrith it For, though R<^ is zero, the actual rate of doinv vorL 


namelv R.^, is not zero. 
' dt 


In order to maintain the morion az of the 


^stem under the opposing reaction — R, work must be done on the 
rotating sj'stem from outside. The couple Gz necessary to maintain the 
rotation is necessarily given by 


(Gz).(cvz)= 


dW 

dt’ 


since the left-hand side (§ 189) is the rate of performance of rvork by the 
couple. Hence 

^ -I dW 

<£> dt 

or, by (4), 

£ .^rm63z/.p.^-i-mcu-p2l. 

« dtL ft J 

Isovr the operator d/dt scring on a scalar is the same as the operator c]ct. 
Hence 

G=mz/,p.yri-2m6>p.g. (S) 

ft- ct 


This evaltiates the couple G necessarv- to drive the ^-stein. in terms of the 
instantaneous relative acceleration and velocity, and position, of the 
moving parricle. 

Expression (5) may' be checked by calculating the rate of performance 
of svoik by the reaction R- For 



If the curve on whicn the particle is constrained to mose lies entirely 
in a meridian plane through the axis of rotation, p/, * Is a vector normal 
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to this meridian plane, and hence normal to z. Hence in this case G 
reduces to 

3p 


zmcjp. 


dt 


But in the general case, G exceeds this by the term 


mzAp 




290. The actual reaction R on the particle differs from that which 
would be calculated from the modified potential V — Jco^p^ the rotation 
being otherwise ignored. For if R' is the latter fictitious reaction, we have 


whilst 

Hence 


d=r 8 Y,^ 

m-— = — m — +R. 
dt^ 8t 


R-R'^mf^-^l +m- w2p“) 
Ldt= St^J 


This only vanishes when the direction of relative motion — is parallel to 


the axis of rotation. 


8t 


Larmor’s theorem, and the magnetic properties of electronic orbits. 


291. One of the most beautiful examples of the theory of motion in 
rotating frames of reference is provided by Larmor’s theorem relating to 
the rotation of electronic orbits under the influence of a magnetic field. 
Though the theory of the motion of electrons in magnetic fields is outside 
the general scope of this volume, it seems desirable to assume sufficient 
of the theory to enable us to prove Larmor’s theorem in this its logical 
place. We first establish a lemma. 

292. Lemma. Consider a system of material particles in motion in 
any manner. Let m be the mass of a typical particle, r its position vector, 
F the force acting on it. Let the motion of each particle be perturbed by 
the addition of a small force 


dr 


z being a given constant unit vector and a a scalar constant. 
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Let us examine the resulting motion relative to a frame rotating round 
an axis parallel to z \\-ith some constant angular velocity «. The equation 
of the perturbed motion, namely 


is equivalent to 


p dr 


m 


(|-f (ozA)(^|-f ozAr) =F+a(^-f<ozAr)Az, 


i.e. to mr^-f2«zA^+ti>“ZA(zAr)1 =F-fa^Az-fato(zAr)Az.. 
Lct“ ct J ct 


Choose CO so that the terms in zA^ cancel. This requires 


The equation then becomes 


I a 

2 m 


m^=F+i — zA(zAr). 
ct- 4 m 

If a is so small that the term in may be neglected, this equation reduces to 


m 


Bt-' 


=F. 


Hence, provided the forces F rotate vdth the motion, the motion in the 
rotating frame, after the addition of the perturbing forces, is the same 
as the original motion in a fixed frame. Hence the effect of the addition 
of the force a(dr/dt)Az to the forces acting on each particle is to cause approxi- 
mately a uniform precession of the whole system about an axis parallel to z 
at the angular velocity — ia/m. The new motion will be exactly the same 

I i7^ 

as the old if a force — — zA(zAr) is added also. 

4 m 

For the result to be as stated, to must be the same for each particle 
of the system. Hence a/m must be the same for each particle. 

293. harmor's theorem. Now suppose that the particles arc electrons, 
of charge — e, (e>o), describing orbits under an assigned field of force 
arising in any manner, together with their mutual interactions. Then 
let a magnetic field of intensity H in the z-direction be superposed. Each 
electron is now subject to an additional force due to its motion in the 
magnetic field. This force is equal to the charge divided by c, the velocity 
of light, times the vector product of the velocity of the electron and the 
magnetic field. In the present case, this force is given by 

— e dr, „ 
c dt 
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Hence we may apply the preceding lemma, and deduce that the effect of 
the addition of the magnetic field is to cause a uniform precession of the 
orbits about an axis in the direction of the field, of angular velocity oi 
given by 




or 


c /m’ 
ti)=eH/2cm. 

The corresponding precessional frequency is w/2-, whence this frequency, 
say a, is given by 

eH 

<7= 

4-mc 

This is called the Larmor precession. Its approximate validity depends 
upon H being small ; and e/m must be the same for all the particles 
concerned. 

294. Energy of the perturbed, precessing system. The excess of the 
energy of the perturbed system over that of the original system is 


or, neglecting 01 2, 




cc 


|S2m<i3(zAJ‘)-— 


ct 


=2mi 




But 


SmrA 


at 


is the angular momentum about the origin of the original non-precessing 
system, or the apparent angular momentum about the origin in the 
precessing system taken relative to the rotating frame. Call this angular 
momentum p. Then the increase in kinetic energy i.s 

eH 

AW = oip.z— p.z. 

2mc 

If, as in the original quantum theory of Bohr, p.z is a multiple of h/2~, 
where h is Planck’s constant, then 


AW= 


eHh 

1 = 

47nnc 


=nc7h 


This relation is used in the theory of atomic spectra. 



CHAPTER XIII 


THE DYNAMICS OF SYSTEMS OF PARTICLES 

295. The momentum of a system of particles. We have seen that a 
particle of mass m, moving with velocity v, is defined to possess momentum 
mv. The vector mv may be considered as a line vector located in the 
line through the particle m in the direction of v. Now consider a system 
of particles, in motion in any manner. At any given instant the set of 
momenta of the particles constitutes a sj'stem of line vectors. This 
system of line vectors is described as the momentum of the system. It is 
particularly to be noted that the momentum of a system is not a vector ; 
it is neither a free vector nor a line vector, but a system of line vectors. 
As such, it can be reduced, by the methods developed in Chapter VI, to 
a vector at any given point O and a couple. By the general theory of 
systems of line vectors, the value of the vector at O is independent of the 
base point O chosen. This vector is called the linear momentum of the 
system. Also by the general theory, the couple depends on the base point 
O chosen. This couple is called the angular momentum of the system 
about O, or sometimes the moment of momentum of the system about 0 . 

The momentum of any system of particles can thus be specified by 
the linear momentum of the system together with its angular momentum 
about any point. 

We express this in sj'mbols. If r is the position vector of a typical 
particle of the system, of mass m, with respect to an origin 0, so thatr 
is its velocity, the linear momentum L is given by 

L=Emf. 

and the angular momentum about O, say H( 0 ), is given by 

H( 0 )= 2 rAmr. 

296. Equations of motion. Rate of change of momentum. Before we 
consider further the properties of the momentum of a system of particles, 
it is instructive to see why the momentum is so important in dynamics. 
If P is the force acting on a particle m, the equation of motion of m is 

P=mr. 

Hence, summing for the system, 

SP =Smf , 

SrAP=2rAmr. 

256 


and 
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But since the reactions between the particles occur in equal and opposite 
pairs, or in the form of nul-concurrent systems, the system of forces (P) 
is equivalent to the system of external forces. This system of external 
forces is in turn equivalent to a force at the base point O, together with 
a couple r(0). Hence, by the conditions of equivalence of systems of 
line vectors, 

SP=R, 2 :rAP=r( 0 ). 

Hence R=:Smr, r( 0 )=SrAmr. 

But Smf = ^[Smr]=^, 

dt dt 

and Sr A nir = ^ [Sr A m r] = 

dt dt 

Thus we have the following : 

Theorem : If O is any fixed point, if R, r(0) are the force and couple 
constituting the external forces acting on the system of particles when O 
is taken as base point, and if L, H(0) are the linear momentum and angular 
momentum about O, then 

^=R. ®=:r(0). 

dt dt ^ 

297. Principles of linear and angular momentum. If the resultant 
external force R is zero, then we have 

L= const. 

If the external couple r(0) about O is zero, then we have 

H( 0 )= const. 

Thus we have the following theorems : 

If the system of external forces reduces to zero or to a couple, the 
linear momentum remains constant. 

If the moment of the system of external forces about a fixed point O 
is steadily zero, the angular momentum of the system about this point is 
constant. 

298. Motion of the centre of mass of a system of particles. We have 

„ Smi- .d Smr 

L= 2 ;mr=Sm— — =( 2 m)— — — =Mr, 

Zitn dt Ztn 

where f is the position vector of the centre of mass of the system and M 
is the total mass. From this we have 

R=Mr. 

These results are conveniently expressed in words thus ; 

Theorem : The linear momentum of a system of particles is equal to 
the momentum of a particle of mass equal to the total mass of the system 
moving with the velocity of the centre of mass of the system. 
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Theorem': The motion of the centre of mass of a system of particles 
is the same as the motion of a particle of mass equal to the total mass of the 
system acted on by a force equal to the vector sura of the external forces, 

299. Angular momentum. To analyse the motion of a system of 
particles relative to the centre of mass of the system, it is convenient first 
to establish certain tiseful theorems about the angular momentum of a 
system of particles. 

300. Determination of the angular momentum of a system of particles 
about a point O' in terms of the angular motnentum about some other point 0. 
Take O' as origin (Fig. 74), and let O have position vector Tq with respect 
to O'. Then if any particle P has position vectors r, r' with respect to 
O, O', we have 

r' =ro-f r. 

If V is the velocity of the particle P, m its mass, then the angular momentum 
about P' is given by 

H(0')=Sr'Amv 

=2(ro+r)Amv 
=roA2mv-}-SrAmv 
=roAL-fH(0). 

Hence the following : 

Theorem : The angular momentum of a 
system of particles about a point O' exceeds the angular momentum 
about any other given point O by the moment about O' of the linear 
momentum acting at O. 

Corollary. If O coincides with G, the centre of mass of the system of 
particles, then 

H(0')=rAL-{-H(G), 

where r is the position vector of the centre of mass with respect to O'. 

301. Determination of the angular momentum about a moving point 0 
in terms of the angular momentum about O of the motion of the system 
relative to 0. Let O be a point, not necessarily a particle of the system, 
moving with velocity V in some fixed frame. L-et v be the velocity, in 
this frame, of a typical particle P of the system, V its velocity relative to 0. 
Then 

v=V-fv'. 

Let P have a position vector r with respect to a fixed origin with which 0 
momentarily coincides. Then 

H(0) =SrAmv=SrAni(V +v') 

= (Smr) A V +Sr A mv' 

=MfAV+H,(0) 

=?AMV+H,(0), 
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where r is the position vector with respect to 0 of the centre of mass of 
the system and Hr( 0 ) is the angular momentum about O of the motion 
relative to O. Hence the following : 

Theorem : The angular momentum of a system of particles about 
any moving point O is equal to the angular momentum about O of the 
motion relative to O, together with the moment about O of a mass equal 
to the total mass of the system placed at the centre of mass and moving 
with the velocity of O. 

Corollary. If O is itself the centre of mass of the system, then r= 0 , 
and we have 

H(G)=H,{G). 


This is sufficiently important to be catalogued as a separate 
theorem. 

Theorem : The angular momentum of a system about its centre of . 
mass G is equal to the angular momentum about G of the motion of the 
system relative to G. 

Thus, whatever be the motion of the centre of mass, the angular 
momentum about the centre of mass depends only on the motion relative 
to the centre of mass. We do not need to know the velocity of the centre 
of mass in order to, know the angular momentum about G ; we need 
only to know the motions relative to G. 

302. The relation between the rate of change of angular momentum 
about a moving point and that about a fixed point with which the moving 
point momentarily coincides. In forming the equations of motion of a 
system in terms of the external force system, it is necessary to equate the 
moment of the external forces about any chosen point to the rate of change 
of the angular momentum about that point. It is important to recognize 
that in calculating the rate of change, the point in question must be kept 
fixed — that is to say, fixed in the frame inr which the velocities are measured. 


This is so because 


d 

dt 


(r'Amr) is simply a convenient way of writing the 


more fundamental expression rAmf, and the two are only equal in virtue 
of the vanishing of the vector product Tf\T, wherein the second r is the 
velocity of a material particle, and the first r is the rate of change of the 
position vector of the particle relative to the point about which moments 
are being taken. 

It is, however, frequently more convenient to calculate the rate of 
change of angular momentum about a moving point, following its 
motion. We therefore require to know how the two rates of change 
are related. 


303. Let O' be any fixed point, O a moving point whose position vector 
with respect to O' at time t is Tq. Then we have seen that 


H(0')=H(0)+roAL. 
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where H( 0 '), H( 0 ) are the angular momenta about O' and O, and L is 
the linear momentum. Differentiate with respect to the time. We obtain 

|H(O0_5LH(O)+J,AL+r,A|. 

Now put ifi—o, ro=V, so that V is the velocity with which O is instant- 
aneously passing through O'. Then 

|h(0')-[|h(0)]^^^,+VAL. 

Hence the following ; 

Theorem : The rate of change of angular momentum about any 
fixed point O exceeds the rate of change of angular momentum about a 
moving point passing through O by the vector product of the velocity 
of the moving point and the linear momentum. 

Corollary (i). The term VaL vanishes when V=o or when V is 
parallel to L or when L=o. Thus the two rates of change are equal when 
the moving point is instantaneously at rest, or when it is moving parallel 
to the velocity of the centre of mass or when the centre of mass is at rest. 

Corollary (2). 'The moving point is always moving parallel to the 
velocity of the centre of mass when it moves in coincidence with the centre 
of mass. In symbols, when V =f, since the linear momentum L is given by 
L=M?, we have VaL=o. Hence 

This important corollary we enunciate as a separate theorem. 

Theorem ; The rate of change of the angular momentum of a system 
of particles about its centre of mass is equal to the rate of change of angular 
momentum about the fixed point through which the centre of mass is 
instantaneously passing. 

304. This last theorem is so constantly used that we give a direct 
proof. From § 300, the corollary to the theorem gives 

h(o-h;ai.+h(G), 

Differentiate and put f =0. Then since fAL=fAMr=o, we have at once' 

dH(G') _ dH(G) 
dt ■ dt * 

305. By combination of the last theorem with the corollary to the 
theorem of § 301, we have 

This gives us the following : 

Theorem : The rate of change of angular momentum about a fixed 
point with which the centre of mass G momentarily coincides is equal to 
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the rate of change, following the motion, of the angular momentum about 
G of the motion relative to G. 

306. By combination of the theorems of §§ 303, 301, we have 


Here r is the position vector of the centre of mass with regard to 0 , 
which is itself moving with velocity V relative to O'. But 



l=m(v+D. 

Hence 

M^=L-MV, 

dt 

and so 

^[rAMV] =(L-MV)AV+rAM^. 
at dt 

Hence 


In this formula, r is now the position vector of G with respect to O'. In 
words, we have the following theorem. 

Theorem : The rate of change of angular momentum of a system of 
particles about any fixed point 0' exceeds the rate of change, following 
the motion, of the angular momentum, about a point 0 momentarily 
coinciding with O', of the motion relative to 0 , by the moment about 0 ' 
of the total mass M at G taken as if moving with the acceleration of 0 . 

307. This theorem is more simply proved directly. If r', r are the 
position vectors of a typical particle P of mass m with regard to 0 ' and 0 , 
and if 0'0=rQ, then 


r'=ro+r, 

and 

H(O') =Zr'Amf' =S(ro+r)Am(ro+r), 

and so 

iH(0')=2(r„+r)Am(?o+r). 

In this put 

ro=o, ro=V, ro=dV/dt. 

Then 

:Jh( 0') =SmrA^^+SrAnm 
dt dt 


=?Am 5 ^+^ PrAmr] 
at at 
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. 308. The student may find the following list of results convenient for 


reference : 

H( 0 ')=H( 0 )-froAL. (i) 

H( 0 ')-H(G)-f?AL. (2) 

H( 0 )=H^ 0 )+rAMV. (3) 

H(G)=iL(G). (4) 

^iH(O0=[^iH(O)]o_o.+VAl.. (3) 

|h(G').|h(G)=|h,(G). (6) 


By combination of (i) and (3) we have also 

H( 0 ')=H^O)-froAL-f?AMV. (8) 

309. The hinetic energy of a system of particles. Since the equation of 
motion of a single particle is 

P=mf, 

the total rate of doing work on the s}'stem by all the forces, internal as 
well as external, is 

SP.r =Smf.r =l(2|mf 2). 

The scalar S^mr* is called the kinetic energy of the system and is denoted 
byT. 

310. Expression of the kinetic energy of a system of particles in terms of 
motion relative to a moving point. Let O be a point moving with velocity 
V. Then if v is the velocity of a typical particle of the system in a fixed 
frame, V its velocity relative to O, we have 

v=v'-f-V. 


Hence T=J2mv2=pm(v'2_i.2v',V-fV"-) 

={.MV2+V.SmV-r|Smv'2 
=iMV2-fMV.v,-i-Tr(0), 

w'here Tr( 0 ) is the kinetic energy of the motion relative to O, and is 
the velocity of the centre of mass of the system relative to O. 

When O coincides with G, v^r =0 and so 
T=JMv2-fTr{G). 

This an important result, and may be stated in words thus : 

Theorem : The kinetic energj' of a system of particles is equal to the 
kinetic energy of the motion relative to the centre of mass, together with 
the kinetic energy of the total mass moving with the velocity of the centre 
of mass. 
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RIGID BODIES IN MOTION. THE INERTIA 'TENSOR 

3 1 1. When the system of particles contemplated in the preceding 
chapter constitutes a rigid body, the rigid body possesses an angular 
velocity £^, and the angular momentum and kinetic energy may be 
expressed in forms involving £2. The angular velocity £2 usually appears 
in association with a certain tensor depending on the geometrical distribu- 
tion of mass in the system considered. This tensor is called the inertia 
tensor of the system. Any finite system of particles possesses an inertia 
tensor, but, the determination of the inertia tensor is chiefly useful when 
the system constitutes a rigid body. The components of the inertia 
tensor in any frame, i.e. with respect to any given triad, are called the 
inertia constants of the body in this frame, and are usually classified as 
moments and products of inertia. They remain constant in any triad of 
reference which moves with the rigid body. The inertia tensor may be 
reduced, by proper choice of the triad of reference, to a diagonal tehsor. 
The corresponding triad defines principal axes of inertia of the system. 

We shall first show how the inertia tensor emerges from discussion of 
the angular momentum and kinetic energy of the rigid body. We shall 
then discuss its properties. 

312. Angular momentum of a rigid body. Let H(0) be the angular 
momentum of a system of particles about a point O. Then if v is the 
velocity of a typical particle of the system, of mass m and position vector r 
with respect to O, we have by definition 

H(0) =IlrAniv. 

Now let the system be a rigid body, possessing an angular velocity £2. 
If the point 0 is a particle of the rigid body, the velocity v of any particle 
is given by 

v=V-f£2Ar, 

where V is the velocity of the particle O. Hence 
H(0)=SrAm(V-i-£2Ar) 

=SmrA V-}-SmrA(S2Ar) 
=MrAV-}-Sm[£2r2-r(r,£2)], 

where r is the position vector of the centre of mass, M the total mass. 
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Since is tte same for all particles of the rigid body, it suggests itself 
that vre should endeavour to take £1 outside the last bracket as a factor 
To do this, tve v.Tite, in tensor notation, 

r(r.£ 2 )=(rr).fi, 

thus introducing the dyad rr. And we write similarly 

where U is the idem tensor. We have then 

H(0) =?AMV-|-[(Emr=)U-Smrr].fl. 

DeSne a tensor 1(0) by the formula 

1(0) =(Smr2)U-2mrr. 

We call 1(0) the inertia tensor of the rigid body about O. Then 

H(0)=?AAIV-fI(0).J2. 

"V^Tien V —o, the angular momentum about O is given by 

H(0)=I(0).il. 

This must give the angular momentum about O of the motion relative to 
O. Accordingly 

Hr{0)=I(0).£2, 

whence, in general, H(0) =rAMV4-Hr(0), 

in accordance with ( 3 ) of § 308 . The results obtained may be stated in 

words as follows : 

Theorem : If a rigid bod}' is in motion with angular velocity £2 with 
one particle O fixed, the angular momentum about O is I(0).£2, where 
1(0) is the inertia tensor about O. If the particle O is in motion with 
velodty V, the angular momentum about O exceeds I(0).£2 by the moment 
about O of a mass equal to the total mass at the centre of mass moving 
with velocity V. 

When r=o, G coincides with O, and we have 

H(G)=I(G),£2, 

whatever the velocitj- of G. 

313 . Kinetic energy of a rigid body. We shall consider first the case of 
a rigid body with one particle O fixed. Let £2 be its angular velocity. 
The kinetic energy is given by 

T=iSmv2, 

where v=£2Ar. 

Hence T =iZm(S2/\r).(£iAr) 

=Pm(r2£22-(r.£2)2) 

=ISm[r 2 £ 2 -r(r.£ 2)].£2 
=i [-{^ 111 x 2)11 — 2 mrr.}-.£ 2 ].S 2 
=J[I(0).£2].£2 

=n(0):£2£2. 
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This can also be written in the form 

T=JH( 0 ).ft, 

Next, consider the case of a rigid body in general motion. Let V be 
the velocity of a particle O of the body, S 2 the angular velocity. Then 

T =ISmv“=iSmv.(V-l-£iAr) 
=JV.Smv+J( 2 mrAv).Sl 
=|V.L+JH( 0 ).ft, 

where L is the linear momentum. Using a result of § 312, this may be" 
put in the form 

T=JV.L+HrAMV+I( 0 ).ft].fll 
V.L+|(ttA?).MV+n( 0 ) :S 2 l£ 2 . 

Now the velocity of the centre of mass is given by 

v=V+SSAr. 

Hence the linear momentum is given by 

L=MV+M(£ 2 A?). 

Hence* T=iMV 2 +M(aAr).V+P( 0 ):ftfll. 

(This formula is readily proved from first principles.) 

When O is the centre of mass itself, r =0 and V =v, and we have 

T=JMv2+P(G):Rn. 

In words, this is the following : 

Theorem : The kinetic energy of a rigid body is equal to the kinetic 
energy of the motion of the whole mass moving with the velocity of the 
centre of mass together with the kinetic energy of the motion relative to 
the centre of mass. 

' (This is, of course, a particular case of the theorem of § 310.) 

314. It is worth while giving a separate proof of the last theorem. 
If the centre of mass is taken as origin, we have 

T =S|mv"=iSm(v-(-£ 2 Ar)^ 

= JMv ® V.S 2 ASmr + ISm(S 2 A r) ". 

But now Smr=o, 

and as before Sm(flAi')®=I(G):S2S2. 

Hence T=iMv 24 -iI(G);S 2 £i. 

315. It IS convenient now to summarize the various formulae for the 

angular momentum and kinetic energy of a rigid body. In the following, 

V is the velocity of the origin O, which is itself a particle of the rigid body ; 

* This result is used by Lamb, Hydrodynamics, 4th edition, p. 156. 
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f is the position vector of the centre of mass G mth respect to 0 ; v is 
the velocity of G in a fixed frame. Then 

H(0)=?AMV+I(0).fl. - ( 1 ) 

H(G)=I(G).J2. ( 2 ) 

T=iMV 2 +M(SiA?).V+P( 0 ):ftn. ' ( 3 ) 

=iMv®+P(G):S 2 S 2 . ( 4 ) 

If the origin of reference O is a particle of the body at rest, 

H(0)=I(0).fl. ( 5 ) 

T=P(0):ftJ2 ( 6 ) 

=^H(0).£2. ( 7 ) 

We have proved also (§313), 

. T=iV.L+in.H(0). (8) 


316. Rate of performance of work on a rigid body by a system of forces. 
Since the kinetic energy T is given by 

T=S^mr2 

we have ~ =Smf .r, 

dt 

=Smr.(V4-£iA f), 

where as usual V is the velocity of the particle O of the rigid body taken 
as origin and is the angular velocity. If (R, r( 0 )) is the force system 
and couple about O, we shall see in Chapter XV that the equations of 
motion of the rigid body can, be written in the form 
R =EMr, r( 0 ) =Smr A r • 

Hence ^ = V.R+S2.r(0). 


317. Relations between kinetic energy and linear and angular momentum. 
Consider the motion of the rigid body during a short time dt. Since the 
equations of motion are of the form 

6 L„ dH( 0 ) 

dt ’ dt 



it follows that the change of kinetic energy in time dt is given by 

dT = V.(Rdt) [r(0)dt] 

=V.dL+£ 2 .dH( 0 ). 

It follows that if we take L and H( 0 ) as independent vector variables 
describing the motion of the body in place of V and SI, then 

gT _ 

0L ’ 8 H( 0 ) ‘ 
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2dT=V.dL+L.dV+tt.dH(0)+H(0).d£2. 

But dT=V.dL+a,dH(0). 

Hence, subtracting, dT=L.dV-l-H(0).d£2. 

Hence when V and SI are taken as independent vector variables describing 
the motion of the body, we have 


d\ 


=L, 


8Sl 


=H(0). 


THE INERTIA TENSOR 

318. Components of the inertia tensor. Having seen the emergence . 
of a definite tensor, the inertia tensor 1(0) defined by 
I(0)=(2mr=)U-Smrr, 

in the calculation of the angular momentum and kinetic energy of a rigid 
body, we proceed to the study of this tensor. 

We note that Smr*“ is a ‘ weighted ’ sum of scalars, Smrr a ‘ weighted * 
sum of dyads. Either can also be written as an integral. In the suffix 
notation, if (a=i, 2, 3) or (x, y, z) are the components of the position 
vector r, reckoned from O as origin, then 

[I(0)],p=(Smr=)U,p-2mr„rp 

=Sm(x--|-y=+z“)Uap — SmxaXp. 

Thus the components of 1(0) are given by the scheme 



P = i 

P=2 

P=3 

a = i 

A 

-H 

-G 

a=2 

-H 

B 

-F 

«=3 

-G 

-F 

C 


where [I(0)]ii=Sm(x^+y“+z-)— Smx^=Em(y“-}^z®)=A, 

[I(0)]2o=Sm(x2+y“+Z“)-Smy2=2m(z2-|-x2)=B, 
[I(0)]33=Sm(x‘+y=+z==)-Smz==Sm(x=+y-)=C, 

[1(0)] 23 = [I(0)]3o = -Smyz = -F, 
[I(0)]3r=[I(0)]i3=-Smzx=-G, 

[l(0)]xa= [l(0)k = -Smxy =-H. 

Of the six quantities A, B, C, F, G, H the first three. A, B, C (which 
are essentially positive), are called rnoments of inertia ; the second three, 
F, G, H, are called products of inertia — in each case with respect to the 
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axes of the triad of reference. The reason for the name moments of inertia 
will be apparent shortly. 

Clearly 1(0) is a symmetrical or self-conjugate tensor. Hence, if X 
is any vector, 

I(0).X=X.I(0), 

and X.I(0).X=XX:I(0)=I(0):XX. 

If the components of in a given triad are coj, c>) 2 > “ 3 > the components 
of I(0).J2 are 

(Aoii — Hto^-GtOg, — Htt)i-1-B(02 — Fcia, — — Fco2-{-Cct)3). 

When O coincides with a particle of the body at rest, these are accordingly 
the .components of the angular momentum about the origin. 

The value of the scalar I(0):J2Si is 

C02(A 6)3 — Ho)2 — — H6>j- 1-B^2 — h' 0)3)-}" 0)3( — Gwj^ — F c 02 -|-Cci 33 ) 

— 2F<i> 2W3 — aGwsWj — aHtOjWj’ 

When O is a particle at rest, this is accordingly twice the kinetic energy 
of the body. 

When the triad of reference is chosen in such a way that 1(0) reduces 
to its principal diagonal, i.e. when the tensor 1(0) is referred to its principal 
axes, the components of I(0).SI reduce to 

Aojj, B<02, Cwa, 

and the value of I(0):S2fll reduces to 

AWi*-{-Bt02^-f-C&>3^. 

The principal axes of the tensor 1(0) are called the principal axes of inertia 
of the system. They are, of course, the axes of the quadric 

l(0);rr=const., 

i.e. Ax^-f-By^-j-Cz^ — zFyz — zGzx— zHxy =const. 

Since sea 1(0) =A-{-B-(-C, the quantity A-{-B+C takes the same value 
in all triads of reference. This is otherwise obvious since 

A+B-bC =sca [(Smr2)U-Smrr] =3SmrS-2mr2=2Smr2, 
or, in components, 

A-{-B-bC =Sm(y2-|-z2) =2m2(x2-by^+z^)- 

Other invariants are I(0);I(0), which expands to 

A2+BHC2-f2(F2-fG2-i-H2), 

and the determinant 

A -H -G 

-H B «-F 

-G -F C 

Example. Prove that 1(0) :I(0) =(Smr2)2-b(Smrr :2mrr). 
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319. Determination of the inertia tensor about O in terms of the inertia 
tensor about the centre of mass G. Let r be the position vector of G with 
respect to 0, and r, r' the position vectors of any particle P with respect 
to 0 and G respectively. Then 

r=J+r', 

where Smr' =0. 


Hence I( 0 )=(Smr“)U— Smrr 

=USm(r+r')-— Sm(r-|-r')(r+r') 

=U [(Sm)r- +Tmr' 2 ] — (Sm)^ — Smr'r' 
=M[?2U-]S]+I(G). 

This result is of fundamental importance in the calculation of inertia 
tensors. We state it as the following : 

Theorem : The inertia tensor about any point O is equal to the 
inertia tensor about the centre of mass G together with the inertia tensor 
about O of a particle at G of mass equal to the total mass. 

Corollary. If two dynamical systems have the same inertia tensors 
about some given point O and if they have the same mass and the same 
centre of mass, then their inertia tensors about any point are equal. 

Such systems are called equi-momental. 

Example. Establish the equivalence of the two formulae (3) and (4) of 
§ 315 for T by direct transformation of the inertia tensor. 

We have as formula (3) the equality 

T =:|MV 2 +M(£ 2 Ar).V+P( 0 ) :S.a, 

and we know that 

1 ( 0 ) =I(G) 4 -M(JHJ-r?). 

But 

=M(S2Ar)" 

Hence T=JM[V+nA? 3 ®+P(G):Rn 

=iMvHP(G):RS2, 

which is formula (4). 

320. Moments of inertia. Definition. We have already described 
A, B, C, the elements of the principal diagonal of the inertia tensor in any 
triad, as the moments of inertia about the members of the triad. Now 

A = 2 m(y 2 -}-z 2 ) =Smpx^ 

where px is the perpendicular from a typical particle upon the x-axis. 
This suggests the following general definition. Let i be a unit vector 
in any given line 1 through a point O, p the perpendicular distance of a 
epical particle from I. Then we define the moment of inertia of the 
system about 1 as Smp^, and we denote it by the symbol p,(0, i). 
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321. Relation of moments of inertia to the inertia tensor. We proceed 
to determine the moment of inertia of a system about any line I in terms 
of the inertia tensor about any point O in the line I. 

Let i be a unit vector in the h'ne 1 (Fig. 75). Then if r is the position 
vector of any point with respect to O, p its perpendicular distance from I 
p2=:(rAi)^. 


Hence 

p(0, i)=Sm(rAi)2 


=Sm(r2 — (r.i)2) 


=Smr^ — ^Smr(r.i).i 

But 

I =i2=i.i=(U.i).i=U:ii 

and 

r(r.i).i = [(rr).i].i =rr :u. 

Hence 

(i(0, i)=(Smr^— Smrr);ii 



=1(0) :u. 

This is the desired relation. 

It follows that if, in any given triad, the direction cosines of i are 
(I, m, n) then 

(i(0, i)=A12-}-Bm24-Cn®— 2Fmn— 2Gnl— zHIm. 

322. Kinetic energy of a rigid body in terms of the moment of inertia 
about the instantaneous axis. Consider a rigid body in motion about a 
fixed particle O. Let be its angular velocity, i a unit vector in the 
direction of £2. If v is the velocity of a typical particle of mass m, we have 

T=Simv2=S|ra(S2Ar)2=JSi22m(iAr)2 

=ii2V(0,i). 

This also follows from the two formulae 


T=P(0):aa 

p(0, i)=I(0);u. 

323. Determination of moment of inertia about an axis in terms of that 
about a parallel axis through G. Let O be any given point, i a unit 
vector, G the centre of mass. Then the moment of inertia about an 
axis in the direction of i, through O, is given by 

p(0,i)=I(0):u 

or, by § 319, p(0, i)=M[r^— rr]:ii4-I(G):H 

=M[?2_(J.i)2]-fI(G):ii 
=Mp2-{-KG, i), 

where p is the perpendicular from G on the axis i through O. 
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324. Determination of the moment of inertia about an axis of line co- 
ordinates (i, a) mth respect to 0 , in terms of 1 { 0 ). The foot of the perpen- 
dicular from O to (i, a), say N, has a position vector iAa with respect to 
0 (§ 124). Hence by the definition of the inertia tensor, 

I(N) =Sm(r-i A a)2U -Sm(r-iA a)(r-iA a) 

= 1 ( 0 ) -2M(r.tAa)U-}-Ma2U-fM [(iA a)r-l-?(iA a)] 

— M(iAa)(iAa). 

Now, if a) denotes the moment of inertia about the line (i, a), 

p(i,a)=I(N):ii. 

But [(iAa)f]:ii=(iAa)(r.i).i=o, 

[r(iAa)]:ii=o, 

(iAa)(iAa):ii=o, 

U:ii=i.i=i. 


Hence a)=I( 0 ):ii— 2Mr.(iAa)-f-Ma® 

=p( 0 , i)— 2Mr.{iAa)-l-Ma“. 

Corollary. If r=o, we have 

|i(i, a)=ft{G, i)-fMa2 

and we recover the result of § 323, for now a® is the square of the perpen- 
dicular from G to the line (i, a). Stated in words, we have the following : 

Theorem : The moment of inertia of a system about any given line is 
equal to the moment of inertia about a parallel line through G, together 
with the moment of inertia of the whole mass concentrated at G about 
the given line. 

325. Momental ellipsoid. Let O be a fixed point, 1 ( 0 ) the inertia 
tensor of a given system about 0 . Then if r is the position vector of any 
point P with respect to 0 , 1 ( 0 ) ;rr is an invariant, independent of the triad 
of reference. Now consider the locus of P such that 


I( 0 ):rr=const. 

This locus has for its equation, in a triad of reference in which r is (x, y, z), 

Ax--j-By 2 -f-Cz 2 — zFyz— 2 Gzx— 2Hxy=const., 

A, ... H being the inertia constants about O with respect to this triad of 
reference. If the triad of reference is such that 1 ( 0 ) reduces to its 
principal diagonal, the locus reduces to 

Ax^+By^+Cz^ =const., 

and since A, B, C are essentially positive, this locus is an ellipsoid. It is 
called the momental ellipsoid at O, 
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Let i be a unit vector in the direction of r. Then r=|f|i, and the 
equation of the momental ellipsoid at O may be written 

•• const* 
l(0):ii=-— , 


whence (i.(0, i)‘= — 

Hence the following : 

Theorem : The moment of inertia about any axis through 0 is 
inversely proportional to the square of the corresponding radius vector 
of the momental ellipsoid. 

326. Given the momental ellipsoid at G, we can determine the 
momental ellipsoid at any other point O. For 

I( 0 )=I(G)+M(? 2 U-S), 

where r is the position vector of G with respect to O, and accordingly 
the momental ellipsoid at O has for its equation 

I(G):rr+M{r 2 U-rJ]:rr =const. 

It is of interest to see the Cartesian form of this. Let r be (x, y, z) and 
let r be (f, g, h). Then 

r^U :rr =r2r 2 = (fHgHh^XxHy 

rT:fr=(r.r)2=(fx+gy4-bz)2. 

Hence the momental ellipsoid at O has for its Cartesian equation 
SAx2— 2SFyz+M[(f2-}-g2-f-h2)(x24-y2+z2)— (fx+gy4-hz)2]=const. 
i.e. Sx2[A-l-M(g2+h2)]— 22yz[F4'Mgh] =const. 

327. Ellipsoid of gyration. The inertia tensor 1 ( 0 ) possesses an inverse 
I“^( 0 ). The quadric 

I-XO):rr=^ 

is called the ellipsoid of gyration at O. 

If the moment of inertia (i( 0 , i) about an axis in the direction of i, 
through O, is written in the form Mp^, p is called the radius of gyration 
of the system about i. The ellipsoid of gyration possesses the property 
enunciated as follows : 

Theorem : The length of the perpendicular from 0 on to a tangent 
plane of the ellipsoid of gyration at O is equal to the radius of gyration 
about an axis in the direction of this perpendicular. 

For, if p is the (scalar) perpendicular from O to the tangent plane at 
a point P, r the position vector OP, i a unit vector in the direction of the 
perpendicular ON (Fig. 76), then 

p=r.i. 
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But by a property of any self-conjugate tensor, the normal at r to the 
tensor quadric 

1-^(0) :rr=const. 


is parallel to the vector l~*(0).r. Put then 

i=7l-i(0).r. 

Then P=XI-»(0 ):it=X/M. 

Hence the moment of inertia about an axis through O along i is given by 
p(0, i)=I(0):ii 

=XT(0):[I-^(0).r][I-i(0).r] 

=X2r.I-i(0).r 
=(Mp)2/M 
=Mp2. 

Hence p is the radius of gyration about i. 

We see in particular that if the 
principal radii of gyration at O are 
«, p, Y) so that A=Ma“, B=Mp^, C=My®, then the ellipsoid of gyration 
at O has for its equation 

X2 y2 ^2 

— 4- 1-4 — = 1, 

a2^p2 Y- 



Fig. 76 


Any confocal to this may be written 

1 , y" ■ -I 
a^-f-X p2^X Y®+X ’ 

or, in tensor fonn 

[I(G)-fXMU]-J:rr=i/M. 

328. Relation of principal axes of inertia at any point to the ellipsoid 
of gyration at the mass centre. We now prove* the following : 

Theorem : The principal axes of inertia at any point are the three 
normals at that point to the three quadrics through it confocal with the 
ellipsoid of gyration at the mass centre. 

Let G be the centre of mass, P any point. If r is the position vector 
of P with respect to G, we have 

I(P)=I(G)-1-M(J2 U-ct). 

We desire to determine the principal axes of I(P), i.e. the vectors i for 
which 

I(P).i=0i. 

The corresponding values of 0 will be the corresponding principal moments 
of inertia (§ 83). 


• Proof adapted from Weatherbum, Advanced Vector Analysis, p. 107. 
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It follov^i from I 327 that the -vector i must satisfy 

or [I(G)-f(Mj2-fj)U].j=Aj;(?.i}. 

Hence i is given, fcy 

i =rvI(fJ)ri(G)-f (:vI?--&)U]-Ar. (i) 

Multiplying scakrh' bv' r and dislding by the factor r.i, v.-e get 

i =0[(G)-r{MJ '-6)111-' : 5 . 

'I'bLs shows that the point r lies on the quadric 

[I(G)4-(M;'-6)lJi-'.*rr=i/M. 

This quadric is clearly, bv- S 327, confocal with the ellipsoid of gyraticrn 
at G, having for its parameter /. the value givc-n by 

M/.=MP-&. 

To each value of 0 there is a value of and a corresponding quadric. If 
v.'e write the moment of inertia 0 in the form then 

>.=^-'-1:2 

Now the normal to the h-confocd through r to the ellipsoid of gyration 
at G is oarallel to 

T(G)~(M? 2 - 6 )]-'.f, 

v/hich by (i) above is parallel to the corresponding principal aris i at 
r (or P). Hence the prindpai axes at P are parallel to the normals at P 
to the three quadrics through P confocal with the ellipsoid of gyration at 
G. The corresponding radii of gjTation kj, k^, kj are connected vnth the 
parameters >,3, 7^ of these quadrics by the relations 

1- 2_7e C 2—73 S 4 2— r2 / 

— I — 2r — r /.g* 


329. The following are solutions by tensor methods of examples 
ghx-n in Lamb’s Higher Mechanics. 

Example (i). Prove that the principal axes at the various points of a 
system form 2 complex of the second order, whose equation in line 
co-ordinates is 

AIpri-Bmq— Cnr=:0, 

the axes of Cartesian co-ordinates being the prindpai axes of inertia at 
the mass centre. 

Vfe Imow that the directions i of the prindpai axes of inertia at P are 
solutions of 

I(P}.i=6L 
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If (i, a) are the line co-ordinates of a principal axis, we have accordingly, 
since i.a =0, 

I(P).i.a=o. 

But I(P)=I(G)-fM(?'>U-??), 

where (Fig. 77), — r=:iAa-{-Xi. 

Since U.i.a=i.a=o 

and since (rf).i.a=(iAa-}-}d)[(iAa-f>i).i].a=o, \ltCl) 

we have I(G).i,a=o, fig.yj 

or I(G):ia=o. 

If ( 1 , m, n), (p, q, r) are the components of i, a with respect to the principal 
axes of inertia at G, the latter equation reduces to the form stated in .the 
enunciation. 

Example (2). The inertia tensor of a body at 0 is I. A small body 
is added, of inertia tensor J with respect to O. Determine the directions 
of the principal axes of inertia of the composite body with respect to the 
directions of the principal axes of inertia of the original body ; and 
determine the principal moments of inertia of the composite body. 

Let i, j, k be unit vectors along the principal axes of the original body. 
Then i, j, k satisfy 



Li=Ai, I.k=Ck, 

where A, B, C are the principal moments of inertia of the original body. 
Let i+e, A-fa be the principal direction and corresponding principal 
value, for that axis of the composite body which is in the vicinity of i. 
Then since I-f J is the new inertia tensor, 

=(A-j-a)(i-{-e), 

or, approximately J.i-f-I.e=ai-hAe. (i) 

To this order, i.e=o. Hence, multiplying scaJarly by i, we have ■ 

J:u-j-I.€.i=a. 

But I.e.i=(I.i).c=Ai.€=o. 

Hence «=J:u. 

This means that if A', B', C', — F', — G', — H' are the components of J 
referred to the triad i, j, k, then a=A'. Accordingly the principal 
moments of inertia of the composite body are A-f-A', C-f-C'. 

Again, relation (i) may be written 


(J-aU),x=-(I-AU).e, 

i.e. , [J_(J:n)U].i=-(I-AU).e. 

Referred to the triad i, j, k, this relation expands into 

[A'ii-fB'jj-}-Ckk-F(jk 4 -kj)-G'(ki-hik)-H'(ij+ji)-A'(u+jj-|-kt)]-i 

=— [Aii-f-Bjj-i-Ckk— A(ii-fjj+kk)].e, 
i.e. -G'k-H'j-(A-B)(e.j)j-|-(A-C){c.k)k. 


10 
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e*J = 


H" 


eJc=- 


G' 


A-B’ ■” A-C 
Hence since e =(e.i)i -f(£. j)j-f(€Jc)k, 

and since ei=o, v,'e Ixave for the new principal axis i— -e the vector 


. W , G' 

‘-a=b'-a=c'=- 


Hence the direction cosines of the nevr i-a>as with respect to the onoina! 
principal axes are approximateh- 

H' G' 


I, 


B-A’ C-A' 


Example (3). The principal moments of inertia of a uniaxal body are 
A, A, C. Determine the components of the inertia tensor, with respect 
to a given triad in which the axis of the body has direction cosines I, m, n. 

Let k be a unit vector in the direction of the axis of the body, i and j 
any two perpendicular unit vectors forming vrith k a positive orthogonal 
triad. Then the inertia tensor I is given by 

I=Aii-fAjiri-Ckk 

=A(u-f-jj-rkk)-f{C-A)kk 

=AU-f(C-A)kk. 

Accordingly, if 2, y, z are unit vectors along the members of the ^ven 
triad, so that 

k=Ix4-my-7-nz, 

then 

I=A(xx-f57-r-2z)-r(C— A)(Ix-fniy-rnz)(IS'|-my-fnz) 

=A(2X-fyy-rZz)ri-(C— AXi^^-fni2yy-rn*zz-r'^n(yz-r2:y)-r— -f— )• 
Relative to the given triad, then, is represented b}' 

I V=I V=2 v=3 

u = i I A~{C-A)!= -(A-C)Im -(A-qnl 
p=2 j -(A-C)lm A-f(C-A)m= -(A-C)mn 
p.=3 i -(A-C)nl -(A-C)ran A-f(C-A)nA 

From this the moments and products of inertia may be read oit. 

The folIo%ving additional example is due to Professor L. Rosenhead, 
Consider a closed surface V containing a density distribution s which 
is altering with the time. Referred to its principal axes of inerda as 
triad of reference, let the inertia tensor be 

Aiiri-Bjj-fCkk. 
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where dr denotes an element of volume of V. Keeping the surface V 
fixed, and differentiating each side with respect to the time, we have 

S^ii+SAi f !^(r"“U-rr)dT. 


dt 


dt 


dt' 


But if is the angular velocity of the principal axes of the inertia tensor. 


dt /-», • 
- =^2At, 
dt 


etc. Thus 


HA 

S^ii+SAi(yiAi)+SA(£iAi)i= 


^(r2U-rr)dT. 

dt 


If r=xi+yj4-zk, 

the expansion of the tensor on the right-hand side with reference to the 
triad i, j, k is 

^[S(y2-h22)u— Syz(jk+kj)]dT. 

J V 

But if £1 = Wii-j-wJ-f togk, 

£2:Ai=— tojk-l-cosj, 

etc. Hence the expansion of the left-hand side with reference to the 
same triad of reference is 
HA 

S— ii-|-SAi( — cook-f- co3j)'f-SA( — togk-}- ci)3j)i 

=S^ii+S(jk-fkj)«,(B-C). 

at 

Accordingly, equating tensor components, we have 

dt 


^J{y"+z")dT, 


and 


tOi(B-C) = - 


dp. 


df 


yzdx, 


with four other relations obtained by cyclical interchange. 

330. The angular momentum of a uniaxal body. Let O be a fixed 
particle of a body rotating about O with angular velocity £ 1 . Let A, A, C 
be the principal inertial constants about O. Let i be a unit vector in the 
axis of the body. Then (§ 231), the angular velocity £2 of the body is of 
the form 

a=m+iA| 
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whilst the inertia tensor 1(0) is of the form 

I(0)=Cu+AjjH-Afck 

=AU+(C-A)ii. 

Hence the angular momentum H(0) about O is given by 
H(0) =S2.I(0) =(ni+iA^).((C-A)ii+AU) 

=(C-A)ni+Ani+AiA^ 

at 


§330 


=Cni4-AiA 


di 

dt" 


This is a standard form for the angular momentum of a uniaxal body in 
terms of the motion of its axis i, the spin about its axis n, and the inertia 
constants C, A. It is of fundamental importance in the discussion of 
gyroscopic problems. 

An alternative derivation of this formula is of interest. Avoiding the 
introduction of the idem tensor TJ, we have 

H(0) =S2.I(0) = (ni+iA ^J).(Ajj+AM:+Cu) 

.C„i+A[(iA|j)j+(iA|.k)lc]. 

di 

Since iA-r has zero component along i, the coefficient of A is just iA^ 
dt dt 

itself. Alternatively it may be reduced as 

-(s1)hOI> 

“Oa‘‘)a|-a|. 


From one point of view, the formula 

H(0)=Cni+AiA^‘ 

at 

can be written down at sight. For to obtain H(0) we have to construct the 
vector whose components are the products of the components of angular 
velocity by the principal components of the inertia tensor, in the principal 
triad of reference of the inertia tensor. Such a triad may be chosen as i 
and any pair of vectors j, k perpendicular to i and to one another ; choosing 

j along the vector we have the formula at once. The writer finds 

the detailed methods given above more convincing. 
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CALCULATION OF THE INERTIA TENSOR 
FOR GIVEN BODIES 


331. Scope of the appendix. Treatises on rigid dynamics usually 
develop a number of special formulas for the moments of inertia of various 
rigid bodies. These are not easy to remember. In the following treatment 
we calculate the inertia tensors outright ; the formulae obtained are very 
easy to remember, and moments of inertia can be derived from them at 
once. Moreover the formulae for the inertia tensors indicate at once what 
systems of particles, rods, or laminae are equimomental with the rigid 
body without further calculations. Lastly, the procedures followed 
involve only the simplest of integrations. 

The fundamental idea in the calculations is to proceed step by step, 
building up in turn the inertia tensors of rods, discs, and solid bodies by 
means of repeated use of the formula connecting the inertia tensor about 
the centre of mass with that about any other point. It is hoped that the 
student will find this appendix of considerable interest as compared with 
its rather dreary setting in the usual presentations. 

332. The inertia tensor of a uniform rod. Let p be the line density, 
M the mass, 2a the length, of a uniform straight thin rod. Then M =2pa. 
Let G be the centre of mass. Then the inertia tensor about G is given by 

I(G)=|Vu-x2u)pdx, 

where r=xi is the position vector of a typical particle of .the rod with 
respect to G (Fig. 78), and i is a unit vector along the rod. Hence 

I(G)=p(U-ii)?^=^Ma 2 (U-u). (i) 

3 3 


x--a 


This is a fundamental formula. It may also be written, if j, k are two 
unit vectors making an orthogonal triad with i, ^ 

I(G)=iMa==(jj+kk). 

but in this form it is less useful. Formula (i) 
shows at once that the moments of inertia 
about the i, j, k axes are 0, iMa®, JMa^, and that 
principal axes at G. 

333. The inertia tensor of a uniform parallelogram. As in all cases 
which follow, let M denote the total mass. Let a be the surface density. 


G X x=a 

Fig. 78 

i, j, k are the 
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1 (G) = aA 


Let i, j be unit vectors along the sides, and let 2a, 2b be the lengths of 
the corresponding sides (Fig. 79). Then the inertia tensor of an elementary 
strip, centred at P and parallel to the side i, about P, is by § 332 

?(area of strip)a 2 (U— ii). 

3 

Let G be the ’mass centre of the 
parallelogram, and let GP=:y. If A 
is the total area of the parallelogram, 
then 

area of strip _dy L 

A 

Accordingly the inertia tensor of the whole parallelogram, about G, 
since G is distant yj from P, the centroid of the strip, is 

.b 

^[ia2(U-ii)+y2(U-jj)] 
=M[ia'(U-ii)+ib==(U-jj)]. (2) 

This shows that the parallelogram is equimomental with four particles 
at the mid points of the sides, each of mass together with a mass 
at the centroid. For this system has the same total mass and the same 
centroid as the given parallelogram, and it has the same inertia tensor 
about G, as follows from inspection of (2). Again (2) shows that the 
parallelogram is equimomental with two uniform rods through G, parallel 
to and terminated by the sides, each of mass M, together with a particle 
of mass — M at the centre. 

Example, Show that a parallelogram is equimomental with four 
particles at the comers, each of mass ^M, together with a particle of 
mass |M at the centre. 

When the parallelogram reduces to a rectangle, i and j are perpendicular, 
and we may transform (2) by writing U=ii 4 -jj+ldk, k being a unit vector 
normal to the plane of the rectangle. Then 

1 (G) =M[fb 2 ii+ia 2 jj+J(a 2 +b 2 )kk]. (2') 

This gives the moments of inertia about the i, j, k axes as ^Mb*, l-Ma^ 
and ^M(a^+b^). Formula (2) is, however, much more general than (2'), 
and more easily remembered. 

If we want the moment of inertia of a parallelogram about the median 
in the i-direction, we work out from (2) the value of 1 (G) :ii, obtaining 

iMb2[i-(i.j)=^]. 

Again, if we want the moment of inertia of a parallelogram about a diagonal, 
namely about the unit vector 

ai+bj 

(a^+b®+2abi.j)‘ 
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through G, we find it by the same method to be 

+ib2{(a2+bH2ab(i.j))-(b+a(i.j))^}] 

_ |Ma%i=(i-(i.j)i=) 

a^+b®+2ab(i.j) ’ 

This formula can be used to give also the moment of inertia of a 
plane triangle about its base in terms of the sides and the included angle. 
For this moment of inertia will be obtained 
by halving the above moment of inertia, 
putting M' for a' for 2a and b' for 2b, 
and then omitting primes (Fig. 80). The 
result is 

iMa^bg(i-(i.j)°) 

a24-b*4-2ab(i.j) ’ 

334. The inertia tensor of a solid parallel- 
opiped. Let G be the centroid of a uniform 
parallelopiped, of sides 2a, 2b, 2c in the directions of the unit vectors 
i, j, k. If p is the volume density, the inertia tensor of a thin 
elementary section of the parallelopiped, about its centroid P, if the 
section is parallel to the vectors j and k, is 

p X (vol. of section) X [ib‘'(U— jj)+i-c^(U— kk)]. 

But if GP =x, and V =volume of parallelopiped, 

vol. of section _dx 
V 2a 



and hence the inertia tensor of the whole parallelopiped about its centroid 
G is 


1 (G) =pV 


dx 


2a 


[ib^(U-jj)+Jc2(U-kk)+x®(U-ii)] 


=M[ia2(U-ii)+J3b2(U-jj)4-ic==(U~kk)]. 


( 3 ) 


This shows that a solid parallelopiped is equimomental with six 
particles each of mass JM at the centroids of the six faces. It is also 
equimomental with three uniform thin rods each of mass M through the 
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centroid parallel to the edges and terminated by the faces, together with 
a mass — 2M at the centroid. 

Example. Determine the masses of the equimomental set of panicles 
at the eight comers and the centroid. 

When the parallelepiped is rectangular, tve can put U jja-kk, 
and then 

1 (G) =MB(bHc^)ii 4 -Kc^-f a^jj+Ka=-fb"-)kkl. 

Example. Evaluate the moment of inertia about the diagonal, namely 
I(G):(ai-bbj-fck)(ai+bj-fck) 

a2-fb2-fc2 

335. The inertia tensor of a uniform triangular lamina about its centroid. 
Let G (Fig. 81) be the centroid of a uniform triangle ABC, i.e. the inter- 
section of the medians. Let i, j, k be unit 
vectors along GA, GB, GC, and let 2', 275, 
tX. be the lengths of GA, GB, GC. Let i', 
y, k' be unit vectors parallel to the sides 
BC, CA, AB ; and let a, b, c be the 
respective lengths of these sides. 

The inertia tensor of ABC about G is 
the sum of those of GEC, GCA, GAB. 

To obtain the inertia tensor of GBC, consider 
an elementary strip QPR parallel to BC, with 
mid-point P. If c is the surface density, the 
inertia tensor of the strip with respect to ^ 

Pis 

f c;(area of strip)PR^(Il— i'i')- 



l'- 


Fig. 81 


But 


PR_x 


area of strip d(x®) _ 2xdx 
^2 > 


iA 




where GP=x and A=area of ABC. Thus the inertia tensor of the 
elementary strip about P is 

and hence that of the triangle GBC about G is 
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Now the mass of the whole lamina ABC. Hence, by addition 

of the inertia tensors of the three triangles GBC, GCA, GAB, we get for 
the whole triangle 

1 (G) =^fe{(Sa==)U-2a*i'i'} 

We proceed to simplify this. We have 

aS = BC=* = (2^k-2Y5j)>> =4(Y)2+i:^-2vi%'.k)), 
and a=>iT=4(^k-/)j)(gc-7)j) 

=4(4=jj+C%k-v)^(jk+kj)), 

whence Sa^ = ,t), 

Sa=i'i' =8S?=ii-4i:7)i:(jk+kj). 

But since G is the centroid, 

?i+^j+Ot=o, 

and so S52+2S4^(j.k)=o, 

and similarly 2§®ii+Sv]^(jk+kj)=o. 

Hence Za“=i225®, 

2a2i'i'=i2S?2ii. 

Thus, finally, 

I(G)=M[i?2(U-ii)+ivi=>(U-jj)+i^=>(U-kk)], • (4) 

where, it may be recalled, vj, X> are the distances of G from the mid- 
points of the sides, and i, j, k are unit vectors parallel to the joins of G 
to the vertices. 

This formula shows by inspection that the triangle is equimomentai 
with three particles at the mid-points of the sides each of mass ^M. 
Likewise it is equimomentai with three particles at the vertices each of 
mass together with a particle at the centroid of mass JM. 

336. The inertia tensor of a triangular prism about its centroid. Let 
2h be the length of the axis of the prism, 1 a unit vector along the axis ; 
and let 2^1, 2v)j, 2^k be the position vectors of the mid-points of the axial 
edges with respect to the centroid. Building up the prism by addition' 
of elementary triangular sections parallel to the base, we have for the 
inertia tensor about G 


1(G) =pV 


dx 

-h2'h' 


ft^2(U-ii)+^7)=>(U-jj)-fK2(U-kk)-t-x2(U-ll)] 


=M[i?2(U-ii)+-h'(U-jj)+K^(U-kk)+ih2(U-ll)]. (s) 

337. The inertia tensor of a triangle about a vertex. The inertia tensor 
10* 
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of a triangle about a vertex, in terms of the median and base, follovrs hom 
the formula for the inertia tensor of GBC about G 
obtained in § 335. Putting [\ for lA, and then 
omitting the prime, the inertia tensor of a triangle 
AEC about A (Fig. 82) is 


(3A)o]'|(U-ri')4-|V-ii)] 
AI .f ?2(U-u) j , 



Hr-gz 


where now H is the length of the median of the triangle drawn from A, 
i a unit vector along this median and i' a unit vector along BC. 

Example. Use this formula to show that a triangle is equimomenta! 
with three particles at the mid-points of the three sides. 

338. The inertia teriSar of a solid ietrahedron. Let G (Fig. 83) be the 
centre of mass of a uniform solid tetrahedron ABCD, of density s, volume 
V and mass iM=oV. Let A, E, C, D ^ 

have position vectors 3Si, 3 tJ, 3^, 

301! with respect to G. Let G^ be 
the centre of mass of the triangle 
BCD and let BGj meet CD in 8^2* 

Then the vector GjEj-v is eoual to 
lEGj, and BG^^GG]-^BG. But 
Gj is the centroid of equal particles 
at B, C, D. Hence 
G;^Bjj =:L GGj -(-B G j 

-f-3^-r3«=^l)-3'd] D 

— 2rr^y[. 

Call this the vector Now con- 
sider an elementary section QRS of 
the tetrahedron GBCD parallel to 
the base BCD. Let the centroid Jj 
of QRS be at a distance x from G. Then, since GGi=;, 
voL of elera. section d(z^ _3xMx 

Jv P W~’ 

The linear dimensions of the section are to those of BCD in the ratio 
x:L Hence by formula (4) for the inertia tensor of a triangle about its 
centroid, the inertia tensor of the elementary section about Jj is 
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Hence the inertia tensor of GBCD about G is 

-(^^j -• ••-••• . .)}+x2(U-ii) j 

=fpV[*{(v3=+...+...-vi!:(j.k)-...-...)U 

Adding four similar expressions for the four tetrahedra with vertices at 
G, the inertia tensor of the whole tetrahedron about G is given by 

I(G)=iM[*{(3S?2_2S5v)(i.j))U-(3S^=u^S^7j(ij+ji))} 

+i{(S5==)U-(2^=ii)}]. 

But since G is the centroid, 

?i+'nj+^+“l=o, 
which gives 2 — o, 

S52ii+S5>](ij+ji)-o. 

Hence 1(G) =|M[(|S?2U-S52ii)+i(25=U-S?2ii)] 

=^M[(S|2)U-S^ni]. (6) 

Writing this in the form 

I(G)-*M[j;35)‘(D-ii)], 

we see that the tetrahedron is equimomental with a system of four particles 
at the vertices, each of mass ^M, together with a particle of mass |M at 
the centroid. 

Example (i). Prove that the tetrahedron is equimomental with four 
particles at the centroids of the four faces each of mass together 
with a particle of mass — |M at the centroid. Hence show that the 
tetrahedron is equimomental with a system of four particles at the vertices 
of masses together with four particles at the centroids of the face 
of masses ^M. 

Example (2). Prove that the tetrahedron is equimomental with six 
particles at the mid-points of the edges, each of mass together with 
a particle of mass fM at the centroid. 

339. The inertia tensor of any plane system of particles. Let O be an 
origin in the plane, xi-hyj the position vector with regard to O of a particle 
of mass m, where i and j are unit perpendicular vectors in the plane, and 
k a unit vector normal to the plane. Then 

1(0) =Sm(xi-l-yj)“U— 2m(xi-|-yj)(xi-t-yj) 

=Sm(x2-fy“)U— Smx^ii— Smy^jj— 2mxy(ij-fji). 
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Putting Smx2=B, 2my2=:A, Smxy=H, 
we have I(0)=(A+B)(u+jj+kk)— Bii— Ajj— 

=Aii+Bjj+(A+B)kk-H(ij+ji). 

Thus A, B, A+B are the moments of inertia about the axes i, j, k. Hence 
the following ; 

Theorem : The moment of inertia of a plane distribution about an 
axis through a point O in the distribution perpendicular to the distribution 
is equal to the sum of the moments of inertia about any two perpendicular 
axes through O in the plane of the distribution. 

Example. Show that if i, j are not perpendicular, then 

I(0)==(A+B+2Hi.j)U-Bii-Ajj-H(ij+ji), 

where A, B, H are defined formally as above, i.e. with respect to the 
oblique axes. We have here no longer U=ii-}-jj+kk. But since 
I(0).iAj=(A+B-}-2Hi.j)(iAj). 

A+B+zHi.j is the principal moment of inertia of the distribution about 
the normal to the plan^ ; and this normal is a principal axis. 

340. Bodies with curved boundaries. The inertia tensors of bodies 
such as circles, spheres, cylinders (circular or elliptic), ellipsoids and 
cones can readily be built up by the following sequence of arguments. 
The formula; obtained are very easy to remember or to reproduce^ 

341. Inertia tensor of the circumference of a circle. Let r be the radius 
of the circle. Let i, j be a pair of unit perpendicular vectors-in the plane 
of the circle, k a unit vector normal to its plane. If G is its centre, then 
by the theorem of § 339, and by the symmetry of the circle, the inertia 
tensor of the circumference about the centre is given by 

I(G)=Aii+Ajj+2Akk, 

where A is to be determined. Now the moment of inertia about the 
k-axis is clearly Mr 2 . But this is equal to 1(G) :kk, which is 2 A. Hence 
A=JMr2, or 

I(G)=iMr2(ii+jj+2kk). 

This can be rewritten in either of the forms 

I(G)=2Mr2(U+kk), ( 7 ) 

I(G)=M[ir2(U-ii)+^r2(U-jj)]. (?') 

The latter of these will be found to be the more significant, 

342. Circular lamina. By adding together the inertia tensors corre- 
sponding to typical circumferential annuli, we have for the inertia tensor 
of a circular lamina, if c is its surface density, 

1(G) =|'o(27n-'dr')ir'2(U-f kk) 

=iLr^(U-fkk) 

=iMr2(U-fkk) 

=M[ir2(U-ii)+ir2(U-ij)]. 


( 8 ) 

(S') 
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The moments of inertia about the i, j, k axes are accordingly JMr®, 
JMr^, and JMr^, respectively. 

343. The inertia tensor of an elliptic lamina. Take unit vectors i, j 
along the axes. Then by definition, 

I(G)=j|[(xi+yj)2U-(xi+yj)(xi+yj)]ndxdy 

= (U— ii) jjx^ffdxdy +(U— jj)||y ^adxdy, 

the integrals [fcxydxdy clearly vanishing. 



where a, b are the semi-axes of the ellipse and r is arbitrary. Then 

I(G) = J[^l(U-ii)jjx'^adxMy'+y(U-jj)|jy'2ndx'dy'^^ 

where the double integrals are now taken over the interior of the circle 

x'2-j-y'i=r2, 

and are, of course, equal to one another. If we put a=r, b=r, this must 
reduce to the inertia tensor of a circular lamina. Hence 

jjx'^odx'dy' = jjy'^adx'dy' ={-!ZT^a)lr^. 

Thus 1(G) =7taba[Ja2{U-ii)4- Jb2(U-jj)] 

=M[ia^(U-u)-bib=>(U-jj)]. ^ (9') 

344. The inertia tensor of a hollow circular cylinder. {Circular sectioned, 
open thin tube.) Let 2h be the length of the cylinder, r its radius, k a 
unit vector along the axis. Then from the formula for the inertia tensor 
of the circumference of a circle, we have by building up, if o is again the 
surface density, 

1(G) = I Vanrdx) [|r2{U-t-kk) -l-x2(U-kk)] 

=MKr2(U-fkk)-f-Jh®(U-kk)] (10) 

=M[ir2(U-ii)-}-Jr*(U-jj)+Jh2(U-kk)3. (10') 

The moment of inertia about a transverse axis through G is 1(G) :ii or 
M[|r2-j-^-h2]. Clearly the open-ended hollow cylinder is equimomental 
with an equatorial circumference of mass M, an axial rod of mass M and 
a particle of mass — M at the centroid. 

345. Solid circular cylinder. In the notation of the preceding section, 
building up the cylinder as a sum of elementary lamin® we have, if p is 
the volume density, 

I(G)=|\p7:rMx)[ir2(U-fkk)-fx2(U-kk)] 

=M [^r2(U-{-kk)-bih2(U-kk)] 
=M[ir2(U-ii)-l-Jr2(U-jj)+Jh*(U-kk)]. 


(”) 

(II') 
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346. Solid elliptic cylinder. This is evidently, by a similar proof, 

I(G) = [Mia=(U-ii)+|b2(U-jj)+ih2(U-kk)]. ’ 

347. Hollow circular cone {without base). Let h be the perpendicular 
height of the cone, r the radius of the open end. If k is a unit vector 
along the axis, taking a variable x along the axis measured from the vertex, 
we have for the inertia tensor about the vertex O 


1 ( 0 ): 




.r2(U-!-kk)+x2(U- 


-kk)] 


=M[Jr2(U+kk)+|h2(U-kk)] (13) 

_ =M[ir 2 (U-n)+MU-jj)+ih 2 (U-kk) 3 . (13') 

348. Solid circular cone. The inertia tensor about the vertex is clearly- 
given by 

1(0) [ jgr2(U+kk)+x2(U-kk)] 

=M[^V-(U+kk)+|h2(U-kk)] (14) 

=M[^-r2(U-ii)-l-/or2(U-jj)+-ih2(U-kk)]. (14') 

349. Solid cone of elliptic section. If a, b are the semi-axes at the base, 
the Inertia tensor about the vertex is clearly 

1(0) =M[Aa2(U-ii)-l-#ob^(U-jj)+fh2(U-kk)]. (IS) 


350. The inertia tensor of a hollow sphere. The inertia tensor of a 
hollow sphere about its centre is clearly of the form 

1(G) =AU. 

But I(G)=jf(r2U-rr)odS 

so that sea 1(G) =2r2jjcTdS=2Mr2, 

Hence 3A=2Mr2, 

or I(G)=§Mr2U. (lO) 

The moment of inertia about any diameter is accordingly I(G):ii=iMr2. 

351. Solid sphere. By summing for spherical shells we have 

I(G)=£Md(0[|r'2U] 

=fMr2U. (17) 

352. Solid ellipsoid. Take unit vectors i, j, k along the principal 
axes, say of lengths 2a, 2b, 2c respectively. Then by definition 


1(G) = III [(xi +yj +zk)2U -(xi+yj +zk)(xi-hyj -l-zk)]pdxdydz 

=(U-ii)jjfpx2dxdydzH-(U-jj)|Jfpy2dxdydz-l-(U-kk)|JJpz2dxdydz. 

In this put x=-x', y=^y^ z=pz', 


/ 
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where r is arbitrary. Then 

where the integration is now taken over the interior of the sphere 

x'2+y'2+2'2=r2, 

and where we have used the equalities 

JJJx'^dx'dy'dz' = JJJy'^dx'dy'dz' = JJJz'^dx'dy'dz'. 

Using these equalities again, we have 

|jjx'2dx'dy'dz'=:jj|(x'2+y'2-l-z'2)dx'dy'dz'. 

Now take the particular case a=b==c=r. Then 1 (G) reduces to 
[ 3 U-(ii+jj+kk)]ij(J(x' 2 +y' 2 +z' 2 )pdx'dy'dz' 
=§Up|jj(x'2-fy'2-fz'2)dx'dy'dz', 

and this must be the inertia tensor of a solid sphere of radius r and density 
p, namely 

|(47rr>p)r2U. 

Hence |■|||(x' 2 +y' 2 -f.z' 2 )pdx'dy'dz' =rfre^p, 

as is otherwise readily proved by elementary integral calculus. Hence 
I(G)=|-7rpabc[i-a2(U-ti)+ib2(U-jj)+ic2(U-kk)] 

=M[ia 2 (U-ii)+ib 2 (U-j|j)+ic 2 (U-kk)]. . (18) 

353. It will be observed that the inertia tensor of a rectangle, given 
by (2) with i and j perpendicular, is of the same form as that for an elliptic 
disc, given by (9'). These are accordingly equimomcntal apart from a 
constant multiplying factor. An elliptic disc has in fact the inertia tensor 
of a rectangle of equal semi-axes of f of the mass. 

Similarly the inertia tensor of a solid rectangular parallelepiped is of 
the same form as that for a solid ellipsoid. These again, therefore, are 
equimomental, apart from a constant multiplying factor ; the ellipsoid 
is equimomental with a rectangular parallelopiped of equal semi-axes, 
of I of the mass. 

354. Results in the integral calculus. Some by-products of our formula 
for inertia tensors may be noted. The inertia tensor of the circumference 
of a circle has been seen to be 

M[ir2(U-ii)+ir='(U-jj)] 

= I (z7Trp.)r 2(U -f kk) 
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where y. is the line density. But this is equal, by definition of the inertia 
tensor, to 

(ij(U— pp)r2rdO, 

where p is a variable unit vector drawn from the centre to the element 
d0 of the circumference. Hence 

{(U-pp)d6=7:(U+kk). 

But since U is a constant tensor, 

fUd6=2~U, 

whence |ppd6=7:(U— kk)=:-(ii+jj)- (i) 

This is a very useful result. It can, of course, be verified directly by 
evaluating 

j(i cos 0-f-j sin 6)(i cos 0-fj sin 6)d0. 

It can also be evaluated by noting that on grounds of symmetry, 

fppd0=a(ii+jj). 

Taking the scalar of each side we have 

2 :r= 2 a, 

or a =7:, as above. 

Again, since the inertia tensor of a hollow sphere is f Mr^U, we must 
have 

§r2(4Trr20)U=oJf(U-pp)r2(rMw) 


whence 

j|(U-pp)dco=|rU. 

But 

jJUdm=4-U. 

Hence 

|jppd„-ea 


This may also be verified trigonometrically. It is, of course, mstheti- 
cally satisfactory to be able to make the evaluation of such integrals 
a process of pure vector algebra, without the use of trigonometric 
integrals. 

With the aid of the above results, many other integrals may be 
found. For example, it is sometimes required to evaluate the mean 
value of 


(p.A)(pAA), 



§ 357 CALCULATION OF THE INERTIA TENSOR 291 

where p is a unit vector describing uniformly a circle, centre O, normal 
to a unit vector z, and A is a given constant vector (Fig. 84). This may 
be written 


L[(p.A)(pAA)d0 

27rJ 

= l7r[(U-zz).A]AA 

27C 

= -Mz.A)(zAA). 



355. The inertia tensors of arcs, sectors, etc., may be found by obvious 
extensions of the foregoing methods if they are required. Some examples 
follow. 

356. Inertia tensor of an arc of a circle. Let the arc, of radius r, subtend 
an angle 2a at the centre O (Fig. 85). If p is its line density, 

l(0)=ixr"“ (U-pp)r2rd0, 

where p is a unit vector in the direction from 0 to 
the element d0 of the arc. Let the unit vector i 
bisect the angle subtended by the arc at O, and let 
j be a unit vector perpendicular to it, in the plane 
of the arc. Then 

p=i cos 04-j sin 0, 



and I(0)=(ir®[2aU— j (i cos 0+j sin 6)(i cos 6+j sin 0)d0]. 

The terms in ij and ji vanish. We are left with 


1(0) =Mr2 

■ =iMr2[u+kk-!l^?-^^^(ii-jj)j. (19) 


357. Plane sectorial lamina. Replacing M in the foregoing by a(2ardr), 
where <s is the surface density of the lamina, of angle 2a, and integrating 
with respect to r, we have for a sector 

1(0) = [u+kk-!l^l^^(u-jj)] I V2a(2«rdr) 

=iMr2[u+kk-!l^^A^(ii-jj)] (20) 


since here M = CT^(2«r*) = aar®. 
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In both these formulae, (ig) and (20), the term in sin a cos a vanishes 
when a =^ 71 , and so the inertia tensor of a semi-circular arc and of a 
semi-circular lamina are of the same form as for a complete circular arc 
or circular disc, (7) and (8). 

358. Inertia tensor of the cap of a sector of a sphere, about the centre 
of the sphere. Let a be the semi-vertical angle of the cone subtended by 
the cap of the sphere at the centre O of the sphere. Then we have 

I(0)={J(U-pp)r2ar2dco, 

where p is a unit vector from O towards the element (6, 9) of the cap. 
Taking a unit vector i along the axis of the cap, we have 


p—i cos 0-fj sin 0 cos <p-}-k sin 0 sin 9, 
and, the integrals being taken over the cap 


n 


cos^ 6da=^(i — cos^ a), 

3 

jjsin® 0 cos^ 9do)=||sm2 0 sin^ 9 dto= 27 r[^(i — cos a)— J(i— cos® a)]. 

Hence 1 ( 0 ) = cnr^[ 27 i(i —cos a)U — 2~{^(i —cos® a)u 

-f (^(i— cos a)— J(i— cos® a.))(jj-l-kk)}]. 

But here, since the area of the cap is 2nr®(i —cos a), we have 


M=2TCr®G(i— cos a). 

Hence 

1 ( 0 ) =Mr®[U— ^(jj-j-kk)- J(2U— jj— kk)(i -{-cos a-|-cos® a)]. (21) 
To check this, take a=7r. We get them for the surface of a complete 
sphere 

1 ( 0 ) =Mr®[U-i{j[j-{-kk)-K2ii-i3-l±)] 

=|Mr2U, 

as it should be. 

359. Inertia tensor of a solid sector of a sphere about its vertex. In (21) 
we replace M by p27r(i — cos a)r®dr, integrate with respect to r and then 
write M for |Trp(i — cos a)t®. We find 

1 ( 0 ) =1 Mr®[U-i(jj+kk)-K2u-j[j-kk)(i -{-cos a-{-cos® a)]. (22) 

If in (21) or (22) we put a=|7r, the square bracket reduces to fU, just 
as when a=Tc. Thus the momental ellipsoid of a uniform hemisphere 
or hemispherical shell, about its centre, is a sphere. 

360. List of inertia tensors. 

M =mass. i, j, k, 1 unit vectors. G, centre of mass. 

(i) Uniform rod of length 2a, in direction of i : 

I(G)=JMa 2 (U-ii). 
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(2) Uniform parallelogram (lamina), sides 2a, 2b, in directions of i, j 

respectively : 

1 (G) =M[ia*(U-H)+ib==(U-jj)]. 

(3) Uniform solid parallelopiped, sides 2a, 2b, 2C, in directions i, j, k 

respectively ; 

I(G)=M[la=(U-ii)+J-b^(U-jj)4-Jc>'(U-kk)]. 

(4) Uniform triangular lamina, vertices distant from G by lengths 

2?, 21], 2X, in directions i, j, k (^-f-Y)j+^=o) ; 

I(G)=M[i?2(U-u)+ii)2(U-jj)+KW-tk)]- 

(s) Uniform triangular prism, section as in (4), of height 2h in direction 1 : 
I(G)=M[i?2(U-ii)+iYi2(U-jj)+K^(U-kk)+^h2(U-lI)]. 

(6) Uniform tetrahedron, vertices distant 3?, yt], 3!^, 301 from G in 

directions i, j, k, 1 : 

I(G)=^MK^(U-ii)+vi2(U-jj)+^2(U-kk)+6)2(U-U)]. 

(7) Circumference of a circle, of radius r, the normal to its plane in 

direction k, and i, j any two perpendicular unit vectors in its 
plane : 

1 (G) =M[ 4 r 2 (U-ii)+ir 2 (U-jj)] =iMr 2 [U+kk]. 

(8) Uniform circular lamina, of radius r, vectors i, j, k as in (7) : 

1 (G) =M[ir 2 (U-u)+|r 2 (U-jj)] =iMr 2 [U+kk]. 

(9) Uniform elliptic lamina, of semi-axes a, b in directions i, j: 

1 (G) =M[ia=^(U-ii)+ib==(U-jj)]. 

(10) Hollow circular cylinder, of radius r and height 2h, axis in direction 
k, and i, j any two unit perpendicular vectors normal to k : 

1 (G) =M [ir 2 (U-ii)-hir!>(U-jj)-H:h=(U-kk)] 
=M[|r 2 (U-f-kk)-bJ-h 2 (U-kk)]. 

(11) Solid circular cylinder, definitions as in (10) ; 

I(G)=M[ir 2 (U-ii)-f-Jr 2 (U-jj)-b^h==(U-kk)] 

=M [ir 2 (U +kk)-f-ih 2 (U-kk)]. 

(12) Solid elliptic cylinder, of semi-axes a, b in directions i, j, and axis 2h 

in direction k : 

I(G)=M[ia2(U-u)+|b2(U-jj)+Jh2(U-kk)]. 

(13) Hollow circular cone, of base-radius r and axis of length h, in direction 

k, 0 being the vertex : 

1 ( 0 ) =M [ir 2 (U-ii)-}- Jr 2 (U-jj)+| hi=(U-kk)] 
=M[ir2(U-bkk)-j-Jh2(U-kk)]. 
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(14) Solid circular cone, definition as in (13) : 

I(0)=M[^r2(U-ii)-f^r2(U-jj)-i-lh=^(U-kk)3 

=M[^r2(U-fkk)-Hh2(U-kk)j. 

(15) Solid cone of elliptic section, of semi-axes of base a, b in directions i, j: 

1(0) =M[^2(U-ii)+^b2(U-jj)-f|h2(U-kk)]. 

(16) Hollow sphere, of radius r : 

I(G)=|MrHJ. 

{17) Solid sphere, of radius r : 

I(G)=fMr 2 U. 

(18) Solid ellipsoid, of semi-axes a, b, c in directions i, j, k : 

I(G)-M[ia 2 (U-u)-|-ib 2 (U-jj)-fic 2 (U-kk)]. 

The inertia tensors of all the solid bodies possessing three axes of 
symmetry i, j, k are given by 

1 (G) =:M [ ^ a 2 (U-ii)-}- lb 2 (U-jj)-b^^^(U-kk)] , 

where the typical denominators n, n', n" are equal either to 3 (for rods 
and rod-like dimensions), to 4 for elliptic-sectioned dimensions, or to 5 
for ellipsoidal dimensions. 

361. Some formulce involving the inertia tensor. This seems a con- 
venient place to derive some commonly-met-with formula involving 
the inertia tensor. They are usually derived in their proper physical 
contexts, but it seems desirable to give them here whilst the inertia-tensor 
technique is fresh in the reader’s mind. 

362. The gravitational potential of a body at a distant point. Let G 
(Fig. 86) be the centre of mass of a given body, P a fixed distant point 


Fj?. 86 

outside the body, Q a variable point in the body. Let GQ=r, GP=ro, 
QP=R, so that 

R=ro— r. 

Then the gravitational potential at P due to the body, say Vp, is given by 
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where y is the constant of gravitation, p the volume-density and dv the 
volume element. Now 


|R| (R2)^ {r,^-2T„.r+T^y 




• jpdv. 


But since G is the centre of mass, 

|prdT=o. 

Further, since I(G)=|j|p(r*U— rr)dT, 

we have I(G):j^,=ji||rrV-(r.r.)‘]fde, 
and sea 1(G) =2j|jprMT. 


Hence 


3(i’*ro) 


!:^V-=-r^Jsca I(G)-3l(G):!2§l. 

rol® ^ 2lro|3L ^ ^ To" J 


Vp-T 


Since rQ/|ro| is a unit vector along GP, 1 (G) is the moment of inertia 

Fol 

of the body about GP, say (r(GP). Also sea I(G)=A-|-B-f-C, where 
A, B, C are the principal moments of inertia at G. Hence 
r M ^ A-bB+C-3KGP) 1 
Lkol 2lro|® ■■'J' 

363. The mutual potential energy of two distant bodies in one another’s 
presence can now be readily found. This is given by 

-JJJVrfda, 

the negative arising from the 
sign convention used in de- 
fining the gravitational potential 
(Fig. 87). The volume integral 
is to be taken over the domain 
of the second body. Using the 
approximation of the previous 
section, we get 
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To a sufficient order, the second term in the square bracket can be treated 
as constant during the integration. The reciprocal i/jrol in the first term 
can be expanded as in § 362. The result is 


|f| ^ 2|f|» ijfp J 

Here r is the position vector of the centre of mass of either body with 
regard to the centre of mass of the other, and primed symbols refer to the 
second (distant) body. 

364. Couple due to a distant body. Let T be the couple exerted by 
the distant body of mass M' on the body of mass M whose centre of 
mass G is taken as origin. Let this body at the origin undergo a small 
rotation e about the origin. Then the work done is F.e, and hence the 
mutual energy of the tw'o bodies decreases by this amount. It follows that 



-r.e=-YM'S 


scaI(G)-3l(G):^ 


2r 


But sea 1 (G) is unaltered by a rigid displacement of the body concerned. 
And by § 21 1, since the tensor 1 (G) is unaltered in its ozrni frame, the 
change of 1 (G) with respect to a fixed frame is given by 

8 I(G)=eAl(G)-I(G)Ae 

(where as usual the notation denotes cross-products of tensors and 
vectors). Making free use of the theorems relating to such cross-products, 
we have 

(eAl) :rr = [(cAl).?].? = [eA (!.?)].? = [(I.r)Ar].e, 
and (lAe) = [(lAe).r].r = [I.(cAr)].r, 

or, since I is self-conjugate, the last expression is equal to 
(I.r).(eAr) = — [(I.r)Af ].e. 


Thus, since r is constant under the operator S, 


-r.e= 




This is to be true for all arbitrary small displacements e. Hence 

If r=xi-}-yj+zk, and if I(G)=Aii-}-Ejj+Ckk, when referred to its 
principal axes, then the last expression reduces to 


r= 



[(C-B)pi-f(A-C)z 5 j-f(B-A)xyk]. 
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365. The formula just derived by using general theory is readily 
obtained from first principles. Let P be a distant particle, of mass M'. 
If Q is a particle of the given body, 
and if GP=ro, GQ=r (Fig. 88), the Q 

force at Q on the element pd-r at Q is 
given by 

and the element of couple about G due to this is 





The total couple is accordingly 


Now, since G is 

the centre of mass of the given body, 

fJfrpdT=o, 

and the first term in the integral vanishes. The second 1 

But since 

r [ f [(rAro)(r.rp)pdT 

■siaiW'-i- 

I(G)=jjI(r^-rr)pdT, 

and since 

(U.ro)Aro=o. 

we have 

[ ■*’®] Aro=-[I(G).ro]Aro. 

Hence 

il 



►1 -! 

> 


in accordance with § 364. 



CHAPTER XV 


THE DYNAMICS OF RIGID BODIES 


366. We have now considered the dynamics of a system of particles. 
We shall next consider the dynamics of a system of particles constituting 
a rigid body. 

367. In the case of a system of particles, we saw (§ 296) that since 
the actions between any two particles, members of the system, are equal 
and opposite, the equations of motion take the form 

dt~^’ “dT ^ ^ 


where L is the linear momentum, H(0) the angular momentum about a 
fixed point O, and (R, r(0)) is the system of external forces reduced to 
O as base point. If it is legitimate to regard a rigid body as a system of 
particles, these equations apply as they stand. 

368. D'Alembert's principle. There aire, however, logical difficulties 
in the way of regarding the rigid body as a system of particles, for in the 
limit the number of small elements into which it can be considered as 
divided are infinite in number, and none of them are particles. Moreover 
it is not clear that the total force system acting on a given element of the 
rigid body can be divided up into actions between it and some or all of 
the other elements. It is better to make some specific assumption, to be 
justified by its success. 

The equation of motion of a particle acted on by a force P is 


„d2r p 
m-— „=r. 
dt^ 


Hence 


P— m 


d^r 

dt2 


=0. 


This states that if we introduce a fictitious force (called the effective force) 
equal to m times the acceleration of the particle, then this force taken 
negatively together with the applied force P forms a system of forces 
equivalent to zero. Now consider the system of line vectors (P) and the 
system of line vectors (4-inr), obtained by aggregating respectively the 
various applied forces and the various effective forces. Then these two 
systems of line vectors are equivalent. Let us now make the assumption 
that the system of forces acting on the totality of small elements of a 

rigid body is equivalent to the external system of forces. This, of course, 

398 
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follows from Newton’s third law when the internal forces may be divided 
into pairs of equal and opposite forces. The assumption is, however, 
wider than this, for it includes the possibility of the internal actions 
taking the form of couples or other force systems, and it avoids explicit 
mention of the necessity to associate the several constituents of the action 
on a given element A of the rigid body with other specified elements 
B, C, D, .... Making, then, this assumption, we assert that the system of 
effective forces is equivalent to the system of external forces. This is called 
d’Alembert’s principle. 

369. Equations of motion. The theory of systems of line vectors, as 
given in Chapter VI, then provides the analytical conditions of equivalence 
in the form 

i:m^^=R, SrAm^=r(0). 


where r is the position vector of a typical element of the body, of mass m, 
relative to a fixed point O. These equations are the embodiment of 
d’Alembert’s principle. 

370. D’Alembert’s principle may equally be embodied in any other 
set of equations expressing the equivalence of two systems of line vectors. 
For example, if 8r denotes an arbitrary rigid-body displacement associated 
with the element at r, then the conditions of equivalence may be expressed 
by the statement that the work of the effective forces in the rigid-body 
displacement is equal to the work of the externally applied forces in the 
same rigid-body displacement. Thus 

d^r 

Sm^. 8 r= 2 P.Sr. 

dt^ 


371. Equations of motion m terms of momentum. The foregoing 
conditions of equivalence may now be transformed as for a system of 
particles. Denoting the linear momentum by L, the angular momentum 
about O by H( 0 ), so that 




H( 0 )=SrAmJ, 

dt 

we have 

dL „ d^r 

dH{ 0 ) „ ^ d*r 
d, "^^■"d,-' 

whence 

dL - 
dt"®’ 



It is particularly to be noted that in the differentiation of H( 0 ) with respect 
to t, O is to be treated as a fixed point ; otherwise we should not have 

the vanishing of the term — Am—, for the two — ’s would mean different 

dt dt dt 
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372. Again, these equations may be deduced from the principle of 
virtual work. ' If the small rigid-body displacements Sr arise from a 
displacement u at O, and a rotation e, then by § 370 


.(u-f€Ar) =2P.(u-}-€Ar), 


or =u*2P-}-£.SrAP. 

Taking e=o, since the equality must hold for all u we have 


and taking u=o, since the equality must hold for all e we have 


SrAm^=SfAP=r(0). 

dt'^ 


In the right-hand side of the last two equations, the summations are to 
be extended solely to the points of application of the external forces. 
These yield as before 



ffiO)=r(0). 

dt 


373. The rate of change of angular momentum about the fixed point 
O can now be transformed into the rate of change about a moving point 
instantaneously coinciding with O, by any of the formuls of § 308. For 
example, it is sometimes convenient to choose O as a point on the line of 
action of an unknown reaction. The student will find it, however, safer 
and more convenient to choose for O either the centre of mass of the 
body or a point of the body which is fixed. Older treatises on dynamics 
were at much pains to solve problems involving the calculation of moments 
of forces and rates of change of angular momenta about moving points. 
But it will be found in almost all cases more expeditious and less burden- 
some on the memory to introduce unknown reactions as specifically 
mentioned vectors, and then to eliminate them. The following examples 
of this method will be worked out in full. 


EXAMPLES OF THE MOTION OF RIGID BODIES 

374.. Motion of a sphere rolling on a rough horizontal plane. Let M be 
the mass, CU the inertia tensor * of a spherical body of radius a, in motion 
without slipping on a rough horizontal plane. Let A (Fig. 89) be the 


* About G. 
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point of contact, R the reaction at A, the angular velodtj' of the body 
at any instant, r the position vector of the centre G of the sphere, 2 a 
unit vector vertically up%vards. With- 
out loss of generaliu- ve can take r vR 

as perpendicular to z, so that r.2=o. N. / 

The angular momentum H(G) about G 

is The equation for the / I J i » y/ 

rate of change of linear momentum is / 


Mg=R-Mg 2 , 


F^. Sc) 


and the equation for the rate of change of angular momentum about G is 

C^ = — azAR, (2) 

at 

the right-hand side of the latter equation being the moment of the external 
force system about G. The equation of rolling contact, expressing that 
the particle of the sphere in contact vrith the plane is at rest, is 

^-faA{— a2)=o. {3) 

at 

The first step is to eliminate R between (1) and (2). This gives 

C— a2/\hl--^, (4) 

dt dt- 

Differentiating (3) with regard to t and eliminating between the 

result of this and relation (4), we get 

, MaV , d=rA , 

• (i“r 

or, expanding the continued vector product and using z. — =0, 

*■ ^ dt' 


/ ,Ma2\d2r 

V ' C )dt'~°' 


Integrating this. 


-= const. =Y, 


say. Relation {4) then gives 


const. 


To relate the constant x*alue of Q. xvith V, we multiply (3) vectorially 


byz. We get 


V/vZ — a[— R-rz(zl£i)j =0, 
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Since and z are constants, z.Sl is constant. (This can be seen directly 
by multiplying (4) scalarly by z, when we get z.dSi/dt=6.) _ Clearly {3) 
is impotent to determine the z-component of and so Sl,z must be an 
arbitrary constant, the spin of the sphere about the normal. Denote this 
by n. Then 


SI 


VAz j 
a 


nz. 


This is the desired relation. The reaction R, by (i), is just Mgz. 

375. Motion of a sphere on a rough inclined plane. With the same 
specification of the sphere as in § 374, let i be a unit vector normal to the 
inclined plane, in the upward direction, and z a unit vertically upward 
vector (Fig. 90), Let a be the inclination of the plane to the horizontal. 



Take an origin O in a plane through the centre of the sphere parallel to 
the inclined plane, and let r be the position vector of the centre of the 
sphere with respect to O. 

Let $2 be the angular velocity of the sphere at any instant, R the 
reaction at the point of contact. The equations of motion are 

M^=R-Mgz, (I) 


C^ = -aiAR, 

at 

and the relation expressing rolling contact is 

^-f£2A(— ai)=o. 
at 

Eliminating R between (i) and (2), we have 

id^r 


C*^!?=-MaiA 

dt 


[SH- 


(2) 


(3) 


This integrates as it stands in the form 


C £2 = — MaiA 



-MaA, 


( 4 ) 
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■where A is a vector constant. Eliminating SI ■we have now, from (3), 
dr 


dt 




(5) 


Now expand the continued vector products. Since i.r=o, ■we have 

/. drN . . dr 

and if we take a unit vector j up the plane along a line of greatest slope, 
and k=iAj> then since 

z=i cos a-fj sin h, 

we have i i\z — k sin a 


and 

Hence, from {5), 


dr 

dt 


(iA2)Ai=j sin a. 
Ma= 


f , -Man , . , 

I i-h— J d— ^gtj sm a;+const.=o. 


or, say 


dr 


jgtj sin «-hVo, 


dt i-fC/iMa- 

where Vo is evidently the initial velocity of the centre of the sphere, and 
is parallel to the plane. The angular velocity SI of the sphere foUo'ws on 
vectorial multiplication of (3) by i ; we get 

where n is the spin of the sphere about the normal to the plane. From (4), 

df2. 

— a=o 
dt 

and so £l.i=const., 

or n=const. 

The equation for dr/dt integrates at once in the form 


■ =— * 3 gt^ sin *-fV(,t, 


and the path of the centre is clearly a parabola. 

376. Motion of a sphere on a roitgh horizontal plane •zcJiich is compelled 
to rotate zriih constant angidar •celocity oj about an axis normal to itself. 
Let z be a unit vector normal to the plane, verticalh' upwards, and let r 
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be the vector distance of the centre of the sphere from the aids of rotation 
of the plane, so that r.z=o. The angular velocity of the plane is csz. 
The angular velocity of the sphere is,’ say, SI, and the equations of motion 
of the sphere are, as before (§ 374), 




,-D 

C-;-=— az/\R, 

at 


(2) 


but the condition of rolling contact is notv 


•wHch simplifies to 


65 ZA (r— az) = ^ -r£iA ( — az), 
dt 


dr _ 

OiZ/\T= — —zSlf\Z. 
dt 


( 3 ) 


Eliminating R between (i) and (2), 

-azAM^^4-gz^=C 
d £2 Mad^r 


dt 


or 


dt C dt 2 


Az. 


( 4 ) 


dQ. 


Differentiating (3) with respect to t and substituting for ^ from (4), 

dt 

we get 


(i>Z/\ 

This integrates in the form 

dr 


dr 

Jt^ 




<a 


C Jdt2' 


zA(r— rp). 


dt i4-Ma2/C 

where Tq is an arbitrary vector constant This is the complete kinematic 
solution of the problem, for it states that the path of the centre of the 
sphere is a circle of arbitrary centre and radius, described with angtilar 
speed 03(1 
From (4), 


dSl 

^t-z-o. 


or S2.Z =const =n, 


say. Solving (3) for SI by vectorial multiplication by z, we have 

_ CDidr .oojC. , 

fl=nz-F-r — — Az=nz-f-r-- 

a a dt a a C-rMa-' 


This determines 52 in any posMon r. 
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The centre of the circle described by the centre of the sphere can 
be found if the initial velocity and position Tj are given ; for then 


Vr=: 


or 


rn=r, 


-zA(ri-ro), 
^(VxAz). 


i+Ma^/C 
<0 

377. Motion of a sphere on a rough inclined plane compelled to rotate 
with constant angular velocity w about an axis normal to itself. In the 
notation of §§ 375, 376, the equations of motion are 


M^=R-Mgz, 

dt“ 

and the equation of rolling contact is 


C^ = -aiAR, 
at 


(0. (2) 


dr 


or 


65 iA(r— ai) = — +S2A(— ai) 
dt 

wiAr=^— aS^Ah 

dt 


Eliminating R between (1) and (2), 

da aM/d®r , \ . 

dat • 

Hence _.j=o 

dt 

or a.i= const. =n, 

say. Integrating (4), 

a+const. 

Hence, by (3), 

dr/ , Ma^N , Ma^ . . , ' 

wiAr = -( i+-^j4--^gtJsin«+const. 

This can be written in the form 


(3) 


(4) 


CO 


dr 


dt i+Ma2/C 


iA l^r— ro+ ^^''^ gtk sin ocj . (5) 


The motion is therefore one of uniform rotation about a centre which 
moves uniformly in the direction of k, i.e. along a horizontal line of the 
plane, with the constant speed 

Ma^/C 


01 


-g sin a. 


This is clearly the time average of dr/dt, so that on the whole the sphere 
does not travel down the inclined plane but progresses epicycloidally in a 
horizontal direction. 
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378. This problem has a remarkable formal similarity to the problem 
of the motion of a charged particle in a combined magnetic and gravita- 
tional field. The latter problem was first discussed in relation to the 
motion of ions in the sun’s magnetic field, but 
the result is a general one.* 

Consider a particle of charge e in motion 
with velocity dr/dt at any moment. Let the 
intensity of the magnetic field be Hz (Fig, 

91), where z is a unit vector, and let the 
gravitational field be — gx, where x is a 
perpendicular unit vector. (This corresponds 9 * 

to the case of a point on the sun’s equator.) Then the equation of 
motion of the particle is 

d^r , eH/dr, \ 

mgx+-(^-Azj. 

This integrates in the form 

^ = — gtx-f ^(r A z) +const., 
dt me 

which can be rewritten as 



where y=zAx» Vq is parallel to z and Tq is a constant. This equation is 
fully analogous to (5) of § 377. It states that the velocity at any instant 
perpendicular to z is one of rotation about a parallel to the z-axis with 
angular velocity eH/mc, the centre of rotation progressing in the y-direc- 
tion with linear speed mcg/eH. The motion parallel to the z-axis is 
unchanged by either the magnetic or gravitational pull. 

The remarkable aspect of the motion is that though gravity exerts a 
steady downward pull, in the direction — x, yet there is no systematic 
tendency of the particle to move in the x-direction. The particle 
systematically progresses in the y-direction, across the lines of both' 
magnetic and gravitational force. The physical reason is that the tending 
to fall downwards under gravity results in the acquisition of so much 
velocity perpendicular to ‘the magnetic field that this in turn results in a 
deflecting force, perpendicular to the field and to the velocity, large 
enough to swing the particle systematically east or west. Apart from the 
northerly component of velocity the path is an epicycloid. Similarly, 
in the case of the inclined rotating plane, the velocity of descent down the 
plane ultimately carries the sphere so far from the axis of rotation of 
the plane that the velocity imparted by the rotation is sufficient to shift the 

* S. Chapman, Monthly Notices, R, A, S., 89, 61, igaS. 
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particle up the plane again and systematically in a horizontal direction. 
This is seen by writing (5) of § 377 in the alternative form 


* 

dt 


Ma2 


i+Ma2/C Cto 


g sm atj- 


w 


i+Ma^/C 


:*A(r-ro), 


wherein the first term exhibits the velocity doton the plane. 

379. Example (Routh). Two equal rods, whose mass centres are at 
their mid-points, are freely jointed together, the other ends being free. 
The system falls freely under gravity. Obtain 
the equations of motion. 

Let r be the position vector of the joint, 
ij and ig unit vectors along the rods, 2a the 
length of a rod, C the moment of inertia of 
a rod about an axis through its mass centre 
perpendicular to it (Fig. 92). Let R, — R 
be the reactions at the hinge on the two rods, 
respectively. Take a uiiit vector 2 vertically 
downwards. The equations of linear momen- 
tum are 

Mgz-fR=M^,(r-(-aii), (i) 



Mgz-R=M^^(r-f-ai2), (2) 

and the equations of angular momentum about the mass centres are 

(-ai,)AR.i[a,A§], (3) 

(-ayA(-R)=^[ci,Aj^], (4) 

where we have used a result of § 231, namely that the angular velocity of 
a rod in direction i is of the form iA di/dt. 

Equations (i), ... (4) are equivalent to four vector equations for the 
four unknown vectors R, r, i^, ij. Subtracting (i) and (2) we have 

2R=Ma^^(i,-i,), 

whence, substituting for R in (3) and (4), 

C 
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If we take C=^Ma^, then the first of these equations shows that ij is 
parallel to 

3 dt“ dt® ’ 

which is Routh’s result. In principle the last two equations in and 
can be solved (they are easily seen to be equivalent to four scalar equations), 
whence (i) and ( 2 ) determine r and R. 



CHAPTER XVI 


THE MOTION OF A RIGID BODY ABOUT ITS 
CENTRE OF MASS 

380. Introduction. We are now in a position to consider the dynamics 
of a single rigid body given (a) its inertia tensor about its centre of mass G, 
(b) the system of external forces acting on it. The system of external 
forces may be reduced to a force R at G and a couple r(G). If M is the 
mass of the body, the motion of the centre of mass has been shown to be 
that of a particle of mass M under the force R. And the motion relative 
to the centre of mass has been shown to depend only on the moment of 
the applied forces about the centre of mass. We have in fact established 
the equations 

|H(G)==r(G), 
where H(G)=I(G).S2, 

H(G) being the angular momentum about G and 1 (G) the inertia tensor 
about G. In particular, these equations describe the motion of a body 
whose centre of mass is fixed. 

381. Euler’s equations of motion. As the rigid body moves, the inertia 
tensor 1 (G) changes when reckoned in any fixed frame of reference. But 
it remmns constant in any frame moving with the rigid body. For brevity 
of notation we shall for the time being omit the symbol G from 1 (G), 
r(G), H(G), and write them shortly as I, F, H, though these vectors must 
always be thought of as relating to G, 

Since, now, the apparent rate of change SI/8t of the inertia tensor I 
relative to a frame moving with the body is zero, we have by the result 
of § 21 1, 

^=nAi-iAn, 

dt 

using the notation for cross-products of tensors and vectors. Hence the 
equation of motion of § 380 may be written 

r (I.a) =(flAl-lAft).n-l-I.^. 

dt dt 

By theorems of § 68, 

(S2Al).S2=i2A(I.i2) 

309 
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and 

(lA£it).Si=I.(JiASi) =o- 

Hence 

at 

(^) 


This is the desired form of the equation of motion. 

This equation may be derived more simply without using the theory 
of cross-products for tensors, as follows. In a frame moving with the 
rigid body, the apparent rate of change of H, SH.[dt, is connected with 
the actual rate of change dH/dt by the relation (§ 207) 

gj-_+£!AH. 

In this moving frame, I is a constant tensor, and so 

8t 8V ^ at dt 


the last equality following from § 209. Hence 

r=^=L^-hS2A(I.£2), 
at at 

as before. 

382. If I is specified with respect to its principal axes, i, j, k, say 
I=Aii+Bij-fCkk, 

then the i-component of I.dS 2 /dt is Adtoj/dt, where (toi, toj, W3) are the 
components of SI along the principal axes i, j, k. Also 

fliA(I«S2)=(wii+“2j+“3^^)A(Ao5ii-fBcd2j-j-Coj3k), 

and the right-hand side of this has for its i-component 

— £1)20)3(6 C). 

Hence the equation of motion (i) gives the three scalar equations 


ri=A^^-(B-C)o)20)3, ' 
r2=B^MC-A)o)30)i, 

at 

rg=c'^-(A-B)o)iO)2. 
dt 

More generally, if I has for its components in some triad 
A, -H, -G 
-H, B, -F 

-G, -F, C. 


( 2 ) 
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then tlic equation of motion (i) yields 

Fj = Awi — H w;, — G Wa + Wj( —G — F + C Wj) 

— Wa(~If Wi+B F Wj) 

=A«j — H Wj— G < 0 a — — C) Wn W3— F((iii>* — «a') 

— GmjMj-I-IIwjMj, (3) 


and two similar equations. 

Equations (z) are known as Euler's equations of motion. Equations 
{3) are the general form of Euler's equations in Cartesian components, 
and equation (1) i.s the general vector form. It is seldom nccessnrj' to 
use Euler's equations in their scalar fonn (z) in an investigation of genuine 
djTramical interest. The student should always attempt to solve problems 
directly from the vector form (i), which is usually handled without 
difficulty. It is best to obtain the inertia tensor 1 (G) first, and then 
evaluate H(G). Differentiation of this with respect to the time and the 
equating of the result to the e.\ternal couple at once produce an equation 
of motion whose form suggests the next step in the treatment of the 
problem. 

3S3. The pht'sic.il meaning of the tenn or is of some 

interest. Let T be any particle r of the rigid body, N the foot of the 
perpendicular from P on to the instantaneous axis SI (Fig. 93). 'riien, 


if 


PN = — r4 


(r.a) SI 


and so 
But 

so tliat 
Thus 


1^21 |£2r 

rA (O^PN =(r.£Z)(rA^). 

H= 5 :rAiu(«Ar) 
=Em[~r(Sl.r) -f-Slr-), 
AH =Em(J2.r)(r A^2). 
ftAH=ErAmw"PN. 



In words, the term Sl/\Jl is equal to the moment about G of the tJJ'cctwc 
form of the particles of the rigid body as arising from their motion of 
rotation .about the instantaneous axis. 


MOTION OP A RIGID BODY UNDER NO FORCES 

3S4. Itite^nh of iJtr vwtion. When the external covqfic P vanishes, 
the equation of motion is just 

^(LSl)^o 


i.~+siMi.si)^o. 
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I:Qr 


8t 


-o. 


Since I is self-conjugate, this integrates in the form 

I:£ 2 £ 2 =const.= 2 T, (i) 

say. We have also from the first form of the equation of motion, on 
integration, 

H=I.£2=const. ^ 2 ) 

Thus the kinetic energy T and vector angular momentum H are constants 
of the motion, 

385 . Poimoi's geometrical construction for the motion. The momental 
ellipsoid is given by 

I:rr=const =K, ( 3 ) 

and the normal to this ellipsoid at the point where it is met by the 
vector r, from G is knotvn to be 
parallel to Lr. Hence the normal to 
the momental ellipsoid at the point 
where it is met by the instan- 
taneous axis £2 is parallel to L£2, 

Le. to H. It follows, since H is 
a constant vector, that this normal 
is in a fixed direction. Let P be 
the point in which the instan- 
taneous axis meets the momental 
ellipsoid, N the foot of the per- 
pendicular from G to the tangent plane at P ; and set GP=r (Fig. 94 ). 
Then 

£22 I:£2£2 zT 



I»r K’ 


(4) 


and so Irjcxj£2I during the motion. Again, if p is the length of the 
perpendicular GN, ' 

p=projection of r on normal at r 

_ Lr _I:rr_ K j£2I 

(5) 

IHjVK/ jHI ■ • 

and so p is constant, in magnitude as well as in direction. It follows 
that the tangent plane at P to the momental ellipsoid is a fixed plane. 
Further, the points of the body in GP, being on the instantaneous axis 
are at rest. Hence if the momental ellipsoid is considered as a rigid bodyi 
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rigidly attached in its proper position to the given rigid body, the motion 
of this ellipsoid must be one of rolling contact with a fixed plane. For 
the point of contact P is a particle of the rigid body instantaneously at 
rest. Further, the rate of turning of the ellipsoid about GP, namely |S 2 |, 
is proportional to GP, being (zT/K)* times GP, and so the instantaneous 
motion of the ellipsoid is determinate. 

It follows that the motion of the rigid body with constants of integra- 
tion zT and H can be reconstructed by rolling the momental ellipsoid 
I;rr=K in contact with a fixed plane (whose normal is parallel to H and 
whose distance from G is (zKT)V|H|) at a rate equal to (zT/K)* times 
the radius vector to the point of contact. This is Poinsot’s construction 
for the motion. 

'386. Locus of the instantaneous axis in the body. The locus of the 
instantaneous a.xis in a frame fixed in the rigid body is readily found, 
since the point r satisfies the relation 

I:1T I:an zT’ ^ ' 


and since I has fixed components relative to the body, the equality of the 
first and last members yields the equation of a cone which is the body- 
locus of the instantaneous axis. Referred to its principal axes, which are 
the principal axes of the inertia tensor at G, its Cartesian equation is 

(Ax)H(By)2+(Cz)^ =?^(AxHByHCz^), 


or SAx2(a-~)=o. 

This equation can also be written in the form 

[u-glj.rr-o. (7) 

The cone is the polhode cone of the motion. 

387. The body-locus of the invariable direction GN (in the direction 
of H) is also readily found. We now put 

and then from the previous relation 

(I.a)g _H- 
liSlSl zT 


and from I;£ 2 S 2 =(I.S 2 ),S 2 =r'.(I“hr'), 

we find r'2=!^(I-i.r').r' 

zT^ * 



) 
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This is the herpolhode cone of the motion. It has for its Cartesian equation, 
referred to the principal djmamical axes, 

H2 \ 




‘2AT/ 


X“=0. 


(S') 


388. Steady rotation. A motion of steady rotation is possible when 
£l=const. is a solution of the equation of motion (i) with r=o. This 
requires dS2/dt=o, i.e. ^S2./£t=o, i.e. 

that is, must be parallel to €1. But this is the condition that SI shall 
lie along a principal axis of I. It follows that the only possible motions 
of steady rotation arise when the axis of rotation coincides with a principal 
dynamical axis. The speed of rotation is then arbitrary. 

389, Stability of motion of steady rotation. Consider a rigid body 
in motion with constant angular speed toj about the principal dynamical 
axis i, corresponding to the moment of inertia A. Let the body be slightly- 
disturbed. After the disturbance, let the angular velocity be 
Then in the disturbed motion, 

2T =I;(<Oii-f 

or, since i is a principal axis, 

zT =:A<>)j^-f 2A<>)j(i.e)-fI:€e. 
hurther H2 = jI.(oii-}-e)p 

= ca, 2 (I.i) 2 -f 2<Oi(I.i).(I.e)-f (L €)2 
or, since i is a principal axis, and so Li =Ai, 

H2 =A2o)i2+2tOiAi.(I.e)+(I.e)2. 

But i.(Le)=(i.I).e=ALe. 

Hence H^=A“&)i2-f2A^coi(i.6)-r(Le)®. 

We now determine the herpolhode cone, the locus in the body of a line 
fixed in space, by (8'). We have, for e small, 

H 2 AI:€e-(Le )2 


2AT 

H 


2AT 


A 

2BT B’ 


H2 


2CT 


- 


A 

'C 


Further, if we put 


€ =£ji -!-%)- 


tvith 


I=Aii-fBjj- 


-Cfck, 


AI;ee— (L e)“_B(A- 
iAT 


-B)so"+C(A- 




zAT 


then 
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Hence so long as e is small, the body-locus of the invariable line is approxi- 
mately the cone 

Though £2 and Cg are not separately constant, the coefficient of is 
constant. It follows that if A>B and A>C, the expression 
B(A-B)e 2 HC(A-C)e 32 

is not only constant, but positive, and accordingly, if Cg and eg are initially 
small they remain small. The cone is thus an elliptic cone of small solid 
angle, and the motion is therefore stable. Similarly it is stable if A<B 
and A<C. But if A lies between B and C, Sg and eg are not necessarily 
always small, the cone is a hyperbolic cone and the motion is unstable in 
the sense that £2 does not remain in the vicinity of its original value. 

To consider the motion more fully in this case, it is convenient to 
suppose A>B>C and to examine the behaviour of oig- We have 

B^^=(C-A)6),e>g, 

where 2AT-H2=B(A-B)t032-hC(A-C)6)g2 

2CT— = A(C-A) Wi 2 -|-B(C~B) 

Hence 

(AC)‘B^ = -[(2AT-H2)-B(A-B)6)22]*[(H2-2CT)-B(B-C)W22]5. 

During this motion, coj" cannot exceed the smaller, say.(«2)%, of the 
two values 

2 AT-H 2 H2-2CT 

B(A-B) ’ B(B-C) ’ 

and accordingly cog executes a periodic variation between the limits 
d:(w2)(j. If, when W2 = -{-(<02)o, coj and oog are very small, then they are 
also small when W2 = — (wg)^, and the instantaneous axis practically 
turns end for end during the half-period. If 0)1= Cd3=o when e)2=( 0)2)0, 
so that H®=2BT, then the instability may be represented as the complete 
passage from the position in which S 2 lies along the B-axis in one sense 
to the position in which £2 lies along the B-axis in the opposite sense. 
The approach is, however, asymptotically slow with respect to either 
limiting position. The motion when and Wg are not exactly o for 
< 0 g=( (02)0 is along a cone fitting in between the pairs of planes 

It is possible to investigate the time relations of the motion in great 
detail, but the investigations are tedious and disclose no further points of 
dynamical interest. 

II* 
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390. Examples. 

Example (i). A body is in motion about a fixed point under forces 
whose moment about the instantaneous axis is always zero. Show that 
the angular velocity at any instant is proportional to the radius vector of 
the momental ellipsoid drawn in the direction of the instantaneous axis. 

By hypothesis, the moment of the external couple V about the 
instantaneous axis being zero, we have 

r.£x=o. 

But by the equation of motion, 

r=i.^^+aA(i.a). 

Hence L— .£2 =0, 

St 

or, integrating, I:£lS2=const. 

But the momental ellipsoid is given by 

I:rr=const. 

Hence, when r is parallel to Si., 

|rlocl£iI. 

Example (z). Show that the component of the angular velocity of a 
body moving under no forces, about the direction of constant angular 
momentum, is constant and equal to zT/jHI. 

Example (3). A rigid body contains a rotating flywheel, whose axis 
is fixed relative to the rigid body. Obtain the modified form of Euler’s 
equations (Lamb, H.M.). 

Let £2 be the angular velocity of the rigid body, i a tmit vector in the 
axis of the flywheel. Let I be the inertia tensor of the rigid body and the 
flywheel together, C' the moment of inertia of the flywheel about its axis 
i, A' the moment of inertia of Xhs, flywheel about a transverse axis through 
its centre of mass. Let n be the spin of the flywheel about its own axis. 
The angular momentum of the flywheel about its centre of mass 

is (§ 330) 

C'ni+A'iA^. 

dt 


If r' is the couple acting on the flywheel, then 

r'=C'|(m)+A'iA§ 

But since the only forces acting on the flywheel pass through its axis, 

r'.i=o. 



and accordingly 
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or, since i.di/dt = 0 , 


dn 


dt 


i.e, n= const 

Assuming the centres of mass of the flywheel and the body to coincide, 
the total angular momentum of the complete system about its centre of 
mass is seen to be 

LSI + C'(n— £2.i)i. 

For we reproduce the angular momentum of the complete system by 
first calculating it as if the flywheel were frozen in, and then adding the 
angular momentum due to the excess axial spin of the flywheel. This 
may be written 

(I-C'ii).SZ+C'm. 

Now let r be the couple applied externally to the complete system. Then 
r- 1 [(I-C'ii).Si+C'ni]. 


Bu. , 

and the tensor I and the vector i, being fixed relatively to the body, are 
constant under the operator 8/&t, Thus 


whence 

or 


r=(I-C'ii).— +SlA[(I-C'u).Sl+C'ni], 
dt 

(I-C'ii).— - [(I-C'ii).Sl3AS2 =r-C'nS2Ai. 
8t 


In the solution of this vector equation, i is to be treated as a constant 
vector. In comparison with Euler’s standard equations, the effect of 
the flywheel is to replace the tensor I by I— C'ii, and to correct the applied 
couple by — C'nS2Ai. The axis of this correcting couple is parallel to 
the motion of i, for di/dt=£2Ai» The tensor I— C'ii is, of course, the 
inertia tensor less that part which is due to the rotational freedom of 
the flywheel (but including, of course, the transverse inertia of the 
flywheel). 

It should be noted that this equation has its simplest Cartesian 
equivalents when the triad of reference chosen is that formed by the 
principal axes of the tensor I— C'ii, not by those of I. 

If the centres of mass of the body and flywheel do not coincide, 
exactly the same analysis holds, provided that I denotes the inertia tensor 
of the whole system about the centre of mass of the whole system. For to 
calculate the angular momentum of the whole system w'e have to add 
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to LS 2 the angakr momentuni, about the resultant mass centre G, of the 
SjTsheel mass moving •Kith the additional angular velocity n— shout 
its asis L This is simply C'(n— S-i)i, and no correction is required for 
the linear momentum of the flywheel, since this is all properly counted in 
the term L£iL The expression for the total angular momentum about G 
is thus unaltered. 

If r =0, the equation of motion is immediatel}- integrable on scalar 
multiplication by £ 1 . For this gives on integration 

(I— C'ii) :£l£l = const. 

This replaces the energy integral. Again, if T =0 the angular momentum 
is constant, and so 

{I-C'ii).£l-|-C'ni =H = const 
It follows that (H— C'm).£2=con5t., 

but in this equation it must be remembered that i is variable, satis^-ing 

di/dt=£>AL 

Exantple (4). If a body having kinetic symmetr}' about the ads of 
greatest moment be subject to a retarding couple about the instantaneous 
axb, whose magnitude varies as the angular velocity, then the instantaneous 
axis will approach asymptotically the axis of symmetry (Lamb, H.M.). 

Since the body has kinetic grometry about an axis, say the i-a-ds, 
the inertia tensor is of the form 


i=Aii-hajj-fkk). 

(A>Cj 

and the equation of motion is of the form 


ct 

(J.>o} 

This gives three Cartesian equations 


Ami =— 

C^2-i-(A — C)g;,6Jj = — 

C — A) = — Atu,. 



The first eouation sho'ws that coj tends to zero as e~'-^'K The second 
and third equations, multiplied respectively by and added, ^'ve 


cl f er-T-i <^3=) 

dt 

or const. 

Hence tends to zero as e-'t/C znd so, if A>C, 

tends to zero faster than ci., and accordingly the direction of the instan- 
taneous axis tends to coincidence with the axis i- 
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Example (5). A body is in motion about its centre of mass under 
no forces. Determine the rate of change of the component of angular 
momentum about a line OP fixed in the body and moHng ndth it. [If i 
is a unit vector along OP, the required quantity is H.(ftAi) (cf. Lamb, 
H.M.).] 

Example (6). A body is compelled to rotate about its centre of mass 
Mth uniform angular velocity coz about an axis along a unit vector z 
not coinciding Mth a principal axis of inertia. Determine the components 
of the requisite applied couple about the principal axes of inertia. 

We have 

H = oiz.I = w( Aii+Bjj +Ckk).z. 


Here 


— = 61 ZAI, 
at 


dt 


«zAj» 


dk , 
— =wzAk, 
dt 


whence P =~ = tji"[SA(zA i)i 4 -LAi(zAi)]*z = w“SA(zA i)(i‘Z). 
dt 

Hence a typical component of the applied couple is given by 
r.i=co"-[B(zAj)(j.2).i+C(zAk)(k.z).i] 

= c>i=(z.j)(z.k)(C-B). 

This is, of course, equivalent in these circumstances to 

r.i = — (B — C) <>>2 to 3, 

and as such is equivalent to a particular case of Euler’s equations. But 
the foregoing derivation from first principles is of some interest. 

391. Uniform precession. It is of interest to determine tlie couple 
necessary to compel a body possessing dynamical sjunmetry about an 
axis to move in such a way that the axis of symmetr)^ precesses uniformly 
about a fixed direction. 

Let A, A, C be the principal moments of inertia at the mass centre. 
Let k be a unit vector along the axis of symmetry (corresponding to C). 
Then the angular momentum is given by 

H=Cnk+AkA^, 

dt 

where n defines the spin about k ; and the angular velocity is given by 

S2=nk+kA^. 

dt 

The necessary couple V is given by 


„ dH „ dk , „dn, , . , . d-k 

'^=dt“'^"dr+'=di‘‘+"‘''dr=' 
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regard to a fixed origin, I the inertia tensor of the body about its centre 
of mass, show that 


' dt® dt 

Let R be the force. The equations of motion of the body are 


Hence 


d^r d, 


.^(I.n)=pAR. 

dt 


MpA^3=|^(I-£2)=^,(J-a)+^A(I.«) 


=L^+!;2A(i.a) 

dt 

=1.^+SIA(I.SI). 

dt 
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GYROSTATIC PROBLEMS 

393- Rigid bodies possessing spin. In this chapter it is proposed to 
discuss a class of problems of considerable interest. These are problems 
in which one of the constituent objects is a spinning rigid body. We 
shall consider the cases of tops, spheres, cylinders, hoops and other bodies 
possessing some feature of symmetry, spinning and possibly rollmg on 
other spheres, cones or cylinders. We shall obtain the general equation 
of motion of some vector fixing the configuration of the system, and we 
shall obtain the conditions of steady precession where steady precession 
is a possible motion. We shall also examine the stability of the steady 
motion in certain cases. 

In these contexts vector methods reach their greatest fruition. The 
vector methods of obtaining, for example, the condition of steady precession 
of a top, or the condition of stability of a nearly vertical top, are incom- 
parably more direct, more dynamical so to say, easier to handle and more 
insight-giving than the customary methods by means of Eulerian angles, 
Lagrangian equations or integrals of energy and of angular momentum 
about the vertical. The latter integrals play very little part in our develop- 
ment and in their place other integrals make their appearance, integrals 
analogous to the constancy of axial spin of a top, but having no simple 
Lagrangian setting in more complicated problems. Throughout, we 
write down equations of motion from first principles, and the technique 
required is of the simplest. Angular momentum and angular velocity are 
handled as vectors throughout. 

The vector method is no mere shorthand equivalent of the usual 
scmlar procedures ; it deals with the dynamical situation actually arising, 
and gives a picture of the motions occurring. There are, it is tme, 
occasionally certain problems, such as the determination of the period 
of oscillation near a state of steady motion, where the vector method is 
more cumbrous. But even here it provides more insight into the nature 
of the motion. In all cases where we seek not so much quantitative 
relations between scalars artificially introduced (such as Eulerian angles) 
but rather a description of the motion as it would appear to actual view, 
the vector method has the advantage. 

THE MOTION OF A TOP 

394 . The equation of motion of a spinn\ng top. By a top we mean 
dynamically a rigid system possessing an axis of symmetry about w'hich 
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it is capable of rotating. The body thus possesses two equal moments of 
inertia about any two axes perpendicular to the axis of symmetry and to 
one another. The top may have one particle fixed or one particle con- 
strained to move in a particular way : the particle in question is sometimes 
the centre of mass, sometimes elsewhere on the 
axis of symmetry. dd: 

We consider first the case in which one / 

particle 0 on the axis is fixed (Fig. 95). (This 
is the case of the spinning top as ordinarily ^ 'tZL 
understood, for which the lowest particle of the / ^ 
axis is in contact with the ground.) Let i be / PCO^ 

a unit vector along the axis, C the moment O 
of inertia about i, A the moment of inertia 

about any axis through O perpendicular to i. Then the angular 
velocity £2 of the top is of the form (§ 231). 

dt 


It is of interest to re-derive this formula in the present context. The 
motion of the extremity of the unit vector i along the axis is given by 

di „ . 

— =aAt. 

dt 


Hence 


iA^'=iA(S2Ai)=ft-(«.i)i. 

dt 


But ft.i is the spin n about the axis. The formula for £2 follows. 

The inertia tensor about O is of the form (§ 330) 

I( 0 )=AU+(C-A)u, 

and the angular momentum about O is of the form ( § 330) 

H( 0 )=Cni-hAiA^. 

The latter formula is also obvious from first principles, since ni and 
iAdi/dt are the components of angular velocity along and perpendicular 
to the axis of symmetry. 

If r(0) is the external couple about O, since O is a particle at rest, the 
equation of motion is 

®=r(0) 

dt 

or 4”i+c4;+AiAg.r, 
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where we have written T for r(0). Multiplying the last equation'scalarly 
by i, we have 

c^=r.i. 

dt 

If, as is usually the case, the external forces have zero moment about 
the axis of symmetry i, then r.i=o, and hence 


n=constant. 

Accordingly the equation of motion reduces to 

^ di , .. d^i _ 

Cn-+AiA^,=r. 


0 ) 


( 2 ) 


395. This equation of motion may be written in the form 



=r-Cn 


dt 


This is the equation of motion of a particle P of mass A at the position 
vector i from O, under a couple of moment F— Cndi/dt. The effect of 
the spin n is thus to give rise to a couple 


dt’ 


whose axis is opposite in direction (for n>o) to the velocity di/dt Since 

the couple arising from the spin may be regarded as caused by a force 


CmAg; 


acting at P. This ‘ force due to the spin ’ is at right angles to i 
and to the velocity di/dt, and, for n>o, makes with these a positive 
triad. 

The physical origin of this couple is evident from the analysis by which 
it was deduced. When i changes to i+'di, the component-of angular 
momentum about the axis of symmetry changes from Cni to Cn(i+di). 
The rate of change of this component is Cndi/dt, and thus the 
contribution Cndi/dt is required from the applied couple on account 
of the spin n. The remainder F — Cndi/dt is available for giving an 
acceleration to i. 

Equations (1) and (2) above contain the complete djmamics of the 
motion of a top. 



§ 397 GYROSTATIC PROBLEMS 325 

396. Case of a top under gravity. Let the centre of mass G of the 
top be at a point in the axis distant h from the fixed particle O (Fig. 96). 
If z is a unit vector vertically upwards, M the mass, then 
the moment of the weight about O is given by 
r=hiA(-Mgz). 

and the equation of motion is therefore 
d=i 

-MghiAz. (3) 


di 



397. Condition for steady precession. Steady precession 
will be possible if (3) possesses a solution in which i 
rotates round z at a constant rate. This will be so if we can find a 
number w such that the motion 


Pig. 96 


di 

dt 


= wzAi 


( 4 ) 


is a solution of (3). From (4), 


di 


-.z=o 


dt 

or i.z=const. 

say. Further, from (4) again, 

dn 


=cos a, 


dt2 


= wzA(wzAi) = t>)2[— i+z cos a] 


and so 




:<i)® COS aiAz* 


Substituting in (3) we require w to satisfy 

Cno)(zAi)+A<o® cos a(iAz) = — Mgh(iAz). 

This will be an identity if w satisfies the quadratic equation 

A(o* cos a— Cna>+Mgh=o. (5) 

Relation (5) is the condition for steady precession at inclination a at 
the rate <0. For any given value of a for which 

C^n®>4AMgh cos a, 

there are two possible values of w, given by 

Cni [C*n®— 4AMgh cos a]* 

^2 “a — 

2A COS a 

If n is large compared with (4AMgh cos oi)VC, the two solutions are 
approximately 


6 ), = 


Cn 

A cos a’ 


at,= 


Mgh 
Cn ‘ 
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The one is * fast,’ the other ‘ slow.’ The latter is the one often approxi- 
mately realized in a spinning top. 

If the axis of the top is hanging, i.e, if the centre of mass is below the 
point of support, we may take either h or cos a as negative, in which case 
states of. steady precession are always possible. The slow precession is 
then retrograde. 

398. Integrals of angular momentum and energy for a top. The integrals 
of constancy of energy, and of constancy of angular momentum about the 
vertical, can readily be obtained from (3) of § 396, if required. Multiply 
(3) scalarly by z and integrate. We find 


Cni.z-}-AiA 


di 

dt' 


z= const. 


(I) 


This expresses that th^ component of angular momentum about the 
vertical is constant — a result which is due to the circumstance that all 
the forces acting either pass through O or are parallel to the vertical 
through O. Again, multiply (3) scalarly by iAdi/dt. We get 




=-Mghz.| 


This integrates as it stands in the form 

|A^iA^^ +Mghz.i= const, (2) 

Since the contribution of the spin n to the kinetic energy is a constant, the 
last equation expresses the constancy of the sum of kinetic and potential 
energy. 

Integrals (i) and (2) are scalar relations. They are usually expressed 
in terms of the polar co-ordinates ( 0 , 9) defining the position of i. To 
translate them into the 0, <p notation, we note first that 

z.i=cos 0, 


secondly, that the motion of i is given by 


dt 


=^i'Ai, 


where is a vector expressing the angular velocity of i. 
terms of 0 and 9 we can take to be given by 


«' = 0 


zAi 

sin 0 


fipz, 


Clearly in 
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dt sin 0 
.,di 0 

lAT-=-r— . 
dt sm 0 


(— z+i cos 0 )+y(zAi), 


(zAi)+9(z— i cos 6) 


.,di 


:(p sm' 


0 . 


(2') 


The integrals (i) and (a) accordingly become 

Cn cos 0 -t-A<p sin" 0 = const., 

|A(6"-fcj3* sin® 0 )+Mgh cos 0 =const. 

Elimination of <p between these equations gives an equation for 0 which 
determines what is called the nutation, i.e. the variation of the inclination 
of the vector i to the vertical. We shall not investigate this motion in 
general,* but content ourselves with giving later an investigation of the 
nutations consequent on a small disturb- 
ance of a state of steady precession. 

399. Examples on steady precession. 

(i) Find the condition of steady precession 
of a top whose vertex is in contact with 
a rough horizontal plane which is com- 
pelled to rotate with an angular velocity 
CO about the vertical. 

Let O (Fig. 97) be the point in the 
horizontal plane about which it is rotat- 
ing, P the vertex of the top, and put 
OP=p. If G is the centre of mass, 
with our previous notation for a top, 
respect to 0 is 

p-fhi, 

in which * - ^ 



0 f> ? 

F'Z- 97 

the position vector of G with 


dp 


dt> 


= — CO-p. 


(1) 


If C, A are the inertia constants /or axes through G, then 

H(G)=Cni-hAiAj*. 

If R is the reaction at P, the equations of rate of change of linear and 
angular momentum are 

rd®. 


( 2 ) 

-hi)AR. (3) 

* Wc have nothing to add to the standard methods usually given in books on dynamics. 


M^,(p+hi)=R-Mgz, 
c|(„i)+AiA«=(- 



328 VECTORIAL MECHANICS 

The last equation, on scalar multiplication Hy i, gives 


dn 

dt 


= 0 , 


or n=const.* 
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( 4 ) 


Eliminating R between (2) and (3) we get 

CnijH-AiA^j=-hiA [Mgz+M^^(p+hi)] , 

or, using (i), 

Cn^+AiA^ = -MhiA [g2-to=*p+hg] . 

, This is the equation determining the motion of i. 

In a state of steady precession, i will rotate about the vertical at the 
same speed as p. We therefore seek a solution of (5) in which 

di 


(5) 


SO that 


d^i 

— j^=<.32zA(zAi)=<>)2[— i+z cos a], 


z.i=cos a. 


where we have put 
Insertion in (5) now gives 

Cnto(zAi)+(A-}-Mh^)to 2 cos a(iA2) = — Mgh(iAz)+Mhci)®(iAp). 


But, since i=z cos a—,— sin «, 

IpI 

we have sin a, 

IpI 

iAp=(zAp) cos a. 

We hence have an identity, all the vectors being parallel to zAp» provided 
that 

[(A+Mh 2 )co“ cos a— Cno)+Mgh] sin a=Mh<o®|pl cos a. . 

This is accordingly the condition of steady precession. 

Example (2). Three mutually perpendicular light rods. Ox, Oy, Oz, 
are rigidly connected together at O, Three equal gyrostats of mass M 
and moment of inertia C about the axis are mounted on the rods with 
their centres of mass at equal distances a from O. The system is suspended 
from O and is free to rotate about O under gravity. Obtain the, equations 
of motion and show that the conditions of steady precession with an 
angular speed w are 

rm— qn_pn— rl_ql— pm Mga 

m— n n — 1 1 — m Cw’ 


• A similar integral should always be determined as a preliminary step in any case of 
Steady precession. 
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where p, q, r are the spins of the gyrostats and 1, m, n are the cosines of 
the inclinations of the rods to the vertical [M. T. 1911 ; Besant and 
Ramsey). 

Take three unit vectors i, j, k along the gyrostats’ axes. Since each 
flywheel (gyrostat) is acted on only by forces intersecting its axis, by the 
usual argument the spins p, q, r are constants. If A is the moment of 
inertia of a gyrostat about a transverse axis at O, then the angular 
momentum of the first gyrostat about O is 


Cpi+AiA^. 

dt 

Now take z to be a unit vector vertically downwards. Since the total 
moment about O of the external forces (gravity) is S(aiAMgz), the 
equation of rate of change of angular momentum about O for the complete 
system is 

^^[sCpi+SAiA^I] =Mga(i+j+k)Az. 


But since the axes of the gyrostats are rigidly connected together, there 
exists a single vector SI, the angular velocity of the system of axes, with 
the property that 


Hence 


Hence 


I^SlAi, |=aAj, ^=£iAk. (I), (2), (3) 

iA^=iA(nAi)=«-i(S2.i), 

at 

SiA ^=3S1— 2 II(ii.i) =3Si — 52 =zSl, 
C 52 A(pi+qj+rk)+ 2 A^ =Mga(i 4 -j+k)Az. (4) 

at 


Equations (i), (2), (3), (4) determine the four vectors £ 2 , i, j, k. 

If the motion is one of steady precession, £2 is a constant, say wz. 
If l=2.i, m=z.j, n=z.k, then in steady precession 1 , m, n are constants, 
and 

£2 = w(li+mj+nk). 

Hence (4) requires 

C&3(Ii-fmj+nk)A(pi+qj+rk)=Mga(i+j+k)A(li+mj+nk). 

Equating coefficients of the linearly independent vectors jAk, kAi| iA j 
we get 

Ctd(mr— nq) =Mga(n— m), 

etc., which is the desired result. 
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Example (3), Four equal gyrostats are mounted symmetrically on 
four equal light rods forming a rhombus ODEF, of side 2a, hung from 0 . 
The masses of the gyrostats are each 
M, and their moments of inertia about 
axes through their centres of mass are 
C, A, in the usual notation. A mass 
M' is hung from E. Obtain the con- 
dition of steady precession about the 
vertical. 

Let R be the reaction at the joint 
D (Fig. 98), i.e. let R at D be the 
force on rod ED, so that — R at D 
is the force on rod OD. Let i, j be 
unit vectors in ED, DO, 2 a. unit vector 
in EO. The equation of angular momen- 
tum about the fixed point O for the 
rod OD is 



d 

dt 


[cnj+(A-|-Ma2)jA|]=-ajAMg(-2)+(-2aj)A(-R), 


where n is the spin of a gyrostat. In steady precession, E is also a fixed 
point, and the equation of moments about E for the rod ED is similarly 


^Jcni4-(A+Ma2)iA^] 


= aiA Mg( — 2 ) -}- 2 ai A R. 


Further, in steady precession, the equation of linear momentum for the 
pair of rods DEF is 

(M''f2M)g=2R.2. 

Also i-}-j=22 cos a, i— j=2xsina, 

where x is along FD and the angle EOD =«. Further, in steady precession, 

^=<ozAi, ^ = co2[— i-j-z cos aj, 

dt dt® 

^ = co2Aj, j+z cos a], 

dt dt“ 

Subtracting the two equations of angular momentum, we have in 
steady precession 

[Cnco-(A-{-Ma®)aj 2 cos a]zA(i-j)=-Mga(i-}-j)Az+2a(i-j)AR 

or [Cnw— (A-}-Ma®)w^ cos a]2 sin a (zAx)=4a sin a xAR 

on using previous relations. Since the component of angular momentum 
of FED about the vertical EO is constant, the force R at D and its analogue 
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at F can have no resultant moment about OE, whence by symmetry R 
has no component perpendicular to the plane of the rhombus. Hence 

•xAR=xA[(R.z)z+(R.x)x]=(R.z)(xAz) = J(M'+2M)g(x/\z). 

Hence the desired condition is 

Cn«— (A+Ma-)u- cos a = — (M'+2M)ga. 

400. The marly vertical top. Stability. The equation of motion of 
the top under gravit}' has been shown to be of the form (§ 396 (3)) 

This has a solution 

i=const. =:Z, n=const., 

which describes a top spinning with its a.xis vertical. To discuss the 
stability * of this particular motion, put 

i=z+p 

where p is a small vector. Then to a sufficient accuracy, the equation of 
motion (t) reduces to 

Cn^ +AzA ^ = — MghpA z. (2) 

dt dt- 


This equation is akin to types discussed earlier under particle dynamics. 
It is solved by putting 


IP 

dt 


= wzAp, 


(3) 


where <0 is a constant. This gives 

^ = «'zA(zAp) = — o)=P, 

since z.p=o approximately. Hence, inserting in (2), w must satisfy 
Cn co(zA p) — A w 2 (zA p) = — Mgh(p A z) 
or Aw^ — Cn«+Mgh=o. 

This has real roots provided 

C2n2>4AMgh. 

If this condition is satisfied, and the (real) roots are toj, «o, the motion is 
given by 

P =Pi+P 2 > (4) 


* This problem is often discussed by a’very roundabout method. The equations of 
motion of the upper end of the axis are obtained in scalars x, y, then combined to form a 
complex number x-f"iy (equivalent to a vector) and then the real and imaginary parts 
ofthe solution sorted out. It is logically preferable, since the laws of motion are enunciated 
physically in terms of vectors initially, to carry* tlirough the solution in these same vectors 
throughout. 
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where p^, pj are rotating vectors of constant modulus and arbitrary phase 
rotating with angular velocities toj and according to the relations 


dt 


— cj^zApj^, 


dp,_ 
dt " 


“a^Apj. 


( 3 ) 


This solution clearly contains four scalar constants, and so is the complete 
solution of (2), this being a second-order differential equation for the 
two-dimensional vector p. The motion near the vertical is accordingly 
stable. 

401, Unstable motion. If C®n"<4AMgh, and coj are complex. 
We should anticipate that in this case the motion near the vertical would 
be unstable, but to establish the nature of the motion we seek a solution 
of a type different from (3) above. To proceed quite generally, let us 
seek a solution of (2) of the form 

dp 

^^cozAp—yp (6) 


where to and y are real constants. Then 

^ = 03za[mzap— rp]— r[“zAp-Yp] 

= —2 ojy(zAp)+p(y®— 

Insertion in (2) gives 

Cn[wzA p — 'fp] + 2 A ciiYP -rA(y ®— gj*)zA p-f Mghp A z = 0 . 

In this the coefficients of p and zAp must vanish. Hence 

— Cny-f-zAGiY— °> (l) 

Cno>-F-A(Y=-« 2 )-Mgh=o. (8) 

Relation (7) gives either y=o or tt>=Cn/2A. Taking Y=Oj^e have from (8) 

Ato®— Cnto+Mgh =0, 

and we recover the solution of § 400, valid for C®n®>4Ahrlgb. Taking 
6j=Cn/2A, and inserting in ( 8 ), we get 

Y2=_L[4AMgh-C%=] ; 

4A 

Y is therefore real and non-zero if C%*<4AMgh, in which case to =Cn/zA. 
Hence, if we write 

, [4AM^-C^2jt 

Yn-'r'i-i ^ 
the solution for C®n®<4AMgh is 
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(. 0 , 

It is clear that in this solution pjCYit is a uniformly rotating vector of 
constant modulufe, so that shrinks exponentially to zero. Similarly, 
pje-Vit is a uniformly rotating vector of constant modulus, so that pa 
exponentially increases with t. This is the general solution for 
C^n*<4AMgh. Since one of the components of p increases indefinitely 
with t, the motion for C^n®<4AMgh is in general unstable. It will be 
apparently stable only if the term in p, is absent. 

Suppose po and (dp/dt)j) are the initial displacement and velocity of 
the axis, say at t=to. Then when C®n*<4AMgh, we have 

Po=(Pi)o'h(P2)o> 

(|)o=^zA[(pi)o+(pa)„]-Yi[(Pa)o-(P2)o]. 

For the disturbed motion not to increase indefinitely, we need to have 
(p2)o— °> which requires 

Only if this condition is satisfied will the essentially unstable top possess 
a motion of its axis decaying exponentially to zero. 

402. Alternative procedure. An alternative procedure is to use a 
rotating frame of reference. In (2) introduce 

where « is a constant to be determined. Then since 
d^p , . 8 p o 

dt* 8 t^ 8 t ^ 

(2) gives 

Cn^^ 4 - cozA p^ +AzA oi^p^ — 2 wA^ +MghpAz =0. 

Since 01 is at our disposal, we may choose it so that the coefficient of 
dpjdt vanishes. This requires Cn=2Aw, and we then get 

zA |^A^+p( — Mgh— Aw’^ 4 -Cnw)j =0. 

Inserting to=Cn/2A, we get 

5®p C^n® — 4AMgh_^ 

_-|-p _ . 
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If C%i^<4AMgh, we can put 

2_4.4Mgh-C%2 

Y = 


and then the equation 



=0 


implies P=Pi+P2 

where Pi=(pi)oe-'^. p2=(p2)De'^'^- 

Thus, in the frame rotating with angular speed Cn/aA, p is the sum 
of two vectors of constant (apparent) direction, the one exponentially 
shrinking, the other exponentially growing, provided y is real. This is 
the case of instability. 

If is negative, put 


./2_ „o_C‘n2-4AMgh 
^ 


Then the equation 




ct^ ‘ 


Y"p=o 


has for its general solution 


P— Pi"rp2> 


where ^i=y'zAPi. 

<X ct 

The motion in^the frame rotating with angular speed o=Cn/2A is thus 
the sum of two oppositely rotating vectors, of arbitrary amplitude and 
phase, the speed of relative rotation being iy'. It will be seen that this 
is the stable motion found in § 400. 

The above methods of discussing vector differential equations are 
capable of application in other contexts, 

403. Oscillations near steady precession. We proceed to a direct 
discussion of the disturbed motion of a top near a state of steady precession. 
In the general equation of motion of the axis, 

Cn^^-fAiAi'|=MghzAi, (i) 

dt df' 


put i=rio 4 -p, 

where is the unit vector describing the axis of the top in the state of 
precession in question, and jpj is small compared with unity. Since 
i and ig are unit vectors, to a sufficient order ij,.p=o. The vector ij 
possesses, as we have seen, the motion 


* * 

-^=63ZAIo, 

dt 


15.2= const. 


(2) 


where to is a root of Acij®(io.z)— Cnto-j-Mgh=o, (3) 

(§397). In this case ^o = t<) 2 [z(io.z)— ij,] (2') 
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and io satisfies Cn^-f AioA-^“=Mgh(zAio). (4) 

Using these relations, (i) reduces to 

Cn^+Aj^ioA^+w^(io.z)(pAz)-w 2 (pAio)] =Mgh(zAp). (5) 

Eliminating Mgh between (3) and (5) we get 

AioA(^ + w=p^ = -Cn(^-wzAp). (6) 

Equation (6) determines the behaviour of the small vector p as a 
function of t. Its form at once suggests that we should adopt as frame of 
reference a frame rotating with angular velocity toz. This is the frame 
rigidly attached to z and i,,. The motion of p relative to this frame will 
give us a picture of the disturbed motion. We are interested less in the 
motion of p in space than in its motion relative to ig. We write therefore 

S “-L -p+z(p-z)], 

where i,, is to remain constant under the operator dfSt. Then (6) becomes 

Aio A 0 + [Cn -2 A M(io.z)]^ + A 6 > 2 (p.z)(io A 2) =0, 

Multiplying this vectorially by ig and remembering that Xg.d^/dt^—o, 
we get 

^+X^A»o+w“(P*z)(z-ioCOsa)=o, (7) 

St'* St 

, , Cn — zAco cos a , • \ /os 

where I— , (cosa=io.z) (8) 

A. 

In (7), ifl is to be treated as a constant. The vector (z—io cos a) is 
perpendicular to ip, and we therefore take an orthogonal triad of unit 
vectors ij, j, k, k being in the plane of z and 
io, in such a way (Fig. 99) that 

z=io cos a-fk sin a, 

p.z=(p.ig) cos a+(p.k) sin a=(p.k) sin «. 

Then (7) becomes 

^+A^Aio+o®sin2a(p.k)k=o. (9) 

This is precisely the equation we have 
already discussed, § 262, equation (4), in 
connexion with the disturbed motion of the spherical pendulum near 
steady precession. Equation (9) reduces, in fact, to the pendulum 
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equation when we ptit 11=0. We can therefore use the solution pre- 
viously found. The solution p of (9) is given by 

p=(p±)k-fu(p,j)j, (10) 

where p is an arbitrary vector rotating round in the plane of j and k 
with relative angular velocity cu%, so that 


et 




Instead of quoting the values of a' and u, it is better to note that relation 
(10) gives 


!E 




|^ = -e.'^[(p.k)k-bp(p.j)j]. 

whence, inserting in (9) and equating to zero the coefHcients of j and k 
separately, we find 

fit t * > - — « 

— 6) 

Hence <u'2 

Thus a' = sin" a)^, 

If x=p.j=u(p.j), 

then L-f-yi=p2 

li- 


63 -^ Sin-' a=o, 
/.to' =0. 

I 


- 03 ‘ 


sm* St. 

>. 


^ (X--i- o® sin® a)^ ’ 
y=p.k=pJk, 

r const. 


The motion of p in the processing frame consists in the describing of an 
ellipse, period an/ o'. If /.>o, then o<u<i, and the ellipse has its 
shorter a-tis horizontal, and is described in the positive sense about ig. 
If >.<o, then o>a> — i, and though o' is positive the ellipse is described 
in the negative sense about Taking the other sign before the surd for 
c/ gives no new solution, for p is also reversed in sign. 

For the ‘ rapid ' precession o = Oj^Cn/A cos a, we have /.~— Cn/A ; 
for the ‘ slow ’ precession o = oj~'Mgh/Cn, we have >.~-f Cn/A. Since 
o' is essentially real, the precessional motion is essentially stable. 

404. Tc^ on smooth horizontal table. Let Rz be the reaction, where z 
is a unit vector vertically upwards (Fig. 100), If i is a unit Vector in the 
axis of the top, the equations of rate of change of linear momentum and 
of rate of change of angular momentum about G are 

d®. 


R-Mg=xM^,h{i.z), 

-}uARz=^[Cni-hAiA|], 
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where, in the second equation, A denotes the moment of inertia about a 
transverse axis through G, Scalar multiplication 
of the second equation by i gives as usual 
n=const. ; and it is clear that G moves verti- 
cally up and down in a straight line, since 
the only forces acting are vertical. Eliminating 
R we have 


Cn|+AiAg-Mh[B+h^,(i.^)](zAi). 



This is the equation determining i, and so the 
position of G. Multiplying scalarly by z, wc 
have the integral of angular momentum about the vertical in the form 

I^Cnl -f- AiA ^ j . 2 = const. 

Multiplying scalarly by iAdi/dt, we get, since 


the relation 




which integrates as it stands in the form 

|A^iA^^ — — Mgh(z.i)— -{-const. 

This is the integral of energy. 

If the scalar forms arc required, we v/ritc 


z.i— cos 0 , 


^ o/- 

_=£2Ai, 

dt 


where £ 1 , the angular velocity of the axis, is given in terms of the ust 
angles 6 and 9 by 




sin 0 


Then 


0 -z]-}- 9 (zAi) 


and ,^(zAi)-r?[*— i cos 0 ]. 

dt sm 0 

Thus the integral of angular momentum about the vertical yields 
Cn cos 0 +A 9 sin® 0 =const., 
and the energy integral yields 

sin® 0]-f |Mh® 6 ® sin® 0= — Mgh cos G-f-const. 
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E!kaw2Uon of 6 betireen these vriil give an equation detenraining the 
bebaviooir of 6. 




In steadr precessiouj G remains stationary ; patting as usual z.t=co$z 


«• * 

-= 0 , 2 / 1 , 

uw 


Ui X , 

— = 65^—1 COS aj 
ut'* 


the emratioii foT i gives 

Cne;— Afc>- cos it=Mgh- 

Tbis has the same form as for a top spinning on a roigA table, but the 
meaning of A is difierent. 


MOTION OF A DISC 

405. ipinm?^ due on a smooth harizonial table. To find the ' 
condition for stezdy precession, tve proceed as foUovrs- Take a unit 
vector i normal to- the plane of the disc (Fig. loi), a unit vector j parallel 
to its line of greatest slope, and a unit 
vector 2: vertically upv/ards. If C is 
the moment of inertia about i, A about 
any diameter, then here C=2A, but vre 
sbdi not make use of this relation. The 
angular momentum about G is of the 
form 

Cni-fAiA?, ici 

dt 





as usual- If Rz is the reaction at the point of contact, the equation of 
linear momentum is 

R-Mg=AI-^,a(j.z), 

Gt** 

vrhere c is the tzdivs. The equation of angular momentum about G is 

-ZJa^g-ba||.z^fj Az) i-rCa^-rAiA^. (i) 

If a is the inclination of the plane of the disc to the horizontal m 
steady precession, then 

z=J sin a-f-i cos a:, 


EliminatiriV R, 


and 


jAz= 


z— I cos z 


sm a 


7,z=cot zfzAi). 
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Hence, multiplying (i) scalarly by i we get 


dn 

dt“°’ 


In steady precession 
di 


^=ca(2Ai), 

j| = “(zAj), 


n =const. 


^ = i+z cos a], 




to“[— j 4 -z sin a], 


—^. 2 = 0 . 

dt2 

Hence R=Mg, 

and (i) gives 

—Mag cot a(2Ai)=Cn<o(zAi)+Aw2 cos a(iAz), 
whence-the condition for steady precession is 

Aw® cos a— Cnw— Mag cot a=o. 

406. Stability of spinning vertical disc, on smooth horizontal plane. 
In this case and the foregoing condition of steady precession is 

satisfied by 

n=o, w arbitrary. 

For small disturbances from this state, write in equation (i), § 405, 

i=y+p, 

where y is a unit horizontal vector moving according to 

dy 

Then p.y=o, to a sufficient accuracy. From these, 

*Ag=-«=(pAy)+yAg. 

Also ■ z-i sin 

cos 0 

where 0 is the (small) inclination of the disc to the vertical, and so 

j'Az =— 0 (yAz). 

Further, since z.d®j/dt® and zAj are both small, we may in (i) of § 405 
neglect this product. Accordingly (i) becomes 

Mag 0 (yAz) = A |^ — to*p Ay +yA^2 j • 


Hence the vector 


d®p 2 Mga 0 


12 
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must be zero or parallel to y. Since p and z are both perpendicular to y, 
it must be zero. Further, to the order considered, 0 =i.z ==p,z. Hence 
scalar multiplication of the last equation by z yields 

e+(„<-^)8=o. 

Thus the motion is stable if 


ti>^> 


Mag 

"A"’ 


and the period of small oscillations is then 

The motion of i is now determined, since i=y-fp and p=6z. 

407, Disc rolling on rough plane. Steady precession. Let r be. the 
position vector of the centre of the 
circular disc (Fig. 102), G, from a 
fixed origin. Let i be a unit vector 
normal to the plane of the disc, j a 
unit vector in the line of greatest 
slope. The angular velocity of the 
disc is £1, given by 

• t • > 

5 l=ni-fi/\- , 

dt Fig, ro2 

and the angular momentum H(G) about G is given by 

H(G)=Cni+AiA^\ 



If R is the reaction at the point of contact, P, the equation of linear 
momentum is 

. R-Mgz=M^^, (I) 

and the equation of angular momentum about G is 

-ajAR=c|(ni)+AiA^' (2) 

dt dt*^ 

The condition of rolling contact is 

^+aA(-aj)=o, (3) 

expressing that the velocity of the particle of the disc in contact with the 
plane is zero. Eliminating R, we have 

/ , d^rA .. , ...d^i 


(4) 
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The vector r can be eliminated from ( 4 ) by means of ( 3 ), and then, since 

2 — (z.i)i 

the ensuing equation can be put in terms of i alone. 

We shall find simply the condition for steady precession. In steady 
'precession, at the rate m, we have 


di 

-- = wzAi, 

dt 


I = «-[-i+2(i-z)]. 


Also, since the particle of the disc in contact with the plane is instant- 
aneously at rest, since the disc is turning about this particle with angular 
velocity £ 2 , and since the position vector of G with respect to this particle 
is aj, we have (this amounts to ( 3 )), 


:_a(„i+iAi;)Ai 

=nak-al(j|;). 


where k=iAj. But in steady precession, 


Hence in this case 


and so 


= w(zAi).j = wk.z =0. 

^=a^k-l-nato(zAk) 
dt^ dt 

. . d"r dn. .. a. 


The equation of motion ( 4 ) now gives 

-Mag(jAz)4-Ma2nw(j.z)k-Ma2~i=C$i+CnJ+Aw={i.z)(iAz). ( 5 ) 

dt dt dt 

Scalar multiplication by i gives at once 


n =const. 


Then, if 0 is the inclination of the plane of the disc to the horizontal, 

z=i cos O+j-sin 0, 
zAi = — k sin 0, zAj=k cos 0, 

(5) gives 

Mag cos 0-t-Ma%(n sin 0 = — Cntu sin 0-1-Ato^ cos 0 sin 0. 
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To find the radius (say b) of the circle described by the centre of the 
precessing disc we have 

^ =nak = — 6jbk 
dt 

whence b = — — a. 

(a 

Hence, in terms of b, the condition of steady precession may be written 

61® j^(C-f-ma-)-+A cos oj =Mga cot 0 . 

This equation determines the value of to for any given b and 0 . 

405. Disc roiling in a straight line on a rough horizontal plane. Let the 
notation be as in the figures (Figs 102 a, b, c.). The disc is supposed 



Sine 



Fig. 102 ( 6 ) 



to be rolling in the y direction. We propose to find the period of small 
oscillations and the path of the point of contact, r. 

The condition of rolling contact is 

^^(r+aj)4-SiA(_aj)=o, (i) 


the equation of rate of change of linear momentum is 

R-Mgz=.Mg(r+aj), 

and the equation of rate of change of angular momentum about G is 


— ajAR 


dH 

dt’ 


(2) 

(3) 


•where 


dt 


H=Cni+AiA$. 

dt 


and z—j cos 0— i sin 0. 

Eliminating the reaction R, we get 


^ = -MajA|gz+^„(r-f aj) j , 


( 4 ) 
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or, using the condition of roiling, 

f— (5) 

A solution is given bj’ 

9=0, i=x, j=z, n=no, 

where n^ is arbitrar}-. Consider the motion in the vicinity of this steady 
rolling motion. Put 

n=no~9, i=x-r£, (x.e=o) 

so that 6, 9 and ej are small. Thus 

6 = — z.i=— e.z. 

Then, to a sufficient order, 

j=z-fi0=z-rx0, j..z = — y0=y(6.z), 

i 4 =x,', — -~npX-rnQ£-r9X, 
dt 

Sl/\j = — x^^.z^ — noy -f no(e;, z)— 9y, 


d 

dt^ 


Also H=AxA^^4-C(noX4-no€-r9X), 

dt 

dH . d-e , „ de , „d9 
— =AxA T^-fCnp- -f-C^x. 
dt dt= dt dt 

Introducing these in {5) we get 

, AxA — 4- Cno^^+C^x = -Mp(e.z)y 


_ M ,»[- r ( g . z )+|*+4 

-"'Ks-')]- 


If we now write 

where t) and X, are small scalars, the last equation becomes 

Afiz— iiy] -|-Cno[T,y+rz] -f C9X = — Mga^y— Ma-[— ry+9x-r-noT,yl- 
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+const. =o. 


Taking the coefficients of x, y, z in turn, we get 

(C+Ma2)9=o, 

-(A+Ma 2 )^ 4 -(C+Ma 2 )no-/i = -Mga^, 

Ar,+Cno^=o. 

The last of these integrates at once, giving 

Atj = —Cno^+ const. 

The first gives 9 =const. =0. 

The middle equation gives, on substituting for 

, -(A+Ma2)^+(C+Ma>o[^-^»C+const.] =-MgaC 

, „rC+Ma 2 C „ Mga 1 , 

or — 2 — l+const. =0. 

LA+Ma^A “ A+Ma^J 

The constant is clearly zero. We see that the motion is stable provided 

(C+Ma2)Cno2>MgaA, 
in which case the period of small oscillations is 

2-r r Cno^(C+Mag)-MgaA -j 

' L A(A+Ma2) J ■ 

E.g., fora hoop for which C=Ma2, A=|Ma 2 , the condition for stability is 

or, putting no=v/a, v2>|-ga. 

Path of the point of contact. From the condition of rolling contact, 

| = -a|+a£JAj=..[+*(^|.z)+S 2 Aj], 

or, using a previous expression for S2Aj and putting 9=0, 

^ =a[-noy+no(€Az)] = -ano(y— /jx). '' 

The term — anoy gives the steady rolling motion in a straight line. The 
term ano^jx gives an oscillatory velocity-component perpendicular to the 
undisturbed track. The path is therefore a sinuous one, crossing and 
recrossing the undisturbed track. ,If the solution of the differential 
equation for t, found above, is 

cos (ot-f-a), 

■* 

then r, = — cos (ct-j-a), 

A 

r. = — ^ sin (ot-fa), 

A G 


and 
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The path giving the trace of the extremity of the axial vector i on a vertical 
plane parallel to the undisturbed motion is therefore an ellipse, for which 
the ratio 

vertical axis 


is equal to 


i.e. to 


horizontal axis 
Ao/Cno, 

A rC(C+Ma>o 2 -MgaAV 
CnpL A(A+Ma"-) J ‘ 


409. The methods illustrated in the example of the rolling hoop are 
further developed in the following example. 

A sphere whose mass centre coincides with its geometrical centre, 
but whose principal moments of inertia at that point are A, A, C, is set 
rolling along a rough hori- 
zontal plane with angular 
velocity Wq in a direction at 
right angles to the C-axis, 
which is horizontal. Find 
the periods of small oscilla- 
tions about this steady motion 
(Lamb, Higher Mechanics). 

Let z be a unit vector, 
vertically upwards, i a unit 
vector in the C-axis, a the 
radius, M the mass. Let r be the position vector of the point of con- 
tact with respect to an origin 0 (Fig. 103) in the plane. Let ft be the 
angular velocity of the body. Then 

at 

where in the steady motion, i=x, the spin w takes the value Wq, The 
condition of rolling contact is 

d, 



dt 


(r-4-az)-fftA(— az) = 0 , 


i.e. 


* 

dt 


-aftAz=o. 


(I) 


The equation of linear momentum, if R is the reaction, is 
R-Mgz=M^„(r-t-az), 


(2) 
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and the equation of angular momentum about G is 


Eliminating R we have 
MaTgz^- 


-azAR = ^ fAiA^VCtoi] . 
dtL dt J 
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(3) 


dt’ 


J Az— A iA — i-C— i+Cco— , 


dt 


dt’ 


or, eliminating r by means of (i), 
,/d £2 


Ma=(^Az)Az=AiA^J+C^i+c4'- 

\ dt J dt^ dt dt 


The left-hand side gives, on introducing the value of £2, 


Ma2 


[-04 


, dw. , 

4-— 14 - CO 


10 


(A4-Ma2)iA^;4-(C4-Ma”-)^Jcoi)=Ma’’z| ( iAg4-^^).z]. 


Hence the previous equation becomes 

,«+(C+Ma=4( 

This equation determines the behavidur of i. To solve it in the 
neighbourhood of i=x, where x is a horizontal vector normal to the 
direction of motion), put 

i=x4-€> {€.X=o) 

CO = <Oo-f-(p. 

Writing A'=A4-Ma2, C' = C4-Ma2, 


d^e , de 1 

3^+"«dH 


we find A'xA^ 4 -C'^tOo^ 4 -'i)x^ =Ma 2 z|^y. 

Scalar multiplication by x gives 

9 = 0 , 9 =const. = 0 , 

by choice of cOg. To solve the resulting equation in e, put 

e=-9y-Kz- 

Then A'[-i^z— 'ty]4-C'a>ofty+tz] =Ma“z[^4- «ot]- 

This gives A' 7 j 4 -C'ti>ot=Ma^( 7 ) 4 - WoOi 

and — A'^ 4 'C'<Oo'<)=o. 

The first of this pair of equations for X, and r^ gives 

A7j = — CcoqC 

Elimination of ^ from the second then gives 

AA' , 

^ 27r /AA'\‘ 

The period is thus — ' 

The path of the point of contact can be found as in the last example. 
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410. Rolling solid of revolution. Still further generality is obtained by 
considering the case of a rolling solid of revolution, rolling with an 
equatorial circle in contact with a rough horizontal plane and having its 
radius of cur\'ature different from that of the meridian sections. 

Let G be the centre of mass of a solid which is rolling over a rough 
horizontal plane, with its axis of symmetrj' perpendicular to the direction 
of motion and horizontal (Fig. 104). Let a be the radius of the equatorial 
section along which rolling occurs, p the radius of curvature of any 
meridian section where it crosses the given equatorial section. Let z be 



a unifvector vertically upwards, x a horizontal unit vector in the direction 
of the axis of symmetry, y=zAx the direction of motion. In a disturbed 
position, let i be the axis, P the point of contact. Then the meridian 
section through i and the point of contact P is normal at P to the horizontal 
plane, and contains G, but does not in general contain x. Let n be along 
the normal from G in this meridian section, so that n is perpendicular to i, 
and let P^ be the foot of this normal. Then p is the radius of curvature 
at Po, and hence the normals at P and Pq, which lie in the meridian plane, 
intersect in some point C, and approximately CP =CPo=p, whilst P(,G=a. 
Consequently, if h denotes the vector PG, 

h=PC+CG=pz— (p— a)n. (1) 

This is the only cun'ature relation required. 

We now formulate the dynamics. If Q. is the angular velocity of the 
disturbed solid, then 

• dt , • 


(2) 
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and if r is the position vector of the point of contact P, the condition of 
rolling is 


-(r 4 -h)+S 2 A(— h) =0. 


(3) 


If R denotes the reaction at P, the equations of linear momentum and of 
angular momentum about G are 


R-Mg2=M^^(r+h), 

-hAR=ijAlA|+C„i]. 

Eliminating R and r, we have 

-MhA [gz+l(nAh)] =AiAg+cl(o>i). 

Since n is known in terms of i by the relation 

z— i(z.i) 

””[i-(z.i)2]*’ 

equation (6) determines the behaviour of i, on use of (il and ( 2 ). 
For small disturbances from the rectilinear motion 

i=x, o)=const. = Wj), 
put i=x4-e, 

and <d = coo 4 - 9 > 

where 9 and |e| are small. Then to this approximation 

n=z— x(z.e), 
h=az4-(p— a)(z.e)x, 

£1 = <i)ox4-(px*f «oe+xA 

dt 

ilAh = —a WflY — a^z.^^x— atpy+a Wo(eAz). 


( 4 ) 

(5) 

( 6 ) 

(7) 


(x.e=o) 


hAH^2Ah) = 
at 




y-l-a'ox -ba^^cooZA 




Hence the dynamical equation (6) gives 

Mg(p-a)(z.e)y+Ma2^z.^)y-Ma2ox-Ma2cooZA(^Az) 


-a,a|>c 




Scalar multiplication by x gives at once 

9=0, 9 = const. =: o, 
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on choice of Wq. The preceding equation then determines the behaviour 
of e. Since y and z have different roles, as in the previous problems of 
this type, it is convenient to put 


e=v)y-ff;z, 

when we obtain 

Mg(p — a)!;y+Ma2^y — Ma^wo^jy = A[v)Z— Cyl +C coo[Y)y+tz]. 
Equating the coefficients of y and z we get 

-(A+Ma'=K+(C+Ma2)<Ooii=Mg(p-a)!:, 

A^+Ca>J^~o. 

The second of these gives 

iQ = — ^“C+const., 

whence the first gives 

(A+Ma2)f + < +Mg(p -a) j K =const. 


These give t) and ^ harmonically varying with period ztc/o, where 


„_ C(C4-Ma^)coo=^+MgA(p-a) 

A(A4-Ma2) 

Path of the point of contact. This is given by 


dr 

Jt 


-^4-«Ah 

at 



itO(,y— a^z.^^x+awo(eAz) 


= — pCx +a cog'/jx — a Wgy 

.oy+x[aco„-o+£^Yi] 


= — awn 


= — awoy+awoXTf) i — 


[■ 


p (C4-Ma*)4-Mg{p— a)A/wo2C' 
A+Ma2 


+ const. 


This determines the excursions of the point of contact perpendicular to 
the undisturbed path. The actual path is sinusoidal. 

We notice that the motion of rolling is always stable provided Wq is 
sufficiently big. The equilibrium of the resting solid is, of course, only 
stable if p>a. This follows on putting (Og=o. 

411. Spinning solid of revolution. We proceed to consider the stability 
of a solid of revolution spinning about a vertical normal to a rough 
horizontal plane. 
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Let A be the vertex of the solid of revolution (Fig. 105), p the radius 
of curvature of a meridian section at A, a the distance from A to the 
centre of mass G. In the steady 
motion the solid spins about the 
normal at A ndth angular velocity 
Wq. In the disturbed motion, let 
P be the point of contact, h the 
vector PG, i a unit vector along 
the axis, R the reaction at P, r 
the position vector of P with re- 
spect to some fixed origin O. Then 
if C is the centre of curvature 
at A, the normal at the neigh- 
bouring point P meets the axis in C, and CA=CP=p. Hence 

h=PG=PC-fCG=pz-(p-a)L 
The condition of rolling is 

— (r - j-b) -|-S 1 A ( — b) = o, 
dt 

where =iA v + 

dt 



The equation of motion, obtained by the usual process of elimination of 
R and r, is 

ijAiA|-fCtoi]=-MbA[gz-i-|^(£2Ab)]. (i) 

This determines the behaviour of i. 

For a motion near the solution 


put 

and 

Then 


i =z, CO = cOfl, 

i=z-f-£, 

0)=COo-f(?. 

Si =ZA^+ COoZ-f (pz+ COpC, 
dt 


(e.z=o) 


h=pz— (p— a)(z-Pe)==az— (p— a)e, 
£2Ah=a^zA^^Az-fa<Oo(eAz)— Wo(p— a)(zAe) 



“o(zAe), 


h A A b) = a® ^zA + pa co,, 


de 

It 
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Hence (1) gives 

AzAg+c(o„^i+9z)=Mg(p-a)(£A2)-Mai=(zAg)-Map63o^. 

Scalar multiplication by z gives 

9=0, 9=const. =0. 

The equation then becomes 

(A+Ma2)(^zA + 63 o(C+Map)i^+Mg(p-a)(zA€) =0, 

or again, on vector multiplication by z, 

(A+Ma"-)~V6,o(C+Map)^Az+Mg(p-a)e=o. 
at-* at 

This has the usual rotational solution of the form 


de , 

— = 6)zAe, 

dt 

where w' must satisfy 

— (A+Ma*)co'^— (C+Map)^' C0(,+Mg(p— a)=o. 

This determines the periods of oscillation of the axis. The roots are 
real, and the motion therefore stable, provided 

Mg(a— p)(A+Ma 2 ) 


«o >4- 


(C+Map )2 


The resting solid is stable if p>a, the condition being then satisfied by 

«o=o. 


PROBLEMS RELATING TO THE ROLLING OF SPHERES 
INSIDE OR OUTSIDE OTHER ROUGH SPHERES 

412. Nature of the problems. A variety of interesting problems arise 
in the consideration of the rolling and spinning motion of one sphere 
inside a second larger sphere. The second sphere may be fixed, or free 
to move about its centre (under the reaction of the first sphere), or driven 
by external means to rotate at a fixed rate about some fixed axis. .Such 
problems lend themselves very readily to examination by vector methods. 
Lamb {Higher Mechanics) emphasizes the difficulty of treating even the 
problem of the sphere rolling and spinning under gravity on a fixed 
sphere. But by vector methods the solutions of all these problems are 
equally simple. 

It is particularly to be noted that in each problem we shall obtain an 
integral connecting components of spin about the common normal to the 
surfaces in contact, an integral which is not obvious or readily accessible 
by the methods of moving axes. 
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413. Sphere rolling and spinning under gravity inside a larger rough 
fixed sphere. Let a be the radius of the rolling and spinning sphere, 
M its mass, C its moment of inertia 
about any axis through its centre. Let 
R (Fig. 106) be the reaction at the 
point of contact, i a unit vector drawn 
to the point of contact from the centre 
of the fixed sphere, z a unit vector 
vertically upwards, Q. the angular vel- 
ocity of the moving sphere. 

The angular momentum of the 
moving sphere about its centre is CSl. 

The position vector of the centre A 
of the moving sphere with respect to Fig- 106 



the centre of the fixed sphere is (b— a)i. Hence the 

equation of linear 

momentum is 


M(b-a)^j=R-Mgz, 

(’) 

the equation of angular momentum about the centre of mass A of the 

moving sphere is 


C^=aiAR 

dt 

(2) 

and the condition of rolling contact is 


(b— a)^-}-SiAai=o. 
at 

(3) 

Eliminating R, we have 


=MaiA [gz+(b-a)^2] • 

(4) 


414. At this stage the next important step in all problems of this class 
is to obtain the integral of spin about the common normal. The complexity 
of the problem depends almost wholly on the complexity of this integral. 
The integral in question is built up in essentially the same way in each 
problem of the class, but the details differ. The necessary procedure is, 
however, fully illustrated in the present simple example. 

415. From the equation of motion (4) we have on scalar multiplication 
by i, 

df^ . / ^\ 

^. 1 = 0 . (d) 

dt 

(This follows also from (2).) But from (3), the condition of rolling contact, 
on scalar multiplication by Si we have 

Si.- =0. 
dt 


( 6 ) 
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whence Si.i=const. =n, (7) 

say. This is the desired integral. 

Multiplying the condition of rolling contact, (3), vectorially by i, we 
have 

a[_tt+ni]=(b-a)iAj, 

at 

whence * £2 = ni — ^ — ?iA . (8) 

a dt 

We now insert this in (4), obtaining 

Cn^J-C^^iA =Mga{iA2) +Ma(b -a)iA^!, 
at a at^ at'* 


or (C+Ma-)~iA^i-CniVh 5 ga(iAz)=o. (9) 

a at- dt 

Equation (9) is, however, precisely the equation of motion of a top, 
b a 

equation (3), § 396, with (C+Ma®) written for A, — n written for n 

a 

and a for h. The whole theorj' of the top can therefore be applied as it 
stands without modification. In particular, we can obtain the condition 
of steady precession, the motion for i nearly vertical, and the small 
oscillations of a top near a state of steady precession. The integrals of 
energy and of angular momentum about the vertical follow on scalar 
multiplication by iAdi/dt and 2 respectively. 

For example, to obtain the condition for steady precession, we simply 
seek a solution of (9) in which 

di 

— = (<)2Aii z.i =const. = —cos a, 
dt 


d®! 


dt® 


to®zA(zAi) = «®[— i— z cos a]. 


It is essential that the student should distinguish between this formula for and 
(he formula we have so often previously employed, namely 

n=ni+iA jj. 

In all cases of the latter, i is a vector fixed in the body. In the present case of the rolling 
and spinning sphere, i is not fixed in the moving sphere, but has n locus in it ; i is merely 
defined as drawn from the centre to the point of contact. In the case of a top or other 
body possessing an axis of symmetry’, i is along the axis of symmetry, and is fixed in the 
body. 
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Then (9) reduces to 

cos a-f Cn w-r^lgaj (i/\z) =0, 

and to must satisfy 

— (C-fMa^)^ — ?to- cos a-rCnto-rMga=o. - (10) 

3 . 


For given a, the roots are real proHded 

C^n^to^-f 4Mg(b-a)(C~Ma2) cos a>o. 

However, a further condition to be satisfied is that the reaction R must 
have a normal component directed towards the moving sphere, i.e. we 
must have 

IC(-i)>o. 

By (i), this requires that 

j^gz4-(b-a)^j.i<o, 

i.e. in steady precession, 


i.e. 


— g cos a-r(b— a)to-(— i-|-cos“ a)<o, 
(b--a)to- sin- a-fg cos a>o. 


This is certainly satisfied for all cos a>o ; the student should consider 
the case cos a<o separately. 

Example. A sphere is rolling and spinning under gravity on the 
outside of a fixed rough sphere. With the notation of § 413, show that 
the equation of motion is 


(C4-Ma^)^^iA^-i-CnJ-f-Mga(iAz)=o, 

a dt- dt 


i.e. the same as (9) with — a replacing a. If the sphere is spinning about 
a vertical axis at the highest point of the fixed sphere, show that the 
condition of stability is 

C-n=>4Mg{a-fb)(C-|-Ma2). 

Show also that the condition of steady precession at the rate to with the 
line of normals describing a cone of generators at an angle a. to the upward 
vertical is 

^ - j n 

(C+Ma^) — ^ cos a — Cno)+Mga=o, 

a 
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and that the condition for a pressure reaction is 
g cos a>(b-{-a)co*^ sin^ a. 

416. The particular case of the sphere rolling and spinning inside 
the fixed sphere under the action of no forces is obtained by putting 
g=o in §§ 413-415. Equation (9) for i becomes at once integrable, giving 

(C+Ma2)— iAi^-Cni=const. =Cnio, 
a at 

say. Multiplying vectorially by i we have 

(C+Ma^)— ^'=CnioAi. 
a dt 

This equation asserts that the motion of i is one of uniform rotation 
about the axis if, with angular velocity 

Cna 

(C+Ma 2 )(b-a)‘ 

417. Sphere rolling and spinning inside a rough sphere free to move 
about its centre, the whole system being under gravity. 

The figure and notation of § 413 will serve, but in addition we now 
let SI' be the angular velocity of the outer sphere, C'Si' its angular 
momentum about its centre. The equations of linear and angular 
momentum for the smaller sphere are as before 


R-Mgz=M(b-a)g. 

(I) 

• A rt 

aiAR=C— . 

dt 

(2) 


The equation of angular momentum for the outer sphere is 

biA(-R)=C'^^ (3) 


and the condition of rolling is altered to 

(b_a)iV 5 ^Aai=ft'Abi. ' (4) 

dt 

As previously explained, we first seek the spin integral about the 
common normal. Equations (2) and (3) give on scalar multiplication by i 




=0. 


13 


( 5 ). ( 6 ) 
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Equation (4), written in the form 

(bn'-a 52 )Ai=(b-a)^^, (7) 

gives on scalar multiplication by (b 52 '— aS^), 

(b£2'— a£2)^=o. (8) 

Combination of (5), (6) and (8) gives 

^[(ba'-ai:2).i]=o. 

or (b 52 '— a£ 2 ).i=const.=n(b— a), (9) 

say. Equation (7), on vector multiplication by i, then gives 

-(bn'-a£ 2 )-f[(bS 2 '-a£ 2 ).iji=(b-a)^Ai, 

dt 

or bSi'— a 52 =n{b— a)i-f (b— a)iAg-^. (10) 

418. It should be observed that this relation does not involve the 
inertia constants of the spheres. Nevertheless, (10) is not a purely 
kinematic relation, nor is (9) a purely kinematic relation, for neither can 
be obtained from the condition of rolling contact, (4), alone. 

419. Elimination of if\R between (2) and (3) gives a relation which 
integrates at once in the form 

^-i-^'=const.=MX(b-a), (ii) 

a b 


say, where X is an arbitrary vector constant. This relation (ii), combined 
with (10), gives a pair v/hich can be solved for SI and SI' in the form 


^rC.C'l C' . CVdi] 

La^ b^J b L dtj 


(12) 

(13) 


Substitution of R from (i) in (2) and (3) gives equations for d 52 ./dt and 
dSl'jdt into which (12) and (13) may be substituted. The result is an 
equation for i v/hich comes to 

(b-a)(M+Mi)iA^-f Mi(b -a)n^-f MgiAz =0, (14) 




CCTC^C^I"^ 
a® bda"* ‘ b-i 


where 
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This again is the equation of motion for the axis of a top, on suitable 
identifications of constants ; (the spin n has different meanings in the 
two cases). When the mass of the hollow sphere tends to infinity, so 
that this sphere remains fixed, M^— vC/a®, and the form of (14) tends to 
that of (9), § 415 on paying attention to the changed meaning of n. The 
condition of steady precession, etc., can be obtained at once. 

420. Sphere rolling and spinnmg inside a rough hollow sphere compelled 
by external means to rotate at a given rate about its centre which is fixed. 
We employ the notation of § 417, but now ft' denotes a given vector, 
namely the given (constant) angular velocity of the hollow sphere. 
Equations (i), (2), (4) of § 417 define the motion, and we seek the new 
integral of spin. From these equations 

..--o, (bn -aSJ).- -o, 

whence since ft' is constant, these yield the integral 

(bft'— aft).i=const.=(b— a)n, (i) 

say, as before. We find similarly 

bft'— aft =(b— a) j^ni+iA^j . (2) 


We no longer have an equation of type (3), § 417, but instead we 
know that ft' is constant. Eliminating R and substituting for ft from (2), 
we find 


MaiA[gz+(b-a)g] — c'i_“[ni;+iAg], 


or (C+Ma=)iA^J+CnJ+Mg— iA2=o. (3) 

dt‘‘ dt b — a 


As usual, this is of the form of the equation for the motion of the axis of 
a top. It contains no apparent reference to the imposed angular velocity 
ft' of the outer sphere, but it must be remembered, in comparing it with 
(9) of § 415 that ‘ n ’ is here defined by (i) or (2) above. If we put ft'=o, 
then the ‘ n ’ of (3) above must be divided by — (b— a)/a to yield (9) 
of § 415. 

We again notice that (i) is not a purely kinematic integral, although 
it contains no inertia constants. It and its analogues are seen to be 
consequences of the circumstance that the external forces have zero 
moment about the line of normals i, but as this line is not fixed in space 
we cannot assert that the angular momentum about it is constant. It 
appears probable that one could formulate some general theorem of which 
the foregoing integrals of spin are particular cases. 

42 X. Sphere rolling and spinning inside a fixed rough vertical cylinder. 
Let z be a unit vector vertically upwards. Let i be a unit horizontal 
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vector dravm from the centre G of the sphere to the point of contact 
(Fig- 107). Let a be the radius of the sphere, b the radius of the cj'Iinder, 
X, the height of G above some fixed 
level. Let M be the mass of the sphere, 

C its moment of inertia about any 
diameter, 51 its angular velocity, R the 
reaction at the point of contact. 

Then the position vector of the 
centre G of the sphere may be taken as 

Cz-f(b— a)i, 

and consequently the condition of rolling 
contact is 


tz-f (b-a)- -f f2Aai =0. 
dt 


(I) 



Fig. 107 


The equations of linear and angular momentum are 
R-Mgz=M[^-f(b-a)g], 

aiAR= 


,dn 

dt ' 


Eliminating R ve have 
dt 


=MaiA[(g-b^z-F{b-a)^]. 


(2) 

(3) 

(4) 
The 


It can be seen that in this case no simple spin integral exists,* 
following procedure suggests itself. 

Let n be the component of £2 about i. Then we may write 

52— (52 .1=0) (5) 
Hence, multiplying (i) vectorially by i, 


e(iA2)~(b-a)iA^+a£2'=o, 

ut 


( 6 ) 


from which 52' can be substituted into (4), giving an equation for i and Z. 
As i is a unit vector rotating round z, it will possess some (not necessarily 
constant) angular velocity oj. Put then 

(z.i=o) (7) 


so that 


d^i 

dt® 


di 

-=mzAi, 

dt 

=— w(zAi), 


'4- 

dt 


:63Z, 


. d®i . 

.A3p=»z, 


* Equation {4) gives LdQ/dt=o, but (i) gives I (z.O)-f-(b-a)a.di/dt=o, showing 
that C.di/dt*o, so that is not constant. 
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-Az=«i. 

dt 


§421 
and 

Hence, by (5) and (6), 

dft dn. , ifd^C,., , , d^ . , ,dM I 

Substitution of these relations into (4) gives a linear relation between the 
three independent vectors z, i and zAi. This requires the three conditions 


coeff. of i : 
coeff. of z : 
coeff. o/zAi : 


dn_tod^_ 
dt a dt ’ 


dtii 

dt 


=0, 


Cn w+ 3 (C+Ma 2 ) J 5 +Mga =0 
a dt** 


( 8 ) 

( 9 ) 

(10) 


Relation (9) gives 
Relation (8) then gives 


w= const. 


n = — ^ 4-const. =— nn, 
a a 


on suitable choice of the origin of ^ Relation (10) then gives 

(^i+-g-j^24-w<+no0)a4-— g=o. 

This equation shows that the height ^ undergoes simple harmonic motion 
of period 


2TC 

b) 


/ .Ma^y 
('+-C-} ■ 


The solution in C is clearly 

where X is arbitrary. The maximum distance through which the centre 
G falls depends on X, whose value depends on the initial value of t* 
Suppose, for example, that at t=o, we have ^=o, n=n(,. Then 

the solution is 


g 1 L_eosf_l__Y.tl 
C C0*JL Vi-fMa2/C/ J’ 

drops a total disi 
/ npa Ma= 

V o) C b)V’ 


and the centre of the sphere drops a total distance 

na , Ma® 
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This is smaller the greater is co ; to measures the constant circumferential 
velocity.* 

422. Sphere rolling and spinning inside a rough vertical cylinder free to 
rotate about its own axis. Let C' be the moment of inertia of the cylinder 
about its axis, to'z its angular velocity. Then, using the notation of 
§ 421, the new condition of rolling is 

• di 

^z+(b— a)— -}-i2Aai = co'zAbi. (i) 


The cylinder has for its equation of motion 

^,d(o' 


(biA— R).z=C' 


dt’ 


whence, substituting for R from (2), § 421, we get 

Mb(b-a)^jAi.z=C'— . 

^ Mt2 dt 

Replacing dHjdt^ in terms of co as in § 421, we find 

-Mb(b-a)-^-=C' — 

^ dt dt 


whence 


CO 


Mb(b-a) 

C' 


to + const. 


On multiplying (i) vectorially by i we get an equation for involving 
co'z, and on differentiating to get dSljdt we are led to an equation of the 
same type as in § 421, modified by the addition of a term in zdto'/dt. 
As this is a multiple of dco/dt, we are led as before to 


to=o, 


CO = const.. 


whence also 


to' =const. 


The period is readily found to be unaltered, 

423 . Sphere rolling and spinning inside a rough vertical cylinder compelled 
to rotate at a given rate about its axis. This is left as an exercise for the 
student. 

424. Sphere rolling and spimiing on the surface of a fixed rough horizontal 
cylinder. Let a be the radius of the sphere, b that of the cylinder,, z a 
unit vector vertically upwards, x a unit vector along the axis of the cylinder, 
i a unit vector drawn from the point of contact towards the centre of the 
sphere. Let R be the reaction at the point of contact, £2 the angular 
velocity of the rolling and spinning sphere (Fig. 108), Then, if ^ measures 

• As a well-known mathematician used to point out in conversation, the solution of 
this problem explains why a golf-ball sometimes spins into and then out of the ‘ hole ’ 
— a ‘ hole ’ being, of course, essentially a rough vertical hollow cylinder. 
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the displacement of the centre of the moving sphere reckoned horizontally, 
this centre G may be taken to have a position vector 

?x+(a+b)i, 

whence the condition of rolling contact is 


^x+(a+b)jJ+ffiA(— at) =0. 


The equations of linear and angular momentum are 

R-Mgz=M[gx+(.+b)g], 


-aiAR=C‘^p, 

at 


(0 

( 2 ) 

(3) 




Fig, 108 


whence, by elimination of R, 



(4) 

Putting S2=ni-}-£2', 

we find, on multiplying (i) vectorially by i, 

(a'.i=o) 


(5) 

Since the vector i rotates round x, we may put 


di 

(x.i=o) ( 6 ) 




where to is a' function of t to be determined. Then, as usual. 


d^i dfo. , .. 


d^i dto 


• . VI * 


dt^ dt 


di 


dt 


:Ax=toi. 
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Substituting for SI in (4) we get. 


-Ma[g(iA2)^g(iAx)-^(a-fb)^x] 


In this we may write zAi^xsinO, where 63 = 0 . Equating the co- 
efficients of i, X and i/\x in succession we have 


coeff. of i : 


dn_^i dH 
dt ‘ a dt 


6=0, 



co^. of X : (a-f-b)(C-i-Ma“) 0 =Ma^ sin 6, (8) 

d^r 

co^. o/iAx: , — '(C+Ma-)=Cn 0 a. (9) 


Substituting for 0 from (7) in (9), we get an integrable relation which gives 

Via%2=const. =U=no2, (10) 

say. 

Relation (8) shows that the behaviour of 0, i.e. the motion of rolling 
dozen the curved surface of the cylinder, is independent of the spin 
component n. Relation (10) shows that the velocity of the sphere along 
the mdinder depends only on the spin n, and that the kinetic energy of 
the motion along the cylinder is entirely derived from the spin, if n=n£, 
when dEjdt—o. 

If n==o, a rolling motion straight down the cylinder is impossible ; for 
were d'fdt=o (or even dE/dt=const.) to be a possible motion, (9) would 
require n0 =0, and since 0 could not be steadily zero, we should require 
n=o. 

Contact is broken when R.i =0, i.e. by (2) when 
g(z.i)-f-(a4-b)^.i=o, 


i.e. when g cos 6— (a-i-b)02=o. 

A first integral of (8) can now be used to obtain an equation whose root 
is the value of 0 at which contact is broken. 

425. Motion of a sphere rolling and spinning on a rough horizontal 
cylinder free to rotate about its axis. In the notation of the last section, 
if 63iX is the angjlar velocity of the cylinder at any moment, Cj its moment 
of inertia about its axis, the equation of motion of the cylinder is 

biA(-R).x-C,^^ 
dt 


(0 
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(2) 

Substituting 


and the condition of rolling contact becomes 

^x+(a+b)^+nA(— ai) = w^xAbi. 
at dt 

The equations of motion (2) and (3) of § 424 are unaltered, 
for R in (i) of the present section we get 

Ci^' = -Mb[-g sin 6+(a+b)e]. 

The rolling condition (2) then determines SI in terms of i and and 
the equations analogous to (7), (8), (9) of § 424 can be found as before. 
The details are left to the reader. 

426. Motion of a sphere rolling and spinning inside a fixed rough right 
circular cone with its axis vertical. Let a be the semi-vertical angle of 
the cone, O its vertex, P the point 
of contact, G the centre of the sphere, 
r the vector OP, z a unit vector verti- 
cally upwards, i a unit vector along 
PG (Fig. 109). Then the position 
vector of the centre of mass G is 
r-fai, 

and hence if £2 is the angular 
velocity of the sphere, the condition 
of rolling is 

^(r-fai)-f-i2A(— ai)=o. (i) 

The equations of motion, written down 
in the usual way, give on elimination 
of the reaction R 



— MaiA [gz+^3(r-fai)j =C 
To solve (1) for £ 2 , put 

£2=ni-l-£2', 

and multiply (i) vectoiially by i. We find 

• I • A , t » . diT 

£2=ni-fiAx.+-iA:j'- 
dt a dt 

Introducing this in (2) and collecting terms we find 

d^i 


dSl 

dt‘ 


(2) 




(3) 


C[^i-hn|] -h(C+Ma2)iA 


dt^ 


C-f MaA . d^r 
a dt^ 


+~ ^A^+Mga(iA2:)=o. 
a dt dt 


(4) 


IS’* 
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This vector equation is equivalent to three scalar equations, and 
there are just three scalar unknowns, namel}' n, the orientation of the 
plane OPG and the length OP. 

From (i), we have 

.dr ’ . 

< 5 > 

Also we know that r.i=o. Hence r.di/dt=o. Multiplying (4) scalarly 
by i we have 

( 6 ) 

and the right-hand side of this identity vanishes on expanding the square 
bracket, in virtue of (5). Hence, multiplying (6) by i, 

dn. ,i/di dr\ 

Using this in (4), we get 

Cn|-f(C-fMa2)iA g] 4-Mga(iAz)=o. (7) 

In this equation, r, i and z are coplanar vectors. Though it bears a 
superficial resemblance to the equation for the motion of the axis of a 
spinning top, it must be remembered that here n is not constant, being 
governed by (6). Various scalar formulae of interest can be obtained 
from (7) by suitable scalar multiplications, but to make progress it seems 
best at this stage to write 

r=pj> 

where j is a unit vector, so that 

z=j cos oc-f-i sin <1 


and 


r=p- 


z — 1 sm K 


cos a 


Differentiating this and introducing into (7), we find 
Cn|+(C+Ma=)(,-e M .)(iA«)-a(C+Ma«)i 4 an .(iA |) 

-i_ r Mga-f^±^" i gl (iAz) =o, (8) 

L cos a a dt^J 


~co(zAi), 


In this we can put 



§ 427 GYROSTATIC PROBLEMS 

where w is a function of t to be determined. We find 


36s 


Cnco(zAi)+(C+Ma^)^x— ? tan cosa j 4 -to"sin a(iAz)j 

— 2(C+Ma2)- sinaj+FMga+^ilMl I ^P'j(iAz)=o. (9) 

a dt L cos a a dt^J 


This is a linear relation between the vectors zAi and j. It gives accordingly 

(ro) 


dw 01 dp . 

— cos a— 2 f sin a=o, 

dt a dt 


(,-e ..n «) 

-Cnw+(C+Ma2)(i-? tan a) 

I Fn/r , C+Ma= i d^pl 
L cos « a dt"J 


sm a 


whilst (6) now gives 


dn _ to dp 


cos «. 


dt a dt 
Equation (10) is integrable, and gives 

?tan«^ =const. tOo, 

say ; and (12) then gives 

cOn cos® a cosec a , 
n = -f const. 

P 

1 — i tan a 
a 


M 

(12) 

(13) 

(h) 


Insertion for n and co from (13) and (14) in (ii) gives an integrable 
equation for p. The problem is thus solved. 

427. The student is recommended to obtain the equations of motion 
and any possible integrals in the following problems : 

(r) Motion of a rolling and spinning sphere, moving in contact with 
the interior of a rough vertical cone which is cither (a) free to move about 
its axis, or (b) compelled to rotate about its axis at a given constant rate. 

■ (2) Motion of a sphere rolling and spinning in contact with the rough 
curved surface of a massive hemisphere free to move with its base in 
contact with a smooth horizontal plane. 

(3) Motion of a sphere rolling and spinning on the rough curved 
surface of a massive semi-cylinder with generators horizontal, whose base 
is in contact with a smooth horizontal plane. 
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428. The concept of an impulse. When a system of bodies is in motion, 
whether external forces be acting or not, the configuration of the .bodies 
in space and the velocity description of the system are both changing, 
but changing continuously. We may say that the system is simultaneously 
undergoing a change of space configuration and a change of velocity 
configuration. Speaking somewhat loosely, the amounts of the two 
changes depend on the interval of time considered and on the forces 
acting. If the velocities of all the particles remain finite and bounded 
during the interval, the change of space configuration w’ill tend to zero 
as the interval of time tends to zero. If the force system remains finite 
and bounded, the same will be true of the change of velocity configuration. 
But it is necessary in practice to consider cases in which the force system 
acts for a relatively short time but includes forces whose absolute 
magnitudes become very large. In such cases the change of space con- 
figuration may be very small, possibly negligible, whilst the change of 
velocity configuration may be considerable, or at least non-negligible. 
This is because the change of velocity configuration depends on the 
integrals of the forces acting, taken through the intervals of time through 
which they act. 

This set of circumstances leads us to contemplate the idealized limiting 
case in ivhich the interval of time considered. At, tends to zero whilst 
the forces acting, or some of them, tend to ‘ infinity ’ in such a way that 
the change of velocity configuration is finite. Under these conditions the 
space configuration is unaltered during the process. 

This idealized case will roughly represent the effect of sudden ‘ blows ’ 
applied at definite particles of the system. Each blow is measured by its 
impulse, which is defined as the integral of the corresponding force with 
respect to the time, in the limit when the range of integration tends to 
zero. Motion generated by blows is said to be impulsively generated ; 
similarly, motion may be destroyed by suitable application of blows. 

429. Impulse on a particle. Let P be the force applied at any instant 
to a particle whose position vector is r ; P wll be in general a function 
of the time. Let v be the velocity of the particle at any instant, m the 
mass. Thus, since 


dr 

dt 


=v, 
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we have Ar = [ vdt, m Av = [ Pdt, 

Jti Jn 

where Ar denotes the change of position tg— between t^ and tg, Av the 
corresponding change of velocity, Vg— Vi. Suppose that 

At=t2— ti->o, 

but I Pdt-»J, 

a definite limit vector. Then in the limit the changes of space configuration 
and velocity configuration are given by 

Ar=o, 

Av=J/m. 

We call J the impulse of the applied ‘ blow 

430. If blows are applied to a system of particles which act on one 
another through constraints, or to a system including ideal rigid bodies, 
the application of the blows will in general originate impulsive reactions 
between the different particles of the system. These impulsive reactions, 
being the time integrals of force reactions, will satisfy Newton’s third law. 
It then follows that the system of line vectors constituted by the externally 
applied impulses (J) is equivalent in the technical sense to the system of 
line vectors constituted by the changes of momentum (mAv). For the 
former system can be transformed into the latter system by the intro- 
duction of the appropriate impulsive reactions (stresses, pressures, 
tensions, etc.) which, occurring in pairs, can be divided into nul-con- 
current sets. In the case of continuous systems it is not at once obvious 
how the system of impulses, acting on a given element of the system, is to 
be correlated with the distribution of impulsive reactions on adjacent 
elements, and in this case it is best to assume the equivalence of the applied 
vectors (J) to the system of changes of momenta (mAv). 

431. Equations of imptilsive motion for a system of particles. The condi- 
tions of equivalence of two systems of line vectors are now immediately 
applicable. Thus 

SmAv=SJ, SrAmAv=SrAj. 

If the system (J) is equivalent to a total impulse K at 0 , the origin taken 
as base point, and an impulsive couple X( 0 ), and if AL is the change of 
linear momentum of the system under the applied impulse, AH( 0 ) the 
change of angular momentum about O, then 

AL=K, AH( 0 )=X( 0 ). 

In writing down the latter equation we have used the relation 

A(r A mv) =rA mAv, 

Ar=o. 


in virtue of 
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432. Example (i). Consider a rigid body of mass ,M and inertia 
tensor I at G, its centre of mass. Let G have initially a velocity V, and 
the rigid body an angular velocity SI. At this instant let it undergo a blow 
at a particle of the body of position vector r with respect to G, in such a 
way that the particle r is reduced to rest. It is required to determine the 
resulting motion. 

Let V' be the velocity of G after application of the blow, SI' the new 
angular velocity. Let J be the blow. Then the equations of changes of 
linear and angular momentum are 

J=M(V'-V), (i) 

tAJ=I.{SI'-SI), (2) 

and the condition that the particle r is reduced to rest is 

V'+S 2 'Ar=o. (3) 

Eliminating J, rA(V'— V)=i.(Si'— S 2 ), (4) 

whence, eliminating V', 

-rA(i 2 'Ar)-rAV=l.(i 2 '-ft), 

or r(a'.r)-r2a'-rAV=i.(a'-£i), 

or SI', r 1 -fr^U-rr] = i.£ 2 -rAV. 

LM J M 

Hence = 

This determines SI', whence (3) determines V'. 

The inverse tensor is readily calculated in the case of dynamical 
symmetry about G. In that case, I/M=k^U, and if 

[(k2+r2)U-rr]-i=T, 
we have [(k^-f-r®)!!— rr].T =U, 

or (k 2 +r 2 )T=U+r(r.T). 

Multiplying scalarly by r on the left, we find 

k 2 (r.T)=r, 


so that 


U+' 


rr 

kK 


k2+r2 


Equation (5) then gives for SI' 

=,- 24 -^[k 2 S 2 +r(r.S 2 )-rAV]. 
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Example ( 2 ). A cone rests on a rough horizontal plane with its vertex 
at O. The plane is suddenly set into motion with angular velocity w 
about the vertical through O. It is required to discuss the motion of the 
cone. 

Let z be a unit vector vertically upwards, i a unit vector along the 
axis of the cone (Fig. 1 10 ). The inertia tensor I of the cone about O may 
be supposed given as 

I=Cii+A(U-ii). 

Let £2 be the angular velocity com- 
municated to the cone. Then the 
angular momentum of the cone about 
O, namely H, will be given by 
H = I.£2 = Ci(i.£l) -[- Afl! - Ai(i.a). 

Let X be a unit vector along the con- 
tact generator. The component of 
H about this generator must be unaltered by the process of setting the 
plane in motion, since all the impulsive reactions acting on the cone 
intersect this generator. Since H is initially zero, its component about x 
will be zero after the plane has been set in motion, instantaneously, and so 

(C-A)(i.x)(i.S2)-|-A(x.£2) = 0 . 

The kinematical condition is that any point in the generator of contact, 
considered as a particle of the rigid body, must also have the velocity of 
the plane. Hence 

S2Ax=<dzAx, 

or, multiplying vectorially by x, 

£2 — (S2.x)x = coz. 

Thus £2 = 6)Z -pcoiX, 

say. Now we have 

i =x cos oL-i-z sin a, 



Fig. no 


whence i.£2 = coj cos a-}- w sin a, 

and x.£2 = Wj. 

Hence the dynamical condition gives 

(C — A) cos a(coj cos a-j-w sin «)+Aco 2 =o, 

, (A — C)w sin « cos a 

whence to, — 


C cos® a-|-A sin® a 


This determines the angular velocity £2 of the cone. The angular speed 
of revolution of the axis of the cone, say co', about the vertical through O, 
is given by 


£2Ai=«'zAi 
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[ I (A— C) sin a cos o. 1 ^ , , . . 

/ — r-T — I A(x cos a+z sin a) = co' cos a(zAx), 

C cos^ a+A sm- a J 

which yields to' . 

C cos^ a+A sin® a. 

433. Applications of the Principle of Virtual Work. The conditions 
of equivalence of the system of applied impulses to the system of changes 
of momenta can also be expressed by means of the Principle of Virtual 
Work (Chapter IX, § 191). Let Sr denote, not the change of position of 
the particle r (which during the application of the impulses is zero), but 
any small displacement of the particle r compatible with the existing 
constraints, or with the constraints that are not broken by the application 
of the impulses. Then the condition of equivalence of the systems of 
line vectors (J) and (Amv) can be expressed by 

Sm Av.Sr =SJ.Sr, 

where on the left-hand side the summation is extended to all the particles 
of the system, and on the right-hand side only to those particles which 
are acted on by externally applied impulses. This equation expresses 
the equality of the works done by the two systems of line vectors in the 
displacement typified by 8r. 

We shall now use this to give proofs of a well-known sequence of 
theorems on impulses. 

434. Change of energy caused hy a set of impulses. 

Theorem : The change of energy caused by the application of a set 
of impulses J to a system of bodies is equal to the sum of the scalar 
products of each impulse J with the arithmetic vector-mean of the velocities 
of its point of application before and after the change of motion. 

Apply the result of § 433 by choosing for the displacements (Sr) in 
turn to be : (1) the actual displacements of all the particles during a short 
interval St preceding the instant of application of the blows ; (2) the 
actual displacements of the particles during a short interval St following 
the blows. Then, in case (i), the values of Sr are given by 
‘ 8r=VjSt, 

and in case (2) the values of Sr are given by 

Sr=V2St, 

where Vj, Vj are the velocities of a typical particle before and after. Hence 
Av =V2 — Vj, and the result of § 433 gives in turn 
Sm(v2— Vj).ViSt =SJ.ViSt, 

Sm(v2— Vi).V28t =SJ.V2St, 

from which by addition 

Sim(v 2 ®-Vi®)=SJ 4 (vi-}-V 2 ). 
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The left-hand side is the change of kinetic energy, the right-hand side is 
the sum of the scalar products of the impulses into the mean velocities of 
the points of application. 

435. Definition. If a motion (Vj) is changed to a motion (vj), the 
sum SJm(v2— extended to all the particles of the system is called the 
kinetic energy of the change of motion of the system. 

436. Kelvin’s theorem. Velocities of points of application of the impulses 
prescribed. 

Theorem : If a system is acted on by impulses in such a way that the 
points of application of the impulses move aftei^vards with prescribed 
velocities, then of all the geometrically possible motions the actual motion 
is such that the kinetic energy of the change of motion is a minimum. 

For, let Vj be the actual velocity of a particle after application of the 
impulses, vf any other geometrically possible velocity compatible with 
the points of application of the impulses having the given velocities. Let 
V be the prescribed velocity of a point of application of an impulse. Then 
we ma}' take as sets of displacements Sr : (i) the actual displacements 
VgSt following the application of the impulses ; (2) the displacements 
Vj'St. The conditions of equivalence of the systems of line vectors (J) 
and (m(v2— -Vj)) now require in the two cases * 

2 m(v 2 =SJ. VSt, 

2 m(v 2 — Vi).V2'St =SJ.VSt. 

Subtracting, we have 

Sm(V2-Vi).(V2-V2')=0. (i) 

If T21, Tg'j denote the kinetic energies of the actual change of motion 
and the other, geometrically possible, change of motion, then 

Toils’ m(v2-Vi)*, 

T2':=SJm(v2'-Vj)<=. 

Hence T21— Tj'i =pm(v2— V2').(v2-f Vg'— zVi) 

= J2m(V2-V2').[2(V2-V2)-(V2-V2')] 

= — Slm(V2-V2')“+Sm(V2-Vi).(V2-V2'). 

The last term vanishes by (i). The remaining term on the right-hand 
side may be called — T2'2. Hence 

T21 — T 2 \ = — T2 2 <o. 

Hence T2i<T2'i. 


It follows that the actual motion following the impulses gives a Tjj which 
is the least of all the T2'i’s associated with all the geometrically possible 


* It is particularly to be noted that though a different set of impulses would be required 
to generate the motions (Vj'), these are irrelevant to the equations : the same impulses J, 
and the same velocity differences (Vj— Vi), occur in the two equations. 
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motions compatible with the points of application of the impulses having 
prescribed velocities V. The kinetic energy of the actual change of motion 
is therefore a minimum. 

Corollary. If the impulses are applied to a system at rest, the theorem 
just proved gives 

T2-T/ = -T/2<0 

and hence T2<T2', 


w'here now Tj, Tg' denote the actual kinetic energies of the motions 
(vj) and (V2'). It follows that if a system is started from rest by the applica- 
tion of impulses in such a way that the points of application of the impulses 
move immediately afterwards with prescribed velocities, then of ^ the 
geometrically possible motions compatible with this, that one will actually 
be followed which makes the kinetic energy a minimum. 

437, Bertrand' t theorem. Impulses prescribed. 

Theorem : If a system is acted on by given impulses, the kinetic 
energy after the application of the impulses is greater than that of the 
motion that would result from applying the same impulses and at the 
same time introducing constraints for which the corresponding impulsive 
reactions do no w'orL 

For, let Ti be the velocity of a typical particle before the application 
of the given impulses, Vj its velodty immediately after the application of 
the given impulses, its velocity immediately after the same impulses 
are applied in the presence of additional constraints which do no work, 
i.e. such that the new impulsive reactions originated are perpendicular 
to the velocities of the corresponding particles immediately after the 
application of the impulses. We may now take as the virtual displacements 
Sr the actual displacements Vg'St in the constrained motion, for these will 
also be geometrically possible motions in the absence of the constraints, 
and so a permissible set of displacements in the unconstrained motion. 
In these displacements Va'St, the virtual work of the additional impulses 
is zero. Hence we have 


Sm(v2— Vi).V2'St =2J.V2'St, 

Sm(V2' — Vj).V2'St=EJ.T2'St, 

where the J’s are the prescribed impulses. Subtracting, we have 

Sm(v2— V2')-V2'=o. (1) 

But T2=iSmv2^ 

T2'=Eimv2'2, 

T2-T2'=iSm(V2-V2').(V2+V2') 

=Pm(V2-V2').(V2-V2'+2V2') 
=T22'+2:m(v2— VaO-v/. 


whence 
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By (i) the last term on the right-hand side is zero. Hence 

Ts-T2'=Tj,'>0, 

and so T.>T2'. 

This establishes the theorem. 

43S. Carnot's theorem. Sadden introduction of constraints. 

Theorem : ^\Tien constraints are suddenly introduced, of such a 
character that they do no work, kinetic energ)' is always lost. 

Let Vj be the velocitj’ of a n'pical partide before the introduction of 
the constraints, v. the velodty immediately after. Then we have 

Sm(vo— Tj).V2St=o, (i) 

since we may take as rirtual displacements Sr tlie motions v„St immediately' 
following the introduction of the constraints, these being geometrically 
possible displacements. But 

T«=Limv,', Tj=SImVj[^, 

whence T.— Tj^=lSm(v2— 

=Pm(v.— Vj).(— (Va— V2)+2 v,) 

= — T2i-}-Sm(v2— Vi).V2. 

The last term on the right-hand side vanishes by (r). Hence 

Tj— Ti=— T2 i<o 

or T2 <Tj. 

439. Converse of Carnot's theorem. Sudden removal of constraints. 
Theorem : If constraints are suddenly removed, kinetic energy is 
always gained. 

For, in this case a set of permissible displacements Sr is the set VjSt, 
where Vj is the velodty' of a ly'pical partide immediately before the remotnil 
of the constraints. Then we have 

Sm(v2— Vi).ViSt=o. (1) 

But Tj— T2=JSm(v2— Vi).(v2-fv2) 

= Pm(v2— Vj). [(vo— Vi) -fzvji] 
=T2i-f2m(v2-Ti).Vi. 

The last term on tlie right-hand side -^-anishes in drtue of (i). Hence 

T2-Ti=T2i>0 

or ■ T2 >Tj. 

The constraints introduced in Carnot’s theorem may' take the form of 
uniting portions of the system previously' free, or of introducing' constrain- 
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ing surfaces, strings, hinges, etc., the impulsive reactions from which 
do no work in the immediately subsequent motion. The removal of 
constraints considered in the converse of Carnot’s theorem is illustrated 
by the explosion of a shell, when kinetic energy is clearly generated, 
consequent on the fragmentation. A particular case of Carnot’s theorem 
is the application of constraints which reduce a system to rest : in this 
case T2 is zero, and — Ti = — Tgj. 

440. Relation between Kelvin’s theorem and Bertrand’s theorem. Taylor's 
theorem.* We conclude this brief account of theorems on impulses with 
an investigation due to Sir Geoffrey Taylor. 

We employ the following notation. Let (vj denote a given initial 
motion of a system. Let (Vg) denote a motion derived from (vj) by the 
application of impulses Jp at a set of points P, giving rise to velocities 
(Vp) of these particles P. Let (vg') denote a motion derived from (v^) by 
the application of such different impulses J'p at the points P as give rise 
to the same velocities (vp) of these particles P in the presence of certain 
constraints newly introduced. These constraints will be defined as main- 
taining certain co-ordinates Q constant, and the work done by the newly- 
introduced impulses J'q is zero. (Q may denote an actual point or stand 
for any ‘ generalized co-ordinate * used to define the configuration of 
the system.) (In the motion (vg) the impulses applied in connexion 
with the co-ordinates Q are zero.) Lastly, let {yf) denote a motion 
derived from (vf) by the same impulses Jp at the points P, producing in 
general different velocities for the points P, together with other impulses 
J"q which maintain the co-ordinates Q fixed. 

Then, if Tgi, etc., denote the associated kinetic energies of the changes 
of motion, we have from the proof of Kelvin’s theorem 


2 1 ^ 21 — ^2 2y 


(I) 


and from the proof of Bertrand’s theorem we have 

T rp // rp tr 

2 ^2 — ^22 . 


(2) 


Moreover, if (vi) denotes rest, relation (i) gives 

Tf-T^=Tf,. ( 3 ) 

(The motions (yf) and (Vg) can always be considered as originated from 
rest.) 

Now consider the motion which is the difference of the motions 
(vf) and (Vj). This motion could be produced from rest by the application 
of the difference of the systems of impulses which originate {vf) and (Vg) 
separately. This difference system of impulses consists of impulses 
(J'p— Jp) at the points P, these leaving the points P at rest, together with 
the system of impulses J'q. In this difference -motion, the velocities 
associated with the co-ordinates Q are minus the velocities associated with 


* G. I. Taylor, Proc. London Math. Soc., 21, 413, 1923- 
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these co-ordinates in the motion (v^), and may be described as 
We tabulate the particulars of this motion thus : 



Motion (vg')— (Vj) 

1 n 

Impulse system necessary to Velocities of points 

originate the motion from rest : struck : 

J'p— Jp at points P Zero. 

J'q at points Q —(^2)0. 

Next consider the motion which is the difference of the motions 
(Vj") and (Vj). This motion, similarly, could be produced from rest by 
the application of the difference of the systems of impulses which originate 
(vg") and (vj) separately. This difference system of impulses consists of 
zero impulses at points P, together with impulses J"q which maintain the 
associated co-ordinates Q constant. The velocities of the points P in 
this difference motion are (vj")?— (v2)p, and the velocities associated 
with the points Q are — (v2)q, since the velocities of the points Q in the 
motion (Vj") are zero, the co-ordinates Q being constant. We tabulate 
the particulars of this motion thus : 


Motion (vg")— ( vb) 


Impulse system necessary to 
originate the motion from rest: 
Zero at points P . 

J"q at points Q . 


Velocities of points 
struck : 

• (V2")p-(V2)p. 

• -(V2)q. 


Now consider the velocities of the points P and Q respectively in the 
two motions (Vj') and (vj). These points P and Q are the only points 
at which impulses are applied ; and the velocities originated at them are 
as follows : 

Motion (yf) 

Velocities of points P ..... Vp. 

Velocities of points Q . . . . Zero. 


Motion (vg) 

Velocities of points P Vp. 

Velocities of points Q ..... Vq. 

It follows that the two motions (vg')— (vg) and (Vg")— (vg) are related to 
one another in the ‘same way as the motions (vg') and (Vg), provided we 
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interchange the roles of the points P and Q. For in (Vg') and (vj) the 
velocities of points P are equal, whilst in (v/)'— (Vg) and (Vg")— (Vj) the 
velocities of points Q are equal ; and in (Vg') the velocities of points Q 
are zero, whilst in (V2')— (V2) the velocities of points P are zero. 

Hence we can apply to the motions (vg')— (V2) and (vg")— (vg), which 
are both generated from rest in such a way that the points Q have given 
velocities, the theorem expressed by relation (3) above. Hence we have 

T / rp // rp t! t 

22 '*•2 2 — -^2 25 

i.e. by (2) and (3), 

(T2'-T2)-(T2-T2'') =T2'V>o. 

It follows that the additional kinetic energy generated under the 
circumstances of Kelvin’s theorem, when, in the presence of added 
constraints, the velocities of the points struck are maintained the same, 
exceeds the deficiency of kinetic energy generated under the circumstances 
of Bertrand’s theorem, when the same impulses are applied in the presence 
of the same added constraints. This is Taylor’s result. 

Example. Consider a rod lying on a smooth horizontal table subjected 
to an impulse J, applied perpendicular to it, at a certain point P in its 
length (Fig. in). Let a constraint be imposed by fixing a particle Q in its 
length. Then Kelvin’s theorem asserts that if J is adjusted so that the veloc- 
ity communicated to P, the particle struck, is given, say equal to V, then 
the kinetic energy generated in the absence of the constraint is less than any 



Fig. Ill Fig. 112 


generated in the presence of the constraint. Bertrand’s theorem asserts 
that if the impulse is maintained constant, then the kinetic energy gener- 
ated in the absence of the constraint exceeds that generated in the 
presence of the constraint. Taylor’s theorem asserts that the former 
deficiency is greater than the latter excess, for a given position of the 
constraint Q. 



IMPULSIVE MOTION 


§440 


377 


This is readily verified by direct calculation. Let G (Fig. 112) be the 
centre of mass of the rod, supposed uniform, C its moment of inertia 
about an axis through G perpendicular to itself. Let v be the velocity at 
G generated by the impulse, <0 the angular velocity generated. Let 
PG=a, GQ=x. Since Q is fixed, we have by considering the angular 
momentum about Q 

J(a+x) =C()> 4 -Mto, 
where, since Q remains at rest. 


V— X<>)=0. 


The kinetic -energy T generated is given by 

T=|Cw2+iMv2^ 

whilst V, the velocity of the point struck, is given by 

V=v 4 -aco. 


In the Kelvin case, V is given, and 


and 


- V J 

a+x a-t-x 


For fixed V, this is a minimum when x=C/Ma. When x has this value, 
there can be no constraint at Q, i.e. no impulsive reaction there, and the 
motion is as if Q were unconstrained. The kinetic energy generated is, 
for this value of x, the Tg of our general theory, and it has the value 




I 

(i+C/Ma^)’ 


In the Bertrand case, J is given, and then 


and 


■'C+Mx*’ C+Mx2 




(a-fx)2 

C+Mx2' 


For fixed J, this is a maximum when x=C/Ma. In this case there is as 
before no constraint at Q. The kinetic energy generated, Ta, is now 
given by 



Equating the two values of Tj we get 


aV . C \ 
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Taylor’s theorem now asserts that 

T2'-T2>T2-T2", 


,,r C4-Mx^ _C 

^ L {a+x)2 a^ ( 


i+C/Ma2)J Lev Ma2/ ( 


(a+x)2 


L{a+x)2 a2(i+C/Ma2)J LCV MaV C+Mx^J' 
Substituting for V in terms of J, this inequality is found to reduce to 


which verifies Taylor’s theorem. 



EXAMPLES 


The following examples, kindly provided by Professor S. Chapman 
from papers set at the Imperial College of Science, London, have been 
selected to illustrate some of the methods developed in the foregoing. 

(1) Show that if a particle describes the trajectory ^(x, y)=o, under 
a central force to tlie origin, its velocity v and acceleration f are given by 

y_ hAgrad<p 
r.grad (p ’ 

f=v.grad V, 

where h is the (constant) angular momentum per unit mass. 

Show that the force to the origin under which the curve x®+y®=a® 
can be described is proportional to xyr. [Imperial College, London, 1933.] 

(2) Show that a rigid body will be in equilibrium if it is acted on only 
by a distribution of couples over its surface, such that the moment of the 
couple on each element dS is kdS, where k is constant. 

Find the resultant of such a distribution of couples over one side of 
an unclosed surface S bounded by a curve C, proving that the distribution 
of couples over S is statically equivalent to a distribution of force round C, 
the force on each element ds of C being Jkds. 

Show that if the surface S undergoes an arbitrary continuous infinitesi- 
mal displacement u, the w'ork done by the distribution of couples during 

the displacement is ^kju.ds round the boundary C. 

[Imperial College, London, 1936.] 

(3) A particle of mass m at r is acted on by a central force —\rc together 
with a force kAr> where k is a fixed vector. Show that if r and i are 
initially perpendicular to k, the particle will describe a plane curve. 

Show that the particle can describe a circle (centred at the origin) 
under these forces, provided that the angular velocity is constant and 
equal to one or other of two values, which are independent of the radius 
of the circle. [Imperial College, London, 1942.] 

(4) A skew polygon is formed by straight lines joining the points 

To, Tj, Tj, ..., Tn, To in succession. A rigid body is given simultaneous 
rotations about the n+i sides, with angular velocities k(ri— to), 
k(r2— r^), .... Show that the whole motion is a translation having com- 
ponents 2k(Ai, A2, Ag) along three orthogonal axes Ox, Oy, Oz, where 
Aj, Aj, Ag denote the areas of the orthogonal projections of the polygon 
on the planes x=o, y=o, z=o. [Imperial College, London, 1935.] 
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(5) A cone of angle 2a roils, without slipping, inside a cone of larger 
angle 2,3, which itself rotates with angular velochy o about its a.’ds OZ, 
vrhich is verticaL The axis OC of the inner cone rerolves about OZ with 
the angular relocitj- kei. Find the magnitude of the angular relocitr o' 
of this cone, and prove that v, the inclination of ta' to the vertici, is 
given by 

cot (p— y)=(i — ^ k) cot a-f-k cot p. 

\Impejial College, London, 1930.] 

(6) Two right circular cones have the same vertex O and axis OZ ; 
their angles are 20, 2a' and they- revolve about OZ with angular velocities 
05 , os'. A sphere of centre C is placed between them, outside the smaller 
and within the larger cone, and rolls without slipping. Prove that the 
plane ZOC rotates with angular velocity 

61 sin sin a' 

sin a-rsin a' 

Find the angular velodty of the sphere and its axis of rotation. 

^Imperial College, London, 1936.] 

(7) A rigid prism stands with its base, a regular hexagon of side a, 

on a horizontal table. The prism is symmetrically tilted by raising one 
comer A of the base through a small height a, whilst the opposite comer 
B remains at rest ; then B is moved horizontally perpen^cular to AB, 
throu^ the same distance z, while A remains at rest. Determine the 
resultant small rotation ; show that the pitch of the equivalent screw 
displacement is a, and that the aris of the screw cots AB at its middle 
point. [iTnpsriol College, London, 1941.} 

(8) A cone of angle 2a and hei^t h is rolling without slipping on the 

Boor of a lift which is descending with velodly V. The centre C of the 
base of the cone describes a drcle, relative to the lift, with velodty Vfj. 
Determine the axis and pitch of the equivalent screw motion at any 
instant. [Imperial College, London, 1942.] 

{9) Three uniform thin rods OA, OB, OC are each of unit length 
and -mass ; OB is normal to the plane COA, and the angle COA is 30°. 
Find the elemenfe of the inertia tensor of the system with respect to O, 
relative to orthogonal axes, two of which coindde with OA and OB. 

Also find, from consideration of the system or otherwise, what are its 
piindpal axes of inertia, and show that the prindpal moments of inertia 

are 5 . and [Imperial College, Lcmdon, 1935.1 

3 6 

10. A rigid body is rotating with angular vtlodtj 52 about a fixed 
point O, under the action of a couple '/k, where i, j, k are unit vectors in 
the prindpal axes of inertia of the body. If the prindpal moments of 
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inertia are A, A, C and if where fi.k=o, prove that fiS rotates 

in the body with the angular velocity 

A-C , 

A. 

If X is constant and the initial values of n and £5 are n^ and p^i, determine 
n and to at any later time. [Imperial College^ LondonI] 

(11) A uniform solid sphere rolls without slipping inside a stationary 

inverted cone of semi-angle 45° with its axis vertical. Prove that if the 
centre of the sphere describes a horizontal circle of radius r with angular 
velocity to, where M-^sg/gr, the sphere will have no component angular 
velocity about the vertical. [Imperial College, London, 1927.] 

(12) A right circular cone of angle 2a, vertex O and axis OC rests on 
a rough horizontal plane which is rotating about a vertical axis OZ through 
O with angular velocity The line of contact being OA, the plane ZOA 
rotates with angular velocity ij/. Show that the angular momentum of the 
cone has components 

A(j^ cos a, 0, C(9— tj) cos2 a) cosec a, 

along OA', OB, OC respectively, where OA' is normal to OC and in the 
plane COA, while OB is normal to this plane ; A, A, C denote the principal 
moments of inertia at O, 

Find the components along OA, OB, OZ of the moment about O of 
the forces acting on the cone, when 9 is made to vary in any manner. In 
particular show that the moment about the vertical is A<i). 

If initially 9 =({( = «, show that the axis of the cone can be brought to 
rest by slowing down the plane to the speed 


C-A 


0) sin^ a. 


[Imperial College, London, 1935.] 

(13) A uniform thin circular disc is set in free rotation with angular 
velocity w about an axis through the centre O, at an angle p to the normal 
to the disc. Apply Poinsot's construction for the free motion of a rigid 
body to prove that the axis of the disc describes a cone of angle a, given by 

tan a=^ tan p, 

with the periodic time 27 t/o)(i-f 3 cos* p)*. 

[Imperial College, London, J942.] 

(14) A sphere of centre C, mass m, radius a and radius of gyration k, 
rolls, without slipping, on a horizontal plate, which can rotate freely 
about a vertical axis through a point O of the plate. Write down the 
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equations of motion of the sphere and plate, and the condition of no 
slipping, in terms of r, the position vector of C relative to a point above 

0 at the same level as C, F the reaction of the plate on the sphere, m the 
angular velocity of the plate, Si the angular velocity of the sphere, and z 
a unit vertical vector. 

Deduce equations connecting dw/dt and dSi/dt with r and r, by 
eliminating F, and obtain first integrals of these equations, assuming that 
at time t—o, r=o, r=V, to = coo. 

From the two integrated equations, and the condition of no slipping, 
infer the following equation for the motion of C : 

0 "" Wo(zAr)-*^(zAr)(rAr.z), 

1 being the moment of inertia of the plate about its axis. Show that 

(zAr)(rAf.z) =(rAr)Ar. 

\Imperial College, London.^ 

(15) Two particles of masses m^ and mg at A(ri) and B(r2) are connected 
by a rigid massless rod AB ; their velocities (tj, ro) ^re suddenly changed 
by the application of external impulses Pj, Pj. Prove that the magnitude 
P of the impulsive reaction of the rod on m^ is 


mimj 


5 \m2 mi/ 


mi-fmg 

where n is a unit vector in the direction AB. Also prove that the energy 
of the system is increased by the amount 

Pi.ri+P2.r2+i 

\ nil m,/ mimj 

[Imperial College, London, 1932.] 


(16) A system of particles is in motion in any manner. At a given 
instant, when the components of angular momentum about the mass 
centre O are \, p, v, the system is suddenly made rigid. Prove that the 
altered kinetic energy T of the system relative to O is determined by the 
equation 

X p V 2T 

A -H -G . X 

=0, 

-G B -F p 
-H -F C V 

where A, ..., F, ... are the instantaneous values of the moments and 
products of inertia about O. [Imperial College, London, 1926.] 



